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Helped by:

Alfonso Garcia—Parrado (algar@mai.liu.se): design of vector bundles and complex structure from \
0.9.0.
Intro

xTensor' extendsMathematicacapabilities in abstract tensor calculus, specially in General Relativity. It work
tensors with arbitrary symmetries under permutations of indices, defined on several different manifolds a
products of them. It computes covariant derivatives, Lie derivatives, parametric derivatives and variational deri
a||0\)NS the presence of a metric in each manifold and defines all the associated tensors (Riemann, Ricci, Eins
etc.

xTensor' does not perform component calculations. See the twin paci@giea’ or use another package Ii
GRTensorM* for that purpose.

xTensor' needs the twin packagéerm’ in order to compute the canonical form of a list of indices under ¢
symmetry group.

xTensor' has been designed with the following priorities in mind:
1.- Mathematical structure
2.— Efficiency
3.— Compliance wittMathematicastyle
4.—- Simplicity of input/output

In particular, concerning the mathematical structuiesnsor imitates the usual cycle in mathematics “Yebe a
(Type) with propertiesr ops; then use it to do somnput at i ons”” with the general form of declaration

Def Type[ X, props]

conput ati ons

Load the package
The latest version of the package can always be downloaded from

http://metric.iem.csic.es/Martin—Garcia/xAct/
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This loads the package from the default directory, for example $Home/.Mathematica/Applications/xAct/ for a single-user ii
tion under Linux (see the installation notes for other possibilities),

In[1]:= Menoryl nUse[]

Qut[1]= 3059504

In[2]:= <<xAct'xTensor"

Package xAct'xCore' version 0.5.0, {2008, 5, 16 }

CopyRight (C) 2007 -2008, Jose M.
Martin -Garcia, under the General Public License.

Package ExpressionManipulation’

CopyRight (C) 1999 -2008, David J. M. Park and Ted Ersek

Package xAct'xPerm' version 1.0.1, {2008, 5, 16 }

CopyRight (C) 2003 -2008, Jose M.
Martin -Garcia, under the General Public License.

Connecting to external linux executable...

Connection established.

Package xAct'xTensor' version 0.9.5, {2008, 5, 16 }

CopyRight (C) 2002 -2008, Jose M.
Martin -Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer []. This is free software, and you are welcome to redistribute
it under certain conditions. See the General Public License for details.

Memory, in bytes, used by bollathematicaandxAct' , and therxAct' alone:

In[3]:= MenorylnUse[]

Qut[3]= 15787424

In[4]:= Qut [3] -CQut [1]

Qut[4]= 12727920

©2003-2004 José M. Martin-Garcia



xTensorDoc.nb 3

Note the structure of the ContextPath. There are six conk&dtsxTensor , XAct'xPerm‘ , xAct'xCore' andxAct'Ex—
pressionManipulation contain the respective reserved wofsigstem' containdMathematicés reserved words. The
current contexGlobal*  will contain your definitions and right now it is empty.

In[5]:= $Cont ext Path

Qut[5] = {xAct'xTensor’, xAct'xPerm‘, xAct'’xCore’,
xXAct'ExpressionManipulation’, Global‘, System* }

In[6]:= Context[]

Qut[6]= Global

In[7]:= ?d obal ‘*

Information::nomatch : No symbol matching Global » found. More...

We turn off the annoying spell messages (since version 0.9.3 this is done by default whenxéaeing:

In[8]:= Of [General::spell]
O f [General ::spell 1]

Additional technical notes:
There are several global variables that can be useful at loading time:

— If the variablexAct'xTensor'$ReadingVerbose is defined and has valdegue before loading the packag
then several messages are printed while reading the package. This can be used to debug the input file in ce
errors at that point.

— The variablexAct'xCore‘$Version, xAct'xPerm‘$Version andxAct'xTensor'$Version contain
the respective versions of the packages. The variahdtxTensor'$xPermExpectedVersion contains thi
oldest valid version of the packageerm' which is fully compatible with the current versionxdfensor’

— The messages printed byAct'xCore'Disclaimerf] , XAct'’xPerm‘Disclaimer]] and xAct'x—
Tensor‘Disclaimer] are identical.

m 0. Basics

0.1. Example session

This is a very simple example of the usexdénsor’ . We start by defining a manifold and some tensor fields li
on its tangent bundle.

Define a 3d manifold3
In[10]:= DefManifold[M3, 3, {a, b, c, d, e}]
x+ DefManifold: Defining manifold MS3.
x+ DefVBundle: Defining vbundle TangentM3.
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Define a contravariant vecterand a covariant antisymmetric tengor

In[11]: = Def Tensor [v[a], M3]
Def Tensor [F[-a, -b], M3, Antisymetric[{-a, -b}]]

+xx DefTensor: Defining tensor v [a].

+xx DefTensor: Defining tensor F [-a, -b].

Tensor product of both tensors, based on the abstract index notation:

In[13]:= F[-a, -b]v[b]

Qut[13]= F,, VP
In[14]:= %v[a]

Qut[14]= F,, v VP

There is no automatic simplification. It must be explicitly asked for:
In[15]:= Sinplification[%

ut[15]= 0

Example of dummy handling:

In[16]:= F[-a, -d]v[d]Vv[b]Vv[-b] +3Vv[b]V[c]V[-c]F[-b, d] F[-d, -a]

out[16]= 3 F,% Fyy VP v, v + Fyy vy VP VO
In[17]:= %// Sinplification
Qut[17]= (Fae - 3Fag Fc) vy VP vE

There is not a metric and henceannot be covariant. Note the position of the heR&O!:

In[18]:= Validate[%
Validate::error . Invalid character of index in tensor F
Validate::error . Invalid character of index in tensor v

Qut[18]= ERRORVy] (Fe - 3 ERRORF.4] Fay) VP V©

Internal structure:
In[19]: = | nput For m[%84

Qut [ 19]// 1 nput For me
(F[-a, —c] = 3*F[-a, —d]*F[-c, d])*v[-b]*v[b]*v[c]

©2003-2004 José M. Martin-Garcia



xTensorDoc.nb 5

Now we define a covariant derivative operator and check the first Bianchi identity (valid for any symmetric con
Note thatxTensor' uses unique (dollar-) variables as internal dummy indices to avoid index collisions. The 1
ScreenDollarIndices hides those indices replacing them by "normal” indices.

Covariant derivatives are defined by default with curvature but without torsion:

In[20]: = Options[Def CovD]

Qut[20]= {Torsion - False, Curvature - True, FromMetric - Null, CurvatureRelations - True,
ExtendedFrom - Null, OrthogonalTo - {}, ProjectedWith - {},
WeightedWithBasis - Null, ProtectNewSymbol > $ProtectNewSymbols,
Master - Null, Info - {covariant derivative, 1}
In[21]:= Def CovD[Cd[-a], {";", "V"}]
+x+ DefCovD: Defining covariant derivative Cd [-a].
++ DefTensor: Defining vanishing torsion tensor TorsionCd [a, -b, -C].
++ DefTensor: Defining symmetric Christoffel tensor ChristoffelCd [a, -b, -c].

x+ DefTensor: Defining Riemann tensor
RiemannCd [-a, -b, -c, d ]. Antisymmetric only in the first pair.

x+ DefTensor: Defining non -symmetric Ricci tensor RicciCd [-a, -Db].

=+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

In[22]:= Cd[-a][ F[-b, -c]Vv[c]]

OJt[22]= VC (Va Fbc) +Fbc (Va Vc>
In[23]:= %vI[b] //Sinplification
Qut[23]= Fp VP (V4 VO)

The tensors have been defined with their expected symmetries:

In[24]:= R emannCd[-a, -b, -c, d] + Rl emannCd[-b, -a, -c, d] // Sinplification

Qut[24]= O
but it is possible to deduce them from more basic principles:

In[25]:= Ri emannCd[-a, -b, -c, d] + R emannCd[-b, -a, -c, d] // RiemannToChristoffel //
Sinplification

0

Qut [ 25]

In[26]:= Ri emannCd[-a, -b, -c, d] + RremannCd[-b, -c, -a, d] + R emannCd[-c, -a, -b, d] //
Ri emannToChristoffel // Sinplification

1
o

Qut [ 26]
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Check of the second Bianchi identity:

In[27]:= Antisymetrize[Cd[-e][R emannCd[-c, -d, -b, a]], {-c, -d, -e}]

Qut[27] = 1 (Ve RV gep? = Ve R[V]egp® - Va RIV]

5 a8 1 v4 R[V]

a a a
ceb ech + Ve R[vlcdb - Ve R[v]dcb )

In[28]:= 3%// Sinplification

ut[28]= Ve R[V]gep? = Va R[V]gep® + Ve RIV]gp®

In[29]:= %// CovDToChri st of f el

_ a $308 €$309 a
Qt[29]= T'[V]%eeg308 RIV]can - T[Vv] eb R[V]cde$3o9
300 01 303

P[v]ade$300 RIV] cep*® r[v]®® RIV] ceesaor * + T [V1°%% 4 RIV] cogz03p *
e$311 a e$292 e$293 a

T[v] RIV] cesattn © + T 1V %ces202 RIV] e -T[Vv] b RIV]geesoos
e$295 e$294 e$302 a

Tv] RIV] gesa0s0 © ~ T[] R[v }e$294eb +I'[V] de R[V] es302eb

310
)% RIV] agai00 ™ + Oc Rmdeb ~O4R[V]ep™ + e R[] oap”

In[30]:= %// Ri emannToChri stoffel // ScreenDol | arl ndi ces

Qut[30]= -T[V]® OcT[V]%e + TIVI®y, OcT (V1% + T1V]%e Oc r[ 14 -
T[V]®e OcT VI ~ 0c 04T (V1% + 0c0e T (V] + T[VI®ty 04T (V)% -
TV (TIV]1%es TIV1% ~TIV1%e TIV1%%e1 ~ 0cT[V]1%e1 + 0aT [V]1%e1 ) -
T[V]®y 04T [V]%e; ~ T[V]1%e; OaT (V] +
T[V]%e (TIV]® e TIVI®y ~TIVI® e, TIVI®y - 0TIV, + 04T VI, ) +
T[V]%0 O0aT (V1% + 040 TIV]I3y ~040e T [V]I3,, -~ TV, 0eT[V]%0y +
TIV]®gy (T[V) % TIVI® g ~TIV)%e, TIV)%ee ~OcT V)% +0eT (V1% ) +
P[V]®g GeT (V1% - TIVI®,
(T1V1%e2 TV o1 = TIV1%ep TIV] a1 = OgT [V]%e1 + 0eT[V]%e1 ) + T (V)% 0T [VI®y, -
T[V]%e <r[v1"‘1elez T[V]®2 - TV TV - 0cT[V]®, + 0e T [V ) -
T[V]1%e1 GeT[VI®y, +
T[V]%e (T[V]® e TIVI®y ~T V] TIVI®y - 0aT V] + 0T [V 4 ) ~ 0e0c T (V] +
96 04T V1% + T (V] (T[V]%e, TV —r[ 122 TIV1%%ep — 0cT[V1%gp + 0ea T (V1% ) -
DIV]® ey (TIV) %160 TIVI® ~TIVI%ep TIVIPy, - 0T [V]%y + O T[V]%y) -
TIV]®ee (-T V)0 TV + T[V])%ep TIVI®epp + aT V)% - O T[V1 %) -
TV]® e (T[V])%er TIVI®g ~T (V1% TV ~ 04T [V]1%p + Oe1 T[V]%,) -
TIV]I®y (-T[V]1%er TIVI%% + T[V]%, TIVI® .y + 0eT[V1%y ~ Oer T [V]% >
T[V]® (-T[V]1%er TIV1% + T (V]2 TIV]p + 0eT[V]1%p - 0e1 T (V1%

In[31]:= Sinplification[% // Absol uteTi m ng

Qut[31]= {0.282918 Second, 0 }

Commutation of covariant derivatives. It is possible to choose the indiceS¢msauteCovDs) or just letxTensor*  to bring the
derivative indices into canonical order (&&tCovDs ):

In[32]:= Cd[-a]eCd[-b]ev[cC]

Qut[32]= v, V, V©
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In[33]:= Commut eCovDs[% Cd, {-b, -a}] // ScreenDol | arl ndi ces
Qut[33]= R[V]puq® V¥ +Vp vV, VE

In[34]:= SortCovDs[%4 // ScreenDol | arl ndi ces

Qut[34] = R[V] ¢ V¥ + 7y v, VE

Now we introduce a metric on the manifold. Its associated curvature tensors are deifamdnnCD, RiciCD ,
EinsteinCD , etc:

In[35]:= DefMetric[-1, g[-a, -b], CD, {"|", "V"}]
=+ DefTensor: Defining symmetric metric tensor g [-a, -b].
+xx DefTensor: Defining antisymmetric tensor epsilong [a,b,c 7].
+xx DefCovD: Defining covariant derivative CD [-a].
=+ DefTensor: Defining vanishing torsion tensor TorsionCD [a, -b, -C].
+x DefTensor: Defining symmetric Christoffel tensor ChristoffelCD [a, -b, -C].
=+ DefTensor: Defining Riemann tensor RiemannCD [-a, -b, -c, -d].
+xx DefTensor: Defining symmetric Ricci tensor RicciCD [-a, -b].
xx DefCovD: Contractions of Riemann automatically replaced by Ricci.
xx DefTensor: Defining Ricci scalar RicciScalarCD [].

xx DefCovD: Contractions of Ricci automatically replaced by RicciScalar.

xx DefTensor: Defining symmetric Einstein tensor EinsteinCD [-a, -b].
xx DefTensor: Defining vanishing Weyl tensor WeylCD [-a, -b, -c, -d]J.
+xx DefTensor: Defining symmetric TFRicci tensor TFRicciCD [-a, -b].

Rules {1, 2 } have been declared as DownValues for TFRicciCD.
xx DefCovD: Computing RiemannToWeylRules for dim 3
xx DefCovD: Computing RicciToTFRicci for dim 3

xx DefCovD: Computing RicciToEinsteinRules for dim 3

In[36]:= CD[-al[g[-b, -Cc]1
Qut[36]= 0

In[37]:= CD[-a][ Ei nsteinCD[a, b]]
Qut[37]= 0

In[38]:= g[a, -a]

Qut[38]= 3

In[39]:= g[a, blg[-b, -c]

Qut[39]= &%,
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Let us check the antisymmetry of the second pair of indices in the Riemann tensor:
In[40]:= Ri emannCD[-a, -b, -c, -d] + R emannCD[-a, -b, -d, -c]

Qut[40]= R[V]geq *+ RIV] apac

Because canonicalization is not automatic, the previous expression is not automatically zero. We expand it in derivatives «
fels and canonicalize. The partial derivative does not commute with the metric, so that internally the code replaces tempor

derivatives with Levi—Civita connections:
In[41]:= %// Ri emannToChristoffel // Sinplification// ScreenDollarlndices

ToCanonical::cmods :  Changing derivatives to canonicalize.
ToCanonical::cmods :  Changing derivatives to canonicalize.
ToCanonical::cmods :  Changing derivatives to canonicalize.

General::stop : Further output of

ToCanonical::cmods will be suppressed during this calculation. More...

Qut[41]= T + TV % TV eag ~ T 1V ga" TV epe ~ L[V ca® T V]epg +

]
V]elae Oce1 — F[V}ead F[V}elbe Oce1 ‘*’F[V]ebc F[V]elae Ode1 —

v]elbe Ode1 — @aP[V]cbd - @ar[v]dbc + @br[v]cad + @br[v]dac

Metric contraction is not automatic either. The resulting expression is not obviously zero:
In[42]:= %// ContractMetric // Sinplification

Qut[42]= ~02T (V]gy - 9al [V1gpe + 06T [V]gag + OoT [V] gac

Actually it is only zero for connections deriving from a metric:

In[43]:= %// Christoffel ToGadMetric // Expand

1 1 1 1
Qut[43] = - 0a0pTcd - 5 8a0ObYdc + 5 OpO%alcd + 5 Ob OaYdc

In[44]:= %// Sinplification

Qt[44]= 0

In this case a simple reordering of the partial derivatives (this is not automatic) would have been enough:

In[45]:= 9%%// Sort CovDs

Qut[45]= O

Examples of Lie derivative and bracket:

In[46]:= LieD[3v[a]][F[-a, -b]v[b]]

Qut[46]= 3VP° (£, Fay) +3Fa (Lv VP)
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In[47]:= Bracket [a][v[a], F[a, -b]Vv[b]]

Qut[47]= [v&,F3 vPi?

Undefine all objects on the manifold and the manifold itself:

In[48]:= Undef Metric[g]

* %

UndefTensor: Undefined antisymmetric tensor epsilong
UndefTensor: Undefined symmetric Christoffel tensor ChristoffelCD
UndefTensor: Undefined symmetric Einstein tensor EinsteinCD
UndefTensor: Undefined symmetric Ricci tensor RicciCD
UndefTensor: Undefined Ricci scalar RicciScalarCD

UndefTensor: Undefined Riemann tensor RiemannCD
UndefTensor: Undefined symmetric TFRicci tensor TFRicciCD
UndefTensor: Undefined vanishing torsion tensor TorsionCD
UndefTensor: Undefined vanishing Weyl tensor WeylCD
UndefCovD: Undefined covariant derivative CD

UndefTensor: Undefined symmetric metric tensor g

In[49]:= Undef Tensor /e {v, F};
Undef CovD[Cd]

* *

* *

* *

* *

* *

* *

* *

UndefTensor: Undefined tensor v

UndefTensor: Undefined tensor F

UndefTensor: Undefined symmetric Christoffel tensor ChristoffelCd
UndefTensor: Undefined non -symmetric Ricci tensor RicciCd
UndefTensor: Undefined Riemann tensor RiemannCd
UndefTensor: Undefined vanishing torsion tensor TorsionCd

UndefCovD: Undefined covariant derivative Cd

In[51]: = Undef Mani f ol d[M3]

* *

* *

UndefVBundle: Undefined vbundle TangentM3
UndefManifold: Undefined manifold M3

There are no symbols left in tiobal’ context

In[52]:= ?d obal ‘*

Information::nomatch : No symbol matching Global* » found. More...
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0.2. Summary
These are the objects that currently can be defing@iensor’
- Manifolds
- Vector bundles
- Indices (of different types)
— Tensors (in particular, Metrics)
— Covariant derivative operators (including partial derivatives)
- Constant symbols
— Parameters
- Inert heads (wrappers for tensors)
- Scalar functions
— Charts (coordinate systems): use the twin pack@gba’ (in collaboration with D. Yllanes)
- Bases (frames): use the twin packagGeba'
We also have predefined mathematical operators:
- Lie derivative
- Lie bracket
— Parametric derivative
- Variational derivative
and useful mathematical operations:
- Relations and rules among indexed objects
- Indexed equations solving
- Canonicalization and simplification of expressions
— Automatic definition of curvature tensors, and relations among them
— Complex conjugation
There are also specialized algorithms, frequently used in General Relativity:
- Warped metric decomposition
- ADM-like decomposition

- Perturbation theory in General Relativity: use the twin pack&get’ (in collaboration with D. Brizuel
and G. Mena Marugan)

— Spherical tensor harmonics: use the twin packdgenonics'  (in collaboration with D. Brizuela and ¢
Mena Marugan)

— Manipulation of invariants of the Riemann tensor: use the twin padkage (in collaboration with R
Portugal, L. Manssur and D. Yllanes)
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0.3. Getting info

Every piece of information iMathematicais associated to a symbol and can be obtained usirgy &inel ?? symbols
(see the commanihformation in the Mathematicahelp).xTensor*  strictly follows that rule. (In particular, v
have explicitly avoided notations based on string input/output which would require a parser, much restri
capabilities of the user.)

In[53]:= ?Def Mani fold

DefManifold [M, dim, {a, b, c,... }] defines M to be an n -dimensional
differentiable manifold with dimension dim (a positive integer
or a constant symbol )y and tensor abstract indices a, b, c, ... .
DefManifold [M, {M1, .., Mm 1}, {a, b, c,... }] defines M to be the

product manifold of previously defined manifolds M1 ... Mm. For
backward compatibility dim can be a list of positive integers, whose
length is interpreted as the dimension of the defined manifold.

In[54]:

?? ERROR

ERRORexpr ] is an expression where an error has
been detected. ERROR is an inert head with a single argument.

Attributes [ERROR = {HoldFirst, Protected }

InertHeadQ [ERROR "= True

Info [ERROR "= {inert head, Generic head to wrap expressions with errors. }
LinearQ [ERROR "= False

PrintAs [ERROR "= ERROR

0.4. Too many brackets!

This is the main complaint from most users after their first contactalighsor' . My answer to that is the following

1. That is howMathematicanternally works. For example, did you expect this simple derivative having internally six pairs of
brackets, when it has just one in the "user—notation"?

In[55]:= f’ [2x-y] //FullForm

Qut | 55| // Ful | For me
Derivative  [1] [f ] [Plus [Times [2,x ], Times [-1,y ]1]]
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2.xTensor* does not have different internal and external notations (at least not now). This helps understanding what is t
internally and allows the user to build pattern rules which always work. However, you are continually exposed to the interr
notation.

3. The highest accummulation of brackets happens in derivatives. This simply follows the gener&llatharmticalmade clear
in the example above) of treating a derivative as an operator on an expression, and not as a simple additional argument o
expression, as the traditional "comma-index" notation might suggest.

4. TheMathematicdanguage is very similar to LISP, in which you have an awful lot of parenthesis.

5. If you are still not convinced by the previous three arguments, then | must say that it is possible to construct whatever o
notation you like for a derivative, or for any other operator, and several examples of this are given in section 6.1 below.

0.5. Warnings

xTensor' is a very powerful tool in the hands of an aversigeghematicauser, but could be difficult for an unexpe
encedMathematicauser. This is because | have not tried to hitlghematicasubtleties (like delayed assignmel
unigue symbols or upvalues), but rather | have tried to make as much use as possible of such powerful inst
you don’t understand those three listed concepts, please spend some (not really much) tirviathigimaticatutorial.
It will pay off, even if you finally don’t us&Tensor*

If you think you can do your tensor computation by hand in a few lines xthemsor’ is probably too much. Th
system is designed to be efficient when developing big projects, not small computations: a general—purpt
computer algebra system always has hundreds of commands, and only big projects give you enough motivati
them.

m 1. Manifolds, vector bundles and parameters

1.1. Define a manifold and its tangent bundle

The first basic action is defining a differentiable manifold. Just after loadirgpsor’ does not have any defin
manifold.

DefManifold Define a manifold or a product of manifolds
UndefManifold Undefine a manifold

ManifoldQ Check manifold

$Manifolds List of defined manifolds

$ProductManifolds List of defined product manifolds

Definition of a manifold

We define a 3—dimensional manifdidBwith abstract indices {a, b, ..., h} on its tangent vector bundle:
In[56]:= DefManifold[M3, 3, {a, b, ¢, d, e, f, g, h}]
x+ DefManifold: Defining manifold MS3.

x+ DefVBundle: Defining vbundle TangentM3.
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We can asiMathematicaabout this manifold using the question markVe see that the information is stored in a series of func
using the concept of "upvalue” (this is why we find the "= sign below)

In[57]:= ?MB
Global'M3
DimOfManifold [M3] ~=3

Info [M3] A= {manifold, }
ManifoldQ [M3] ~= True

ObjectsOf [M3] ~= {}

PrintAs [M3] ~= M3

ServantsOf [M3] "= {TangentM3 }
SubmanifoldsOfManifold [M3] "= {}

TangentBundleOfManifold [M3] A= TangentM3

Together with the manifold we have also defined its tangent vector bundle, which stores all the information
indices and indexed objects. By default, the tangent bundle is named by joining the Bgingmait  with the name ¢
the manifold, but that name can be freely choosen. Note that we shall often abbreviate "vector bundle™ to "vbur

By default, tangent bundles are real and have no metric. The dimension of the tangent bundle is that of the vector space ¢
and coincides with the dimension of the base manifold.

In[58]:= ?Tangent M3
Global'TangentM3
BaseOfVBundle [TangentM3 ] A= M3

Dagger [TangentM3 ] ~= TangentM3

DimOfVBundle [TangentM3 ] ~=3

IndicesOfVBundle [TangentM3 ] "= {{a, b,c,d, e, f, g, h Y, {1}
Info [TangentM3 ] ~= {vbundle, }

MasterOf [TangentM3 ] *= M3

MetricsOfVBundle  [TangentM3 ] *= {}

ObjectsOf [TangentM3 ] "= {}

PrintAs [TangentM3 ] = TangentM3

SubvbundlesOfVBundle [TangentM3 ] ~= {}

VBundleQ [TangentM3 ] = True
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We define a second manifaB®. Note that we can use D, K, N, Oas indices, even thougfiathematicahas reserved meanings fi
those symbols. The capitdfsandl cannot be used as indices because they are always understood as the base of natural Ic
and the square root of -1, respectively. (Those seven are the only one-letter symboldMegtbérogtica) xTensor'  issues
warnings to remind you of this point:

In[59]:= DefManifold[S2, 2, {A B, C D F, G H}]
++ DefManifold: Defining manifold S2.
x+ DefVBundle: Defining vbundle TangentS2.
ValidateSymbol::capital . System name C is overloaded as an abstract index.

ValidateSymbol::capital : System name D is overloaded as an abstract index.

The lists of manifolds and vbundles defined in the current session are given by the global iviabifsdds and$VBun-
dles , respectively:

In[60]:= $Manifolds

Qut[60]= {M3, S2}

In[61]:= $VBundl es

Qut[61] = {TangentM3, TangentS2 }

A manifold can be undefined (its properties are lost and the symbol is removed). In the process, the associated tangent bt
undefined:

In[62]:= Undef Mani f ol d[M3]
x+ UndefVBundle: Undefined vbundle TangentM3
x+ UndefManifold: Undefined manifold M3
In[63]:= ?M

Information::notfound : Symbol M3 not found. More...

In[64]:= $Mani fol ds

Qut[64]= {S2}

And redefined:
In[65]:= DefManifold[M3, 3, {a, b, ¢, d, e, f, g, h}]
+x+ DefManifold: Defining manifold M3.
x+ DefVBundle: Defining vbundle TangentM3.
In[66]:= $Manifolds

Qut[66]= {S2, M3}
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1.2. Product manifolds

Given two manifolds, it is always possible to define another manifold as the Cartesian product of those. Tt

bundle of the product will be then constructed as the direct sum of the tangent bundles of the submanifolds.

We define a product manifold as

In[67]:= DefManifol d[Mb, {M3, S2}, {u,

v, A, o0, 1, p}]

x+ DefManifold: Defining manifold M5.

x+ DefVBundle: Defining direct

In[68]:= ?M

Global'M5
DimOfManifold [M5] ~=5

Info [M5] A= {manifold, }
ManifoldQ [M5] ~= True
ObjectsOf [M5] *= {}

PrintAs [M5] A= M5

-sum vector bundle TangentM5.

ServantsOf [M5] "= {TangentM5 }

M5 /: SubmanifoldQ [M5, M3] = True

M5 /: SubmanifoldQ [M5, S2] = True

SubmanifoldsOfManifold [M5]

M= (M3, S2}

TangentBundleOfManifold [M5] ~= TangentM5
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whose tangent bundle is a direct sum of the corresponding subvbundles:

In[69]:= ?Tangent Mb

Global'TangentM5
BaseOfVBundle [TangentM5 ] A= M5

Dagger [TangentM5 ] "= TangentM5

DimOfVBundle [TangentM5 ] "=5

IndicesOfVBundle  [TangentM5 ] = {{u, v, A, o, n, p}, {}}
Info [TangentM5 ] ~= {vbundle, }

MasterOf [TangentM5 ] A= M5

MetricsOfVBundle  [TangentM5 ] *= {}

ObjectsOf [TangentM5 ] = {}

PrintAs [TangentM5 ] = TangentM5

TangentM5 /: SubvbundleQ [TangentM5, TangentM3 ] = True
TangentM5 /: SubvbundleQ [TangentM5, TangentS2 ] = True
SubvbundlesOfVBundle [TangentM5 ] = {TangentM3, TangentS2

VBundleQ [TangentM5 ] = True

The list of product manifolds is given by another global variable:

In[70]: = $Product Mani f ol ds

Qut [ 70]

{M5}

}

Currently this is the only possible way of defining submanifolds of a manifold. That is, there is no code whic
you to define a submanifold of an already existing manifold. This is because that would pose the question of v
complementary vector bundle.

1.3. Inner vector bundles

Starting in version 0.9%Tensor"

allows the definition of vector bundles other than tangent bundles. These

vbundles™ can be real or complex, which forces the definition of the complex conjugated vbundle. Complex cc

is controlled by the functiobagger .
DefVBundle Define a vbundle or a sum of vbundles
UndefVBundle Undefine a vbundle
VBundleQ Check a vbundle
$VBundles List of defined vbundles
$SumVBundles List of defined sum vbundles
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Definition of a vbundle.

Define a complex inner vbundle with dimension 4 (this is the fiber dimension) and base nid8ifold
In[71]:= DefVBundl e[l nnerC, M3, 4, {R, B, C, D, € F, G, H}, Dagger -» Conpl ex]
x+ DefVBundle: Defining vbundle InnerC.

«x+ DefVBundle: Defining conjugated vbundle InnerC T.
Assuming fixed anti -isomorphism between InnerC and InnerC t
In[72]:= ?IlnnerC

Global‘'lInnerC

BaseOfVBundle [InnerC ] ~= M3

Dagger [InnerC ] ~= InnerC t

DimOfVBundle [InnerC ] =4

IndicesOfVBundle  [InnerC ] = {{®, B, C, D, & F, G, H}, {}}
Info [InnerC ] ~= {vbundle, }

MetricsOfVBundle [InnerC ] *= {}

ObjectsOf [InnerC ] "= {}

PrintAs [InnerC ] ~= InnerC

ServantsOf [InnerC ] *= {InnerC t}

SubvbundlesOfVBundle  [InnerC ] "= {}

VBundleQ [InnerC ] ~= True
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In the process of definition, the conjugated vburidiferC  +, with corresponding conjugated indices, has been created. It is &
servant ofinnerC , and hence can only be undefined through undefinition of the latter. By default, all conjugated symbols ¢
constructed by appending the dagger charactérhis character is stored in the goblal varigiidaggerCharacter , which can
be changed.)

In[73]:

? 1 nner Ct

Global‘InnerC t
BaseOfVBundle [InnerC t] = M3

Dagger [InnerC t+] "= InnerC
DimOfVBundle [InnerC +] =4
IndicesOfVBundle  [InnerC +] ~= {{At, Bt, Ct, Dt, €f, Ff, Gf, Ht}, {}}

Info [InnerC +] ~= {conjugated vbundle,
Assuming fixed anti -isomorphism between InnerC and InnerC T}

MasterOf [InnerC +t] ~= InnerC
MetricsOfVBundle [InnerC 1] ~= {}
ObjectsOf [InnerC +] = {}

PrintAs [InnerC t] = InnerC t
SubvbundlesOfVBundle  [InnerC t+] ~= {}

VBundleQ [InnerC +] ~= True

We have already defined five different vector bundles, only one of them being direct sum of others:

In[74]:
Qut [ 74]
In[75]:

Qut [ 75]

$VBundl es

{TangentS2, TangentM3, TangentM5, InnerC, InnerC T}

$SunvBundl! es

{TangentM5 }

1.4. Parameters

In xTensor* the indexed objects can be fields on manifolds and/or functions of real parameters (for examp
time).

DefParameter Define a real parameter

UndefParameter Undefine a parameter

ParameterQ Check a real parameter

$Parameters List of defined parameters

Definition of a parameter
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We define a real parameter that will be used below to compute parametric derivatiReg#se® in subsection 6.4).
In[76] : = Def Paraneter [tine]

+x+ DefParameter: Defining parameter time.

?2time

In[77]:
Global‘time

Info [time ] ~= {parameter, }
ObjectsOf [time ] ~= {}
ParameterQ [time ] ~= True
PrintAs [time ] ~=time

Manifolds and parameters are the only possible "dependencies” of the objdaasor’ . We shall later explain th
in more detail.

An important question is the relation between fields on 1d manifolds and functions of a parameter. In decompt
ADM-type it would be nice to have a way of going from a 4d structure to a 3+1 structure and then from her
structure plus a time parameter. | have no clue on how to program this idea. There are many things to cl
nontrivial way: tensor fields, covariant derivatives, metrics, etc. Help, please!

m 2. Indices

2.0. Important comments

1) Indices are the key objectsxiiensor' , and the source of the generality of the system. They are carriers of ¢
tual information, much like the decimal digits in numerical computations, or the letters in a text. An index by i
little information (only an association to a vector space), but a group of indices together can encode a lot of ir
(rank, symmetries, metrics, bases, etc). In general, an index is anything which can be placed at an index-slot:
shall later define four places in which we can put indices and anything which we can meaningfully put ther
called an index.

2) Starting version 0.9 ofTensor* , indices are associated to vbundles, and not to manifolds, as was the
previous versions. This allows us to work with vbundles other than tangent bundles to manifolds.

3) We need a "language" to talk about indices, and though we usually understand what a dummy index or ¢
index is, such a language is not rigorously defined anywhere. | have invented my own language for this. Plea:
changes if you find inconsistencies, gaps or bad choices.

4) Taken from the Internet:

The plural of "index" for books, journals and newspapers is "indexes"; the plural of "index" for graf
benchmarks for economics for example, is “indices"; but the plural of "appendix” is always "appendices".

| think the "index" of a tensor must follow the rule for the second group, and hence its plural will be "indices".
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2.1. Properties of indices: type, character, state

1) There are five known types of indexxifiensor*  (other types could be added, but there is no user—defined \
do this):

- Abstract indexAlIndex ). See subsection 2.2.

- Basis indexBIndex ), associated to some basis (coordinated or not) of vector fields. Descridignba’ .
— Component indexdIndex ), also associated to some basis. DescribeCaba’ .

- Directional indexDIndex ). See subsection 3.7.

- Label index(Index ). See subsection 3.8.

Collectively we refer to all five classes as "generalized indig8fidex ). Additionally, we can have pattern8lg-
dex) for g—indices at those positions where g-indices are expected, but patterns are not considered as g-inc
following "indices" will mean "g-indices" unless we specify the type.

2) All indices have a "character", which can be either covarzmw(-index) or contravariantip—index).

3) Some indices can be used to represent contractions, following the Einstein convention: two repeated ind
same tensor or tensor product, but each having a different character. We call them "contractible" or "Einstei
(Elndex ) and currently only abstract and basis indices are allowed to be contractible. (Note that having co
indices with the same character is a syntactic errofTensor’ .) E-indices have a "state": they can Free or
contracted (akadDummy. For completeness, the state of components, directions and labels is said to be
"Blocked ", what in particular means that they can be repeated (i.e. truly repeated, not simply staggered).

4) Basis and component indices are known by part of the routinégensor’ (for example the formatting routine
the index selectors, the canonicalizer or the constructors of rules), but used in the twin p&ckege From now or
we shall not consider those two types of indices.x&baDoc.nb for further information.

5) There is a further property of an index, only used internally: its metric—state, saying whether an index can bt
lowered using a given metric (not whether it has been or not actually raised already). This will be important i
7.3.

2.2. Covariant and contravariant abstract indices

Abstract indices ixTensor' are valid atomic symbols without numeric value (excluding ther&aedl| ) and with
no special output (excluding symbols lispace, Tab, etc.) One of the most important decisions when working
tensors is the notation for covariant and contravariant indices. Given the binary character of the problem the
one natural simple choice: the use of signand— . We shall denote contravariant indicestasor a, and covariar
indices as-a. This choice is very simple, but not particularly convenient when doing pattern matching, dut
asymmetry of being a symbol buta being a composite expression.

AlndexQ Validate an abstract index
VB‘Q Check that an abstract up—index belongs to vbuvielle
VB‘pmQ Check that an abstract (up— or down-) index belongs to vbutgdle

Validation of indices.

We can check whether a symbol has been registered as an abstract index using thé\fodeti@n
In[78]:= Al ndexQ[A]

Qut[78] = True
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In[79]: = Al ndexQ[-b]
Qut[79] = True
In[80]:= Al ndexQ[q]
Qut[80] = False

In particular, we can specify the vbundle it must belong to:

In[81]:= Al ndexQ[A, Tangent S2]
Qut[81] = True
In[82]:= Al ndexQ[®R, Tangent M3]

Qut[82] = False

In[83]:= Al ndexQ[®, | nnerC]
Qut[83]= True
In[84]:= Al ndexQ[at, | nnerC]

Qut[84] = False

In[85]:= Al ndexQ[at, | nnerCt]

out[85]= True

Each vbundle has two special functions that select abstract indices on that manifold. For example for th€armerd3 they
areTangentM3'Q andTangentM3'‘pmQ . The former only accepts contravariant indices; the latter accepts both characters
use of context notation (the ‘) is purely historical : before using upvalues to store information | tried to use contexts, but it
convenient.

In[86] : = Tangent M3‘ Q[a]

Qut[86]= True

In[87]:= Tangent M3 Q[-a]
Qut[87] = False
In[88]:= Tangent M3‘ Q[A]

Qut[88] = False

In[89]:= Tangent M3‘ pnQ[a]
Qut[89]= True
In[90]: = Tangent M3‘ pn)[-a]

Qut[90] = True
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2.3. Get (new) indices

Sometimes we need to use many indices. There are two ways to do it. We can register more symbaldindirg
ces or we can askTensor' to generate new indices for a vbundle ugitegvindexin (it uses a combination of tl
last registered symbol and integer numbers). User—defined indices and computer—defined indices are ke
different lists.

AddIndices Add user—defined indices to a vbundle
Removelndices Remove user—defined indices from a vbundle
NewlIndexIn Generate a computer—defined index
GetlIndicesOfVBundle Given indices

Functions that return or change the available indices.

Currently there are only user—defined indices. We add some more:

In[91]: = | ndi cesOf VBundl e [Tangent M3]

Qut [ 91] {{a,b,c,d, e f g h . {1}

In[92]: = AddI ndi ces[Tangent M3, {i, j, k, |}]

In[93]:= | ndi cesOF VBundl e[Tangent M3]

Qut [ 93] {{a,b,c,d,ef g hijKkl 1, {1}

We can also remove indices, but this is a very dangerous operation because some previous expressions could get corrup
contain removed indices. There is no built-in command to check whether this is happening or not.

In[94]:= Renovel ndi ces[Tangent M3, {j, i, |, k}]
In[95]:= | ndi cesOF VBundl e [Tangent M3]
Qut[95]= {{a, b, c,d e fgh {3

xTensor' generates new indices usiNngwIndexIn

In[96]: = New ndexl n[Tangent M3]

Qut[96]= hil
In[97]: = I ndi cesOf VBundl e[Tangent M3]
Qut[97]= {{a, b,c,d e f g h 1, {(hl}}
The user—function to get any number of indiceSégindicesOfVBundle . Note that the last argument is a list of symbols th

we do not want to get:
In[98]:= GCetlndi cesOf VBundl e[Tangent MB, 14, {d, e, h3}]

Qut[98]= {a, b, c,f, g, h, hl, h2, h4, h5, h6, h7, h8, h9 }
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In[99]:= I ndi cesOf VBundl e[ Tangent M3]

Qut[99]= {{a, b,c,d e fgnh }, {h1, h2, h3, h4, h5, h6, h7, h8, h9 1}

The indices of complex conjugated vbundles are paired, and therefore if we generate an index in one of them, automatica
complex conjugated index is generated in the other one:

In| 100]: =
Newl ndex| n[l nner C]

Qut| 100] =
nl
In|101]: =

I ndi cesOf VBundl e[l nner C]

Qut| 101] =
{{", B, C, D, & F, G, H}, {nl}}

In[102]: =
I ndi cesOf VBundl e[l nner Ct]

Qut | 102] =
{{nt, Bt, ct, Dt, €t, Ft, Gf, Ht}, {Hlt}}

In| 103 : =
Get | ndi cesOF VBundl e[l nner Ct, 10]

Qut| 103| =
(ft, Bf, Ct, DI, €f, Ff, Gf, Hlt, HT, H2}

In| 104]: =
I ndi cesOf VBundl e[l nner C]

Qut| 104] =
{{m, B, ¢, D, & F, G H}, {81, H2}}

Note the information associated to an abstract index:

In| 105]: =
?1n

Global' =n

AbstractindexQ  [A] ~= True

Daggerindex [a] ~= At
xAct'xTensor'Private‘NoDollar [(a] *=1
PrintAs [a] =1

InnerC'Q [a] ~= True

VBundleOfindex [a] ~= InnerC
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m 3. Tensors and tensor slots

3.1. Define a tensor

Now we can define tensors. XTensor’  we always work with tensor fields on zero, one or several manifolds, f
indices on zero, one or several of their vbundles.

DefTensor Define a tensor
UndefTensor Undefine a tensor
xTensorQ Check a tensor
$Tensors List of defined tensors

Definition of tensors.

Define a tensor field on M3with two contravariant indices and one covariant index, and two other tensors. The actual indic
in the definition are irrelevant, and are only meant to specify the vbundle associated to each slot

In| 106]: =
Def Tensor [T[a, b, -c], M3]

++ DefTensor: Defining tensor T [a, b, -c].

Inl107]:=
Def Tensor [S[a, b], M3]

«+ DefTensor: Defining tensor S [a,b].

In| 108 : =
Def Tensor [v[-a], M3]

++ DefTensor: Defining tensor v [-a].

Define a scalar field (do not forget the empty pair of brackets!)

Inl 109 : =
Def Tensor [r [], MB]

+xx DefTensor: Defining tensor r 1.

Define a tensod onM3andS2 with two contravariant indices and one covariant index, The tensor is also a function of the p
ter time:

Inl 110]: =
Def Tensor [U[a, b, -C], {M3, S2, tine}]

x+ DefTensor: Defining tensor U [a, b, -C].

The tensor is identified by a symbol and we shall associate to that symbol all definitions related to the tens:
internally done usingypSet ("=) rather tharset (=). The definitions can then be collected using
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Inl111]: =
?2U

Global‘'U

Dagger [U] ~=U

DependenciesOfTensor  [U] *= {time, M3, S2 }

Info [U] ~= {tensor, }

PrintAs [U] ~=U

SlotsOfTensor  [U] ~= {TangentM3, TangentM3, -TangentS2 }
SymmetryGroupOfTensor [U] = StrongGenSet [{}, GenSet []]
TensorID [U] = {}

xTensorQ [U] *= True

A tensor can be undefined. Its properties are lost, and the symbol is removed.

Inl112]: =
Undef Tensor [U]

= UndefTensor: Undefined tensor U

Inl 113]: =
?2U
Information::notfound : Symbol U not found. More...

An object with indices on a given vbundle is considered to be necessarily a field on the base manifold of tha
xTensor' checks that point. See the discussion below on Constant objects.

The tensotJ with indices on vbundleBangentM3 andTangentS2 is defined to live only oM3 xTensor'  adds the manifold
S2 to the listDependenciesOfTensor[U].

Inl 114 : =
Def Tensor [U[a, A], M3]

«+ DefTensor: Defining tensor U [a,A].

©2003-2004 José M. Martin-Garcia



26 XTensorDoc.n

Inl115]: =
?2U

Global‘'U

Dagger [U] ~=U

DependenciesOfTensor  [U] = {M3, S2}

Info [U] = {tensor, }

PrintAs [U] ~=U

SlotsOfTensor  [U] A= {TangentM3, TangentS2 }
SymmetryGroupOfTensor [U] = StrongGenSet [{}, GenSet []]
TensorID [U] = {}

xTensorQ [U] *= True

In|116]: =
Undef Tensor [ U]

%+ UndefTensor: Undefined tensor U

3.2. Standard output

It is important to have nice—looking output expressions, mainly when we deal with very large expre$siosst’
has built-in rules to convert tensors and derivatives into 2—-dimensional box8safatardForm  output. Thosi
boxes can be cut and pasted, usirigrpretationBox . Additionally, translation teATEX will be shown below.

The output of tensors i&tandardForm has been defined with 2—dimensional boxes, but the internal structure is kept in 1-
sional form (as usual iMlathematic

In|117]: =
{T[a, b, -c], S[a, b]l, v[-a]l, r[1}

Qut|11/] =
(T2, S® v, r )

In|118|: =
I nput For m[%q

Qut | 118]// 1 nput For e
{T[a, b, —c], S[a, b], v[-a], r[]}

No rules have been defined OutputForm because the output is simple enough:

In| 119 : =
Qut put For m[ %84

Qut| 119]// Qut put For me
{Tla, b, —c|, Sla, b}, v|-al, rl[t
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The ouput representation of the heads can be given at definition time, or changed later. Again, this is only

StandardForm . When using this option, it is very important to remember that the input and output names of 1
tensor are different!

PrintAs Option ofDefType functions to define the output of a head

Output of defined heads.

The tensoff T will be output asc. PrintAs  must give a string or a function that applied on the defined symbol gives a string
In| 120]: =
Def Tensor [TT[a, -b], M3, PrintAs -»"zt"]

x+ DefTensor: Defining tensor TT [a, -b].
In|121]:=
TT[a, -c]
Qut|121] =
[
In|122|:=

I nput For m[%

Qut| 122/ /1 nput For me
TT[a, —C]

As an example of a printas function we can use:
In|123]: =
Fi rst Character [synbol _]:=First [Characters[ToString[synbol 111

In|124]: =
Def Tensor [Force[a], M3, PrintAs - FirstCharacter]

x+ DefTensor: Defining tensor Force [aj.
In|125|: =
Forcela]
Qut| 125| =
Fa

The 2-dimensional boxes are based on a combination of three built—in’s:
SubsuperscriptBox , Which construct the sub/super—indices structures,

StyleBox , which arranges the indices with the proper interspaces, and

InterpretationBox , which stores both the box-form and the input—form of the expression. Note the option Edit
False, which prevents desynchronization.
In|126]: =

ToBoxes [%

Qut | 126 =
InterpretationBox [
StyleBox [SubsuperscriptBox [F, ,a ], AutoSpacing - False ], F2, Editable - False ]
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We can cut—and-paste the output, but not edit it, nor construct a tensor directly in box—form:

In|127]: =
Fa

In|127|: =
I nput For m[%q

Qut| 1271/ /1 nput For me

InterpretationBox[StyleBox[\(F\_\\%a\), Rule[AutoSpacing, False]], Force[a],
Rule[Editable, False]]

3.3. Expressions and validation

Once we use abstract indices, there is no need to have a special TensorTimes. Thmesuptoduct is enough ar
has one important advantage: we can use many built—in rulathrematicao simplify Times expressions. As usui
contractions are given using Einstein rule of staggered up/down repeated indices.

The order of factors is irrelevantimes expressions:

In|128]: =
v[-a] T[a, b]

Qut| 128] =
b
T2 v,

In|129]: =
v[-a] T[a, b] +T[a, b]vI[-a]

Qut| 129 =
2T v,

The syntax of any expression can be checked using the fuMalmlate . This function works recursively from tl
most external structures to the most internal ones, calling private funetitidateTensor |, ValidateCovD |, etc.
That gives you an idea of which problems will be detected first.

Validate Validate an input expression

Functions that deal with validation.

If we get no errors, the input is syntactically correct:

In[130]: =
Validate[T[a, b, -c] S[c, d]v[-d] +r [1"3 S[a, b]]

Qut] 130] =
r3s® s T v,
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Inl131]: =
Validate[T[a, b, ¢] S[-¢c, d]v[-d] +r[]1*3S[a, b]]

Validate::error . Invalid character of index in tensor T
Validate::error . Invalid character of index in tensor S
Qut| 131] =

r 3 s? , ERRORS,?] ERRORT2 | v,

Some errors cannot be always localized in a single object. We do not return the expression:

In 132 : =
Validate[T[a, b, -c]V[-c]]

Validate::repeated : Found indices with the same name -C.

In|133]: =
Val i date[S[a, b] v[-b] +Vv[-a]]

Validate::inhom :  Found inhomogeneous indices: {{-a}, {a}}.

Because validation takes up some time, it is not automatesor’ has the commandalidate  to be used by tr
user as required. However, if validation is needed in all computations it is possible to switch on automatic vali
acting on theéPre variable:

Here, there is not automatic validation:

In| 134|: =
S[a, bl vI[b]

Qut | 134| =
Sab Vb

In[135]:=
Val i dat e[%

Validate::repeated . Found indices with the same name b.

This switches on automatic validation:

In| 136]: =
$Pre

Qut| 136] =
$Pre

In|137]: =
$Pre = Val i dat e;

In|138]: =
S[a, bl vI[b]

Validate::repeated : Found indices with the same name b.
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This switches off automatic validation:

In| 139 : =
$Pre=.

In| 140 : =
S[a, b]vI[b]

Qut | 140| =
Sab Vb

In| 141]: =
Undef Tensor [S]

= UndefTensor: Undefined tensor S

3.4. Symmetries

There are two kinds of symmetries for a tensor. We can have monoterm (or permutation) symmetries, such tt
remains equal or changes sign under a permutation of its indices. Or we can have multiterm (for example cyclic
tries, such that a linear combination of several of those permuted tensors is equal to zero. In the former case t
try of a tensor of n indices can be described as a subgroup of the group {1,-1}x S_n. In the latter, the symme
described as an algebra. Currenfliensor*  can deal with an arbitrary case (n not too large: say 200 indices al
of monoterm symmetries. However, it does not implement any general algorithm for multiterm symmetries, be
efficient algorithm is known for that case.

The twin package&Perm' is used to work with permutations. Sé&ermDoc.nb for further information.

GenSet Generating set of a permutations group

StrongGenSet Strong generating set of a permutations group

Symmetric Completely symmetric permutation group

Antisymmetric Completely antisymmetric permutation group

RiemannSymmetric Group of symmetry of the Riemann tensor

SymmetryOf Symmetry properties of an expression.

ForceSymmetries Option ofDefTensor to allow for symmetries among up/down indices

Functions related to symmetries

Any permutation group on a set of n points can be given using a set of generato@e{®at)) or, better, a strong set of genera
tors (headstrongGenSet ). The functionsSymmetric andAntisymmetric ~ are examples:
In|142]: =
Symmetric[{a, b}]

Qut| 142| =
StrongGenSet [{a}, GenSet [Cycles [{a,b }]]]

In| 143]: =
Antisymetric[{a, b}]

Qut | 143| =
StrongGenSet [{a}, GenSet [-Cycles [{a,b }]]]
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Define a symmetric tens&onM3

In|144]: =
Def

In|145]: =
?S

Tensor [S[a, b], M3, Symmetric[{a, b}]]
«+ DefTensor: Defining tensor S [a, b ].
Global'S

Dagger [S] "= S

DependenciesOfTensor [S] "= {M3}

Info [S] ~= {tensor, }

PrintAs [S] =S

SlotsOfTensor  [S] A= {TangentM3, TangentM3 }

SymmetryGroupOfTensor [S] ~= StrongGenSet [{1}, GenSet [Cycles [{1,2 }]]]
TensorID [S] "= {}

xTensorQ [S] "= True

Define a totally antisymmetric tensdronM3 We can use the names of the indices or their positions in the tensor

In| 146]: =

Def

In|147]: =

?U

Tensor [U[-a, -b, -c], M3, Antisymetric[{1, 2, 3}]1]
x+ DefTensor: Defining tensor U [-a, -b, -c].
Global'U

Dagger [U] "= U

DependenciesOfTensor  [U] "= {M3}

Info [U] ~= {tensor, }

PrintAs [U] ~=U

SlotsOfTensor  [U] A= {-TangentM3, -TangentM3, -TangentM3 }

SymmetryGroupOfTensor [U] "=
StrongGenSet [{1,2 }, GenSet [-Cycles [{1,2 }], -Cycles [{2,3 }]1]]

TensorID [U] = {}

xTensorQ [U] "= True
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For example, for the tensarthe group is generated by the two signed permutati@ysles [{1,2}] (representing ¢
change of sign under the exchange of slots 1 and 2) @ydles [{2,3}] (representing a change of sign under
exchange of slots 2 and 3).

Note however that not every generating set is valid:

For example, in a group of three indices, antisymmetry in the first two indices is not consistent with symmetry in the secor
third indices, unless the whole tensor is zero:

In| 148]: =
Cat cheDef Tensor [Wa, b, c], M3, GenSet [-Cycl es[{1, 2}], Cycles[{2, 3}]1]]

SchreierOrbit::infty : Found Infinity as a point, with generating set GenSet (1.

DefTensor::invalid :
GenSet [-Cycles [{1,2 }],Cycles [{2,3 }]] is not a valid symmetry identification.

The symmetries must be consistent with the character of the indices (irrespectively of whether there is a met
This is checked.

We cannot define a symmetric tensor with two indices of different character:

In| 149 : =
Cat cheDef Tensor [Q[a, -b], M3, Symretric[{1l, 2}]1]

DefTensor::wrongsym :  Symmetry properties are inconsistent with indices of tensor.

unless we force it (so that the check is not performed):

In| 150] : =
Def Tensor [Q[a, -b], M3, Symmetric[{1l, 2}], ForceSymetries » True]

x+ DefTensor: Defining tensor Q [a, -b].

For symmetry groups of order larger than 10000 the check would take too long and is not performed:

Inl151]: =
Def Tensor [superetala, b, ¢, d, e, -f, -g, -h, -h1], M3, Antisymetric[Range[8]]]
Order of group of symmetry: 40320 > 10000. ForceSymmetry check not performed.
x+ DefTensor: Defining tensor supereta [a, b, c, d, e, -f, -g, -h, -hl1].

In[152]: =
Undef Tensor /@ {Q supereta};

=+ UndefTensor: Undefined tensor Q

++ UndefTensor: Undefined tensor supereta
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3.5. delta and Gdelta

The identity tensor on vbundles is callddlta and is the same for all vbundles. This has changed from pre
versions okTensor* , in which each vbundle had its own identity tensor.

The delta tensor always has two indices with different character. However, their position is irrelevant and
many authors (e.g. Penrose & Rindler) write its indices one on top of the other, rather than staggered. It is no
do that within the notation ofTensor’. Instead, we shall define tlielta tensor as symmetric, even though -
really makes no sense because the indices never have the same chataltter: &ensor with two indices of the sai
character is inmediately converted into the (first) metric of the corresponding vbundle.

delta Identity tensor on every vbundle

Gdelta Generalizedielta tensor on every vbundle

ExpandGdelta Expansion ofdelta in products oflelta 's
Identity tensors.

Thedelta tensor on the the vector bundlangentM3 :

Inl 153]: =
deltaf[a, -b]

Qut| 153] =
6ab

and it is defined as symmetric:

In| 154 : =
Symmet r yG oupOf Tensor [del ta]

Qut | 154| =
StrongGenSet [{1}, GenSet [Cycles [{1,2 }]1]]

There is automatic simplification with most of the expected rules fataha tensors:

In| 155]: =
deltafa, -a]

Qut| 1b5] =
3

In| 156] : =
delta[a, -b]delta[-c, b]

Qut | 156] =
éca

Inl157]: =
delta[-b, a]Jv[-a]

Qut| 157 =
Vb
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When both indices can be contracted, the second ind#eltaf is contracted first:

In| 158 : =
delta[a, -b] S[-a, b]

Qut| 158] =
S8

The indices oflelta can never have the same character, unless automatic conversion to a metric is possible:

In| 159 : =
deltaf[a, b] // Catch

MetricsOfVBundle::missing : There is no metric in TangentM3.

In version 0.9.&Tensor' has added a generalized delta tensor.

This is the generalized tensor with 2 indices:

In] 160] : =
Cdeltaf[a, b, -c, -d]

Qut| 160] =
b
&% cd

It is antisymmetric in the first half of indices and separately antisymmetric in the second half of indices:

In|161]: =
{Gdel ta[b, a, -c, -d], Gdelta[a, b, -d, -c], Gdelta[-d, -c, b, a]} // ToCanoni cal

Qut| 161] =
(-6, ~6%q, 6%}

Staggered indices are automatically contracted:

Inl162]: =
&deltala, b, ¢, -a, -b, -c]

Qut| 162] =
6
Inl 163]: =

Gdeltala, b, -a, ¢, -d, -e]

Qut| 163] =
0
In| 164] : =

Gdeltafa, b, ¢, -d, -e, -c]

Qut| 164| =
b
&% de
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It is always possible to convert it into a determinant of normal delta tensors:

In|165]: =
ExpandCGdel t a[%]

Qut | 165] =
—6%, &% + 6%y 6%

In| 166] : =
Gdel taf[a, -b] // I nput Form

Qut | 166] / / | nput For e
deltala, —b]

3.6. Directional indices

From the abstract point of view, covariant (contravariant) indices of tensors represent slots where vectors (
can be "contracted". It is interesting sometimes to write that contraction expkdignsor' uses the heabir to
denote that kind of "directional index". The introduction of a special head is a technical decision: we expect th
to be seldom used and therefore it makes no sense toxfbecsor' to check continuously whether a given
contains an abstract index or a vector. All definitions concerning directional-indices are assoditedaiod henc
they are not even considered unless the Baadis found.

Dir Head denoting directional slots in tensors

Directional indices.

This is the usual representation for a contraction:

Inl167]: =

v[-b] S[a, b]
Qut] 167| =

Sab Vi

But it can also be given as (note the different results of the validation routine below)

In| 168]: =
S[a, Dir[v[-c]]]

Qut| 168] =
SaV

Inl 169 : =
Val i dat e[%

Qut| 169] =
SaV
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Directional slots containing vectors are represented downstairs, and slots containing covectors are represented upstairs:

In|170] : =
S[a, Dir[v[c]]]

Qut| 1/0] =
S,
Inl171]:=

Val i dat e[%

Validate::error . Invalid character of index in tensor v
Validate::error : Invalid character of index in tensor S
Qut] 1/1]=
ERRORS?, |
Inl 172 : =

Ula, b, Dir[v[-c]]]

Qut] 172| =
Uabv
In| 173]: =

Val i dat e[%]
Validate::error . Invalid character of index in tensor U

Qut|173] =
ERRORU®Y |

It has the expected properties for a tensorial slot:

In|174|:=
Def Tensor [w[a], M3]

x+ DefTensor: Defining tensor w [aj.

In|175|: =
S[a, Dir[3v[-c] +W[-C]]]

Qut| 175] =
35 g
Inl176]: =

Undef Tensor [w]

= UndefTensor: Undefined tensor w

In particularxTensor*  understands the whole expression as a vector, and not as a 2-tensor:

Inj177]:=
UpVector Q[S[a, Dir [v[-c]1]]

Qut|1//]=
True
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It is important to realize that the free indexn Dir[v[c]] is completely irrelevant except for its sign and the tan
bundle it belongs to. It is there for consistency reasons: it identifies the argunieimt @fs an upvector ofian-—
gentM3 . | call those indices "ultraindices".

If you find annoying to writ®ir[v[c]] many times, you can name this expression:
In|178]: =
dirv=DrJ[v[c]];
S[a, dirv]
Qut| 179| =
Si

Finally, there is a function to convert the Dir indices into normal contractions:

In| 180]: =
SeparateDir [% // ScreenDol | arl ndi ces

Qut| 180| =
Sab Vb

3.7. Label indices

Sometimes we want to have indices with no tensorial meaning. For instance the labels |, m of the spherical
can be defined as label indices. This is done using a newlLheddllowing similar ideas to those bringing us to
headDir . There are no definitions associated tq the user can udd for any purpose he likes.

LI Head denoting label slots in tensors
Labels A ficticious vbundle to which all label indices belong
Label indices.

We can define the spherical harmonics as

Inl181]: =
Def Tensor [Y[LI el , LI em], S2]

x+ DefTensor: Defining tensor Y [y, Lo[mpo.
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In|182]: =
?Y

GlobalY

Dagger [Y] *=Y

DependenciesOfTensor  [Y] "= {S2}

Info [Y] ~= {tensor, }

PrintAs [Y] *"=Y

SlotsOfTensor

[Y] = {Labels, Labels }

SymmetryGroupOfTensor [Y] ~= StrongGenSet [{}, GenSet []]

TensorID [Y]

xTensorQ [Y]

n={}

A= True

The up/down character of the labels only indicates the output position of the indices. Note that the sidrs amsigart of the
label, and do not indicate the character.

In[183]: =
Y[Ll eL, LI eM

Qut ] 183 =
YLM

In|184]: =

{Y[-LI [L], -LI[2]], Y[LI [-L], LI[-2]1}

Qut| 184| =
{YLZV Y 2 }

In|185]: =
Undef Tensor [Y]

= UndefTensor: Undefined tensor Y

3.8. Complex conjugation

Complex conjugation is performed by the functidegger , except on indices, where we shall use the vabagger—
Index , to avoid overloadin@agger too much.

Dagger
Daggerindex
DaggerQ
TransposeDagger
$DaggerCharacter

Complex conjugation of tensor expressions

Complex conjugation of indices
Check for complex objects

Transposition of indices of complex conjugate vbundles
Character which denotes complex conjugates of other objects

Complex conjugation
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A tensor with indices on a complex vbundle always has a dagger pair:

In| 186] : =
$Tensors

Qut | 186] =
{T, v, r, TT, Force, S, U }

In|187]: =
Def Tensor [V[a, B], Tangent M3, Dagger - Conpl ex]

«+ DefTensor: Defining tensor V [a, B].

«+ DefTensor: Defining tensor V t[a, Bf].

In| 188 : =
?V

Global'v
Dagger [V] ~=Vt

DependenciesOfTensor  [V] A= {M3}

Info [V] ~= {tensor, }

PrintAs [V] "=V

ServantsOf [V] A= {Vt}

SlotsOfTensor  [V] = {TangentM3, InnerC }
SymmetryGroupOfTensor [V] ~= StrongGenSet [{}, GenSet []]
TensorID [V] "= {}

xTensorQ [V] ~= True
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In| 189 : =
? Vi

Global'v +t

Dagger [Vi] "=V

DependenciesOfTensor  [Vt] *= {M3}

Info [Vt] ~= {tensor, }

MasterOf [V+] "=V

PrintAs [Vt] =Vt

SlotsOfTensor  [Vt] ~= {TangentM3, InnerC  +t}
SymmetryGroupOfTensor [V+1] = StrongGenSet [{}, GenSet []]
TensorID [Vt+] *= {}

xTensorQ [Vt] "= True

Complex conjugation acts on the name of the tensor and on its indices as well:

In|190] : =
Dagger [ V[a, C] ]

Qut [ 190] =
VTaCT
In|191]: =

Undef Tensor [V]
=+ UndefTensor: Undefined tensor V t

=% UndefTensor: Undefined tensor V

Conjugation of indices (this should be used only for programming):

In192]: =
Dagger | ndex /@ {a, -b, A, -Bt}

Qut| 192] =
{a, -b, at, -8}

Tensors can be defined with different properties against complex conjugation.
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On real vbundles tensors are real by default:

In[193]: =
Opt i ons [Def Tensor ]

Qut | 193] =
{Dagger - Real, Master - Null, PrintAs - ldentity,
VanishingQ - False, ForceSymmetries - False, WeightOfTensor -0,
FrobeniusQ - False, OrthogonalTo - {1, ProjectedWith - {1},
ProtectNewSymbol :» $ProtectNewSymbols, Info - {tensor, }, TensorlD - {}}
In| 194|: =

Def Tensor [V[a], M3]

++ DefTensor: Defining tensor V [a].

In|195]: =
Dagger [3 1] V[a]]

Qut| 195] =
-31\@
In|196] : =

Undef Tensor [V]

=% UndefTensor: Undefined tensor V

However, it is possible to "complexify" a real vbundle, in such a way that we duplicate its real dimension. Then vectors cal
nontrivial complex conjugates:

Inl197]: =
Def Tensor [V[a], MB, Dagger - Conpl ex]

x+ DefTensor: Defining tensor V [aj.

x+ DefTensor: Defining tensor V t[aj.

In|198|: =
Dagger [3 1 V[a]l]

Qut| 198] =
-31Vtd

In 199 : =
Undef Tensor [V]

= UndefTensor: Undefined tensor V t

= UndefTensor: Undefined tensor V

If the vbundle is complex then all tensors on it must be complex:

I n| 200] : =
Cat cheDef Tensor [V[R], M]

DefTensor::invalid : Real is not a valid value for Dagger: complex indices.
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In| 201 : =
Def Tensor [V[R], M3, Dagger - Conpl ex]
«x+ DefTensor: Defining tensor V [aj.
«x+ DefTensor: Defining tensor V tRT].

In| 202|: =
Dagger [31 V[A]]

Qut| 202] =
-31VvH

In| 203]: =
Undef Tensor [V]

%+ UndefTensor: Undefined tensor V t

%+ UndefTensor: Undefined tensor V

On complex vbundles it is possible to define Hermitian tensors if they have equal number of indices on both conjugated vl
(though there is no built-in operation of Hermitian conjugation):

1N 204]: =
Def Tensor [V[®, B, Ct, Dt], M3, Dagger » Hermitian]

+x+ DefTensor: Defining tensor V [A, B Ct, Dt].

+x+ DefTensor: Defining tensor V t[At, Bt, C, DJ.

In| 205]: =
Dagger [V[R, B, Ct, Dt]]

Qut | 205] =
\/CDHTBT
In| 206] : =

Dagger [Vt [Rt, Bt, C, D]]

Qut | 206] =
VHBCTDT
In|207]: =

Cat cheDef Tensor [WM®A, B, ct], M3, Dagger -» Hermitian]

TransposeDagger::error :
Different number of indices of InnerC and its conjugate InnerC t.

In|208]: =
Undef Tensor [V];

=% UndefTensor: Undefined tensor V t

=% UndefTensor: Undefined tensor V
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Note that the transposition involved for Hermitian objects does not require any particular ordering of indices of the tensors
it follows the convention of exchanging the first slot of a given complex vbundle with the first slot of its complex conjugate:

In|209]: =
Def Tensor [V[R, B, Ct, Dt, € Ft], M3, Dagger -» Hernmiti an]
=+ DefTensor: Defining tensor V [A, B Ct, Dt, € Ft].

=+ DefTensor: Defining tensor V t[At, Bt, C, D, €t, F].

In|210]: =
Dagger [V[A, B, Ct, Dt, €, Ft]]

Qut| 210 =
\/CORtBIFET

In211]: =
Undef Tensor [V]

=% UndefTensor: Undefined tensor V t

=% UndefTensor: Undefined tensor V

The symbol for conjugation can be changed using the global vasiablggerCharacter , but of course the command for
complex conjugation will still be callddagger .

In|212|:=
$Dagger Char act er

Qut| 212] =
T

3.9. Tensors with a variable number of slots

Sometimes it is desirable to work with tensors with a variable number of slotsTamsbr’  supports it. For exampl
this is important when dealing with tensor harmonics, and actually the special paak#garmonics’ makes us
of it.

In general, once a tensor has been defined with a number of slots and the symmetry properties of those
possible to use the tensor with more slots, and the system will assume that there are no additional symmetry
on the added slots. The problem, however, comes when we want all slots to participate in the symmetry of -
The solution is very simple:

The symmetry of a tensor is given by the funct®ymmetryGroupOfTensor , which stores the symmetry as
upvalue for the name of the tensor. However, this function tries first to get the symmetry from the whole expt
the tensor (indices included), and only if this is not defined it will use the stored definition. Therefore we «
additional symmetry definitions for the tensor which will overwrite the initial symmetry assignment. From versi
we include a special notation to indicate from the beginning the presence of a variable number of slots in vbunc

Define a tensor with a variable number of indices on a given vbundle:

Inl213]: =
Def Tensor [Z[Anyl ndi ces@Tangent M3], M3]

=+ DefTensor: No checks on indices for a variable -rank tensor.

x+ DefTensor: Defining tensor Z [AnyIndices [TangentM3 ]].

©2003-2004 José M. Martin-Garcia



44 XTensorDoc.n

The tensor is given no symmetry:

In|214|: =
Cat cheSymet r yG oupOf Tensor [Z]

SymmetryGroupOfTensor::unknown : Unknown tensor Z.

In|215]: =
CatcheSymet r yG oupOf Tensor [Z[]]

SymmetryGroupOfTensor::unknown : Unknown tensor Z.

Now make it symmetric for any number of indices:

In| 216] : =

Symmet r yG oupOf Tensor [Z[i nds 11 =Symetric[Range[Length[{inds}]]]

In| 217 : =
Symmet r yG oupOf Tensor [Z[]]

Qut| 21/ =
StrongGenSet [ {}, GenSet []]

In|218]: =
Symmet ryG oupOf Tensor [Z[a, b]]

Qut | 218| =
StrongGenSet [{1}, GenSet [Cycles [{1,2 }]1]]

Inf219]: =
Symet ryG oupOf Tensor [Z[a, b, ¢, d]]

Qut| 219 =
StrongGenSet [{1, 2,3 1}, GenSet [Cycles [{1,2 }],Cycles [{2,3 }],Cycles [{3,4}]]]

Note that any call t&ymmetryGroupOfTensor  must include explicitly the indices of the tensor. This is still undefined:

In|220]: =
Cat cheSynmmet r yGr oupOf Tensor [Z]

SymmetryGroupOfTensor::unknown : Unknown tensor Z.

Clean up:

In|221]: =
Undef Tensor [Z]

=% UndefTensor: Undefined tensor Z

In case you need symmetries other than total symmetry or total antisymmetry, you will need to use the gener
for permutation groups (se®ermDoc.nb for a description).
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m 4. Canonicalization

4.1. Basics

In any calculation it is essential to bring all tensors and products of tensors down to a canonical form, in ol
compared. This is done by the functidbaCanonical , probably the most important ingredientxdfensor* , and
certainly the most complicated function.

Do not confuse the canonicalization proces, by which an expression is brought to a canonical form (not n
simple) from the simplification process, by which an expression is rewritten as an equivalent, but simpler fi
former is uniquely defined once the canonical form of every sintactycally correct expression is decided. Th
largely subjective, and generally more difficult to work with. Fortunatéd¢hematicahas a very good algorithm f
simplification Simplify ). This is one of the main reasons to avoid introducing TensorTimes or TensorPlus
would force us to build a new TensorSimplify, and another strong reason to use abstract index noxatesoln
we have defined a commagimplification , Which simply applieoCanonical first, and thersimplify

The hardest part of the process (the canonicalization of indices) is performed by the companionxpackageThe
canonicalization code is duplicated in that package: there is first datinematicaversion of the code, and then th
is an external C—executable, which is much faster, but requivztted_ink connection, which does not work for so
operating systems. Which code is used is controlled with several switches, as we will see later on.

ToCanonical Canonicalization of indices of an expression
Simplification Apply ToCanonical and therSimplify

Simplification functions

Canonical form of the totally antisymmetric tenkbsort indices in alphabetical order:

In|222]:=
ToCanoni cal [ U[-a, -d, -b] ]

Qut| 222| =
~ Yabd

In|223]:=
Ul[-a, -b, -c] +U[-c, -b, -a] // ToCanoni cal

Qut| 223] =
0

Dummy indices are replaced so that the total number of different dummies is minimal:

In| 224]: =
T[a, b]v[-b] +T[a, c]v[-c] // ToCanoni cal

Qut| 224| =
2T v,

The process of canonicalization is far from trivial (see next section). We can monitor Vesinge options.

Verbose Gives a real-time report of the tensorial canonicalization process
TimeVerbose Gives timings of several canonicalization steps
xPermVerbose Gives a real-time report of the permutation canonicalization process
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Verbosing options of oCanonical

These three cells show the output of the tMedose options ofToCanonical in a simple case. The outputxdfermVer—
bose can be extremely large even for small expressions. We do not use the external executable because there is not verl
information from it:

In| 225]: =
Set Opt i ons [Canoni cal Perm Mat hLi nk -» Fal se]

Qut| 225| =
{MathLink - False, TimeVerbose - False, xPermVerbose - False, OrderedBase - True }

In| 226] : =
ToCanoni cal [U[b, ¢, a]v[-b], Ti neVerbose » True]
Free algorithm applied in 0.004 secs.
Dummy algorithm applied in 0.004 secs.

Qut | 226] =
b
- vy,
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In|227|: =
ToCanoni cal [U[b, c, a] v[-b], Verbose -» True]

R R R S S I R R I I I R I R I R R S R R R

ToCanonical:: expr:

xAct'xTensor‘Private'TensorTimes [XAct'XxTensor'Private‘Object [
vy, {Tensor,1,v }, {{-b}, {-b}, {3}, {}, {{-TangentM3, Null }}}7,
xAct'xTensorPrivate‘Object [Wca  (Tensor,6,U 1}, {{b,c,a }, {a, b, c },
{}, {3}, {{TangentM3, Null }, {TangentM3, Null '}, {TangentM3, Null }1}}7]]
ToCanonical:: sym: Symmetry (4,
xAct'xTensor‘Private TTimes [vel, U®2e3e4 | (@] 5 -b, @2 >b, @3 5cC, @4 >a},
StrongGenSet [{2, 3 }, GenSet [-Cycles [{2,3 }], -Cycles [{3,4 }]1]1]]
ToCanonicalOne:: Actual configuration: {-b,b,c,a }
ToCanonicalOne:: Standard configuration: {a,c, b, -b}
ToCanonicalOne:: Repeated indices: {}
ToCanonicalOne:: Repeated indices: {}
ToCanonicalOne:: Permutation to be canonicalized: Images [{4,3,2,1 1]

ToCanonicalOne:: dummysets_tmp:

{DummySet[ TangentS2, {}, 0 ], DummySet [TangentM3, {b}, 0 ],

DummySet[ TangentM5, {3}, 0 ], DummySet [InnerC, {}, 0 ], DummySet [InnerC +, {},0 ]}
ToCanonicalOne:: dummysets:

{DummySet[TangentS2, {}, 0 ], DummySet [TangentM3, {{3,4 }},0 ],

DummySet[ TangentM5, {3}, 0 ], DummySet [InnerC, {}, 0 ], DummySet [InnerC +, {},0 ]}

ToCanonicalOne:: Free indices: 1,2}

ToCanonicalOne:: calling: CanonicalPerm [Images [{4, 3,2,1 }],
4,StrongGenSet  [{2, 3 }, GenSet [-Cycles [{2,3 }], -Cycles [{3,4 }]]]
, {1, 2 }, {DummySet[TangentS2, {},0 1],

DummySet[ TangentM3, {{3,4 }}, 0 ], DummySet [TangentM5, {},0 ],
DummySet[InnerC, {}, 0 ], DummySet [InnerC t+, {}, 0 ]},Verbose - True ]

ToCanonicalOne:: Canonical permutation: -lmages [{4,1,2,3 }]
ToCanonical:: newindices: {-1, {-b,a,c,b }}

ToCanonical:: needmetrics: False

ToCanonical:: cQ: False

ToCanonical:: result: by,

Qt|227] =
b
- vy

In|228|: =
ToCanoni cal [U[b, ¢, a] v[-b], xPer mVer bose -» True]

Free indices at slots: (4,3}

RIGHT-COSETREPRESENTATIVE ALGORITHM for Images[ {4, 3,2,1 }]
which corresponds to the index list: Perm [{4,3,2,1 1]

base: {1,2,3,4 }

*xxx %%+ Analysing element i =1 of base: slot 1 I —_

Symmetry orbit Delta of slots: {13
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Free slots: (4,3}

Free slots that can go to that slot: 3

xxx %%+ Analysing element i =2 of base: slot 2 ——_
Symmetry orbit Delta of slots: {2,3,4 }

Free slots: (4,3}

Free slots that can go to that slot: (3,41

At those slots we respectively find indices Deltap: (2,1}

The least index is 1, found at position pk: 2 of Deltap

That index is found in tensor at slot pp: 4

We can move slot 4 to slot 2 using permutation om: Images [{1,4,2,3 1}]in S
New indices list: Perm [{4,1,3,2 1}]

Computing stabilizer in S of slot 2

newbase before change: {(1,2,3,4

newbase after change: (1, 3,4 }

xxx %%+ Analysing element i =3 of base: slot 3 ——_
Symmetry orbit Delta of slots: (3,4}

Free slots: (2,4

Free slots that can go to that slot: (41

At those slots we respectively find indices Deltap: {2}

The least index is 2, found at position pk: 1 of Deltap

That index is found in tensor at slot pp: 4

We can move slot 4 to slot 3 using permutation om: -lmages [{1,2,4,3 }] inS
New indices list: -Perm[{4,1,2,3 }]

Computing stabilizer in S of slot 3

newbase before change: {1, 3,4 }
newbase after change: (1,4}
Canonical Permutation after RightCosetRepresentative: -Images [{4,1,2,3 }]

DOUBLECOSETREPRESENTATIVE ALGORITHM for-Images [{4, 1, 2,3 }]

index -dummysets: {DummySet[TangentS2, {3}, 0 ], DummySet [TangentM3, {{3,4 }},0 ],
DummySet[ TangentM5, {3}, 0 ], DummySet [InnerC, {}, 0 ], DummySet [InnerC +, {},0 ]}

dummyindices: (3,4}

dummyslots: {4, 1}

Extended (1,4} to {1,4}

Initial SGSS: StrongGenSet [{1,4 }, GenSet []]

base for sorting: (3,4
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Initial SGSD: StrongGenSet [{3}, GenSet []]
Kkkkkxkxkkkkxkxkkkkkx LOOP | = L wwnsdkkhnhhkktnhhkrsx
Analyzing slot 1 of tensor

nuS: Schreier [{1}, {2}, {3}, {4}, {0,0,0,0 3}, {0,0,0,0 }] with first element 1
Under S, slot 1 can go to slots Deltab: {11

Orbits of indices under D: DeltaD: ({13, {2}, {3}, {4}}
With L ={} we get sgd: -Images [{4,1,2,3 }]

which maps slots in Deltab to indices list: {4}

whose points belong to orbits {41

Therefore at slot 1 we can have indices IMAGES: {43
The least of them is p [[1]]: 4

Moved pairs {DummySet[TangentS2, {}, 0 ], DummySet [TangentM3, {{4,3 }},0 ],
DummySet[ TangentM5, {3}, 0 ], DummySet [InnerC, {}, 0 ], DummySet [InnerC +, {},0 ]}

New SGS of D: StrongGenSet [{4}, GenSet []]

with Schreier vector nuD: Schreier ({13, {23, {3}, {43, {0,0,0,0 3}, {0,0,0,0 1}]
In particular, the orbit of index 4 is Deltap: (41

Now looking for all permutations sgd that move index 4 to slot 1

Loop with | =1

L= {3

TAB[L] = {s, d} = {Ilmages [{1,2,3,4 }],Images [{1,2,3,4 1}]}

Calculating NEXT. We need the intersection of sets of slots {1} and {1}
Intermediate slots NEXT = {1}
From slot 1 to intermediate slot 1 use sl =lmages [{1,2,3,4 }]

dl= Images [{1,2,3,4 }]

L1= {1}

This gives us the new index configuration: -Perm[{4,1,2,3 }]
New ALPHA: {{1}}

Checking consistency in set {-lmages [{2,3,4,1 }]}
Removing permutations from SGS of S that move slot 1

New SGS of S: StrongGenSet [{4}, GenSet []]

Removing permutations from SGS of D that move index 4
New SGS of D: StrongGenSet [{}, GenSet []]

Kokkk gk kkkkkxkxkkkkkx LOOP | = 2 aakddkkkhhhhkkkxkhkkxx
Analyzing slot 4 of tensor

nuS: Schreier [{1}, {2}, {3}, {4}, {0,0,0,0 3}, {0,0,0,0 ] with first element 4
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Under S, slot 4 can go to slots Deltab: {41

Orbits of indices under D: DeltaD: ({13, {2}, {3}, {4}}
With L ={1} we get sgd: -Images [{4,1,2,3 }]

which maps slots in Deltab to indices list: {3}

whose points belong to orbits {3}

Therefore at slot 4 we can have indices IMAGES: {3}
The least of them is p [[21]: 3

Moved pairs {DummySet[TangentS2, {}, 0 ], DummySet [TangentM3, {},0 ],
DummySet[ TangentM5, {3}, 0 ], DummySet [InnerC, {}, 0 ], DummySet [InnerC +, {},0 ]}

New SGS of D: StrongGenSet [{}, GenSet []]

with Schreier vector nuD: Schreier ({1, {23, {3}, {43, {0,0,0,0 3}, {0,0,0,0 1}]
In particular, the orbit of index 3 is Deltap: (3}

Now looking for all permutations sgd that move index 3 to slot 4

Loop with | =1

L= {1}

TAB[L] = {s, d} = {lmages [{1,2,3,4 }],lmages [{1,2,3,4 11}

Calculating NEXT. We need the intersection of sets of slots {4} and {4}
Intermediate slots NEXT = {4
From slot 4 to intermediate slot 4 use sl =lmages [{1,2,3,4 }]

dl= Images [{1,2,3,4 }]
Ll= (1,4}
This gives us the new index configuration: -Perm[{4,1,2,3 }]
New ALPHA: {{1,4 }}
Checking consistency in set {-lmages [{2,3,4,1 }]}
Removing permutations from SGS of S that move slot 4
New SGS of S: StrongGenSet [{}, GenSet []]
Removing permutations from SGS of D that move index 3
New SGS of D: StrongGenSet [{}, GenSet []]
Qut | 228] =

cb
- vy

The canonicalization of expressions involving a large number of indices is a slow process, mainly when mos
indices are dummies. In those casesMaghematicacode forxPerm‘ , which is interpreted, becomes too slow. /
executable called xperm is used to compute the hardest part of the calcukdi@mssr’ communicates with it usir
a MathLink connection. Currently this executable exists for Linux and Mac for any versiMatb&ématicaand for MS
Windows startingMathematicab.0.

MathLink Option ofCanonicalPerm to use the external C executakperm
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MathLink connection.

We define an antisymmetric tensbmti :

In|229]: =
Def Tensor [Anti [a, b], M3, Antisymetric[{a, b}], PrintAs ->"A"]

x+ DefTensor: Defining tensor Anti [a, b ].

Now we fake that there is a metric angentM3 . We shall later explain how to define a metric properly.

In| 230]: =
Met ri csOf VBundl e[Tangent MB] A= {netri cg};
Symmet ryG oupOf Tensor [netricg] A= Symretric[{1, 2}];

Powers of an odd number of antisymmetric tensors are 0. These are timings with the intelqttetathticacode:

In|232]:=
Absol ut eTi mi ng[ToCanoni cal [Anti [a, -a], Ti neVerbose » True]]

Free algorithm applied in 0. secs.
Dummy algorithm applied in 0.004 secs.
Qut | 232| =

{0.005253 Second, 0 }

In|233]:=
Absol ut eTi mi ng[ToCanoni cal [Anti [a, b] Anti [-b, -a], Ti meVer bose -» True]]

Free algorithm applied in 0. secs.
Dummy algorithm applied in 0.024002 secs.
Qut| 233] =
{0.027611 Second, -A,, A%®}

In|234]: =
Absol ut eTi mi ng[ToCanoni cal [Anti [a, b] Anti [-b, -c] Anti [c, -a], Ti meVerbose -» True]]

Free algorithm applied in 0.004 secs.
Dummy algorithm applied in 0.044003 secs.

Qut | 234 =
{0.052529 Second, 0 }

In|235]: =
Absol uteTi m ng[
ToCanoni cal [Anti [a, b] Anti [-b, -c] Anti [c, d] Anti [-d, -a], Ti neVerbose » True]]

Free algorithm applied in 0. secs.
Dummy algorithm applied in 0.112007 secs.

Qut| 235] =
{0.120125 Second, A, A® A Ay}
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In| 236]: =
Absol ut eTi mi ng[ToCanoni cal [
Anti [a, b] Anti [-b, -c] Anti [c, d] Anti [-d, -e] Anti [e, -a], Ti meVerbose -» True]]
Free algorithm applied in 0.004001 secs.
Dummy algorithm applied in 0.184011 secs.

Qut | 236| =
{0.192207 Second, 0 }

In| 237]: =
Absol ut eTi m ng[
ToCanoni cal [Anti [a, b] Anti [-b, -c] Anti [c, d] Anti [-d, -e] Anti [e, f] Anti [-f, -a],
Ti meVer bose » True]]

Free algorithm applied in 0. secs.
Dummy algorithm applied in 0.352022 secs.
Qut| 23/7] =
{0.364298 Second, -A.° AP A9 A AS Ay}

In| 238]:=
Absol ut eTi mi ng[ToCanoni cal [Anti [a, b] Anti [-b, -c] Anti [c, d]
Anti [-d, -e] Anti [e, f]Anti [-f, -g] Anti [g, -a], Ti neVerbose » True]]

Free algorithm applied in 0. secs.
Dummy algorithm applied in 0.516032 secs.

Qut | 238 =
{0.534410 Second, 0 }

In order to be able to connect to the external executable, the following global variable mudtreeturti you getFalse , contact
JMM to see what is the problem, and whether it can be solved.

In239):=
$xper nQ
Qut | 239| =
True

These are the corresponding timings with the C executable:

In| 240]: =
Set Opt i ons [Canoni cal Perm Mat hLi nk -» True]

Qut | 240| =
{MathLink - True, TimeVerbose - False, xPermVerbose - False, OrderedBase - True }

In| 241]: =
Absol ut eTi m ng[
ToCanoni cal [Anti [a, b] Anti [-b, -c] Anti [c, d] Anti [-d, -e] Anti [e, -a]]]

Qut| 241| =
{0.012787 Second, 0 }
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In| 242|: =
Absol ut eTi m ng[
ToCanoni cal [Anti [a, b] Anti [-b, -c] Anti [c, d] Anti [-d, -e] Anti [e, f] Anti [-f, -a]]]

Qut| 242| =
{0.011747 Second,  -AS A® A AC A Ay )

In| 243]: =
Absol ut eTi m ng[ToCanoni cal [
Anti [a, b] Anti [-b, -c] Anti [c, d] Anti [-d, -e] Anti [e, f] Anti [-f, -g] Anti [g, -a]]]

Qut | 243 =
{0.015843 Second, 0 }

In| 244]: =
Absol ut eTi mi ng[ToCanoni cal [Anti [a, b] Anti [-b, -c]
Anti [c, d] Anti [-d, -e] Anti [e, f]Anti [-f, -g] Anti [g, h] Anti [-h, -a]]]

Qut | 244| =
{0.016446 Second, A ,© A®® A% A® A A9 AN Ay}

In| 245]: =
Absol ut eTi mi ng[ToCanoni cal [Anti [a, b] Anti [-b, -c] Anti [c, d]
Anti [-d, -e] Anti [e, f] Anti [-f, -g] Anti [g, h] Anti [-h, -h1] Anti [h1, -a]]]

Qut | 245| =
{0.018259 Second, 0 }
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4.2. Technical details
Canonicalization:

The canonicalization process has essentially six steps, of which only steps 4 and 5 are really hard. Assume w
a generic syntactically correct inputdfiensor’  on which we act witffoCanonical

1) Expand the expression to convert it into a siing ) of terms, each being a produdirfies ) of indexec
objects, sharing dummy indices. This can be considered a polynomial in tensor variables, and as with a
polynomial, it cannot be canonicalized without first expanding it. We usklaiieematicacommandExpand . It might
happen that during the expansion some parts of the expression are evaluated and give new products to e
means thaExpand must be used repeatedly until the expression does no longer change (we Msg¢htémeatice
command~ixedPoint  for that).

2) Minimize the number of different dummies in the whole expression. We useTémsor' commanc
SameDummies

3) ToCanonical is threaded on each term. Steps 4 and 5 cannot compare different terms in the ex
From now on we only deal with products of objects.

4) The objects in each term must be sorted according to certain priorities depending on the types and
of the objects, but not on the actual indices they have. The term is then considered to be a single tensor, whos
can be deduced from the properties of the elementary objects composing it. This idea is taken from R. Po
journal ref. here).

5) We extract the list of indices of that composite tensor and canonicalize that list according to the symi
the composite object and comparing with the "ideal" ordering of those indices (gixderisor' by the functior
IndexSort ). This "ideal" ordering is also decided by a number of priorities depending on the properties of the
(type, character and state), as explained below. In general, the indices can change slot, but there is no crez
indices, the exception being the treatment of derivatives which generate new terms. A very important issue at
the interaction between metrics and derivatives, discussed below. The problem will be even harder if fr
involved. The canonicalization algorithms for tensors are basically those of R. Portugal et al (put journal refs he

6) By now each term is already canonicalized. The funddlus will add up equal terms and the resul
returned, in canonical form. No simplification (e.g. factorization) is attempté@d®wpnonical

The priorities for sorting objects in step 4 are fixed, even though they could be easily changed if a user needs
priorities for sorting indices in step 5 can be configured by the user. In this section we shall describe what thc
ties are and how some of them affect the efficiency of the whole process.

Sorting objects:

Objects are sorted according to seven considerations, most based in lexicographic ordering (this isMkthevhat—
ica does). Objects are sorted with respect to the first of these criteria applying:

1) Type: use alphabetical order in the types:
Constant
ConstantSymbol
Parameter
Scalar (see subsection 8.7 for a description of this head)
Tensor

In subexpressions sometimes we need the type of a composite object: the type of a product is the
types, and the type of a sum is the sum of types. Both Times and Plus sort their arguments lexicographically.

2) Order (in the sense of number of elements) of the group of symmetry of the objects. More symmetri
order) objects come last (to improve efficiency for tensors with lots of indices), though | have found that the
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choice is aesthetically better in general.

3) Names of objects. Every object is given a name which depends on the names and the structure of i
nents, but not on its indices.

4) Number of indices of objects. Sort first the objects with less indices. This is also more efficient.
5) Number of free indices (of the whole term) of objects. Sort first the objects with more free indices.

6) If the global variabléCommuteFreelndices isFalse then sort first the object with the least free in
according tdndexSort . If it is True (the default) then do not take into account the actual free indices and ji
step 6.

7) If several objects cannot be sorted according to the previous considerations, then they are consider.
lent (I call them "commuting") and left then marked as CommutingObijects[ol, 02, ...], what will be used by the |
tions algorithms to add new symmetries among the indices of those equivalent tensors.

Sorting indices:
These are all possible things we can consider when sorting indices, in no special order.
- Relative position of free and dummy indices.
- Relative position of the members of the same dummy pair.
- Relative position of up and down indices.
- Alphabetic order of indices.
— The order that the indices havdilicesOfManifold (the order at definition time).

The default is the following, chosen "experimentally" as the most efficient, in average (I don't really have an
tion of why this seems to be more efficient than other choices):

1) free indices come before dummy indices.
2) sort the indices according to lexicographic order.
3) up-indices come before down-indices.

Those priorities can be changed. We need three priorities, that must be chosen from four pairs of strings, nc

two of the same paiffree” /"dummy", "up" /"down" , "lexicographic" / "antilexicographic” and
"positional” /"antipositional” .

IndexSort Sort a list of indices

SetindexSortPriorities Define priorities for index sorting

Functions that sort indices.

I n| 246| : =
? 1 ndexSor t

IndexSort [list ] sorts the elements of list (assumed to be g -indices )
according to three priorities set up by SetindexSortPriorities.
Currently: first: free; second: lexicographic; third: up.

©2003-2004 José M. Martin-Garcia



56 XTensorDoc.n

Indices of manifoldrangentMs3 :

In| 247]: =
I ndi cesOf VBundl e [Tangent MB]

Qut| 24/ =
({a,b,cdefgh }, (h1, h2, h3, h4, h5, h6, h7, h8, h9 !

Study this case, taking into account the default priorities given above:

In| 248| : =
I ndexSort [{a, b, hl, h2, -e, d, ¢, -c, -h2, e, f}]

Qut | 248| =
{a, b, d, f, hl, c, -c,e, -e h2, -h2}

Now we change priorities. The list is sorted differently

In| 249| : =
SetlndexSortPriorities["down", "free", "antil exi cographic"]

In|250]: =
? 1 ndexSor t

IndexSort [list ] sorts the elements of list (assumed to be g -indices )
according to three priorities set up by SetindexSortPriorities.
Currently: first: down; second: free; third: antilexicographic.

In|251]:=
I ndexSort [{a, b, hl, h2, -e, d, ¢, -c, -h2, e, f}]

Qut| 251 =
{-h2, -e, -c,hl f,d b ,a h2 e c 1
Note that oncépositional” or "lexicographic” is chosen (or their opposite), then the pridtitge” /"dummy"
becomes irrelevant:
In| 252]: =
Set I ndexSortPriorities["positional", "down", "dunmmy"]
In| 253]: =

I ndexSort [{a, b, hl, h2, -e, d, ¢, -c, -h2, e, T}]

Qut| 253| =
{a,b, -c,c,d, -e e f hi, -h2, h2 }

The choice of priorities can make a huge difference in the efficiency of the dummy-canonicalization process.
ple, it is not possible to predict which set of priorities will be better in a given situation, but experimentally \
found that trying to match pairs of dummies with symmetry pairs of S gives better results:

In| 254|: =
expr = Anti [a, b] Anti [-b, -c] Anti [c, d] Anti [-d, -e] Anti [e, f] Anti [-f, -a]

Qut| 254| =
A Ao A Age A A,
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Having one ofup” /"down" before"free” ["up" seems terrible in the Dummy algorithm:

In|255|: =
Setl ndexSortPriorities["up", "free", "l exi cographic"]

In| 256]: =
Absol ut eTi mi ng[ToCanoni cal [expr, Ti meVerbose - True, Mat hLi nk - Fal se]]

Free algorithm applied in 0.004 secs.
Dummy algorithm applied in 1.28408 secs.

Qut | 256] =
{1.318403 Second,  -A,. AP Ay, A Ay AT

This is the default choice, instead. Note that the final result is different. This is not a problem: what we want is a uniquely ¢
process of canonicalization, but which one we choose is "only" a matter of efficiency and aesthetics.

In| 257]: =
SetlndexSortPriorities["free", "l exicographic", "up"]

In| 258 : =
Absol ut eTi mi ng[ToCanoni cal [expr, Ti neVerbose » True, MathLi nk » Fal se]]

Free algorithm applied in 0. secs.
Dummy algorithm applied in 0.344022 secs.

Qut | 258| =
{0.354651 Second,  -AC A® A AC A Ay )

4.3. Benchmarking

This section contains a series of examples performed in a Linux box with a 1.7 GHz Dual core processor. At
Mb RAM are required to repeat some of these examples.

We use the external executakfgerm compiled from the code xperm.c and linked frolferm‘  through theMathLink
protocol (xperm.tm template). The code xperm.c contains some C99 extensions, supported by GNU gcc, ani
Linux and Mac can always use this executable. However, all other Windows C-compil@éatthizihk can communi-
cate to (Borland, MS Visual 2003, etc) are still C90 complier only. The gcc compiler under Windows (under thi
system) is compatible witMathLink only from version 6.0 oMathematica but not before and therefore pre-
versions oMathematicacannot useperm

This variable says whether the connection to the external executable has been performed correctly. If you get False, don’t
repeat these examples; they will take too long.

In| 259 : =
$xper nQ

Qut| 259| =
True

Example 1:

Let us come back to the problem of products of antisymmetric tensors.
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This simple code constructs the products we want to canonicalize:

In| 260] : =
product Anti [n_] :=Tinmesee Appl y[Anti, Partition[RotatelLeft e
Fl atten@Transpose[{-#, #} &@GCet | ndi cesO VBundl e[Tangent M3, n]], 2], {1}]

In| 261 : =
product Anti [1]

Qut| 261] =
A2,

In| 262 : =
product Anti [7]

Qut| 262 =
A3, AP A%y AT A% AT A9,

We shall need up to 59 different indices:

In| 263]: =
Get | ndi cesOf VBundl e[Tangent M3, 59, {}]

Qut | 263| =
{a, b, c,d, e f g, h hl h2, h3, h4, h5, h6, h7, h8, h9, h10, h1l, h12, h13, h14, h15,
h16, h17, h18, h19, h20, h21, h22, h23, h24, h25, h26, h27, h28, h29, h30, h31, h32, h33,
h34, h35, h36, h37, h38, h39, h40, h41, h42, h43, h44, h45, h46, h47, h48, h49, h50, h51 }

And this canonicalizes it, giving thsoluteTiming spent. Note that we can get products of up to 25 tensors in less than
second (in that case the dummy group D has more than 5 10"32 elements).

In| 264]: =
canAnti [n_]: =
Flatten[{n, Wth[{product = product Anti [n]}, Absol uteTi mi ng[ToCanoni cal [product]1]1]}]

In| 265]: =
canAnti [6]

Qut | 265| =
(6, 0.011851 Second,  -AS A® A4 AC A Ay}

In| 266] : =
canAnti [7]

Qut | 266] =
{7, 0.012763 Second, 0 }

In| 267]:=
canAnti [25]

Qut| 26/ =
(25, 0.203955 Second, 0}
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59

Let us see how the timings scale with the number of antisymmetric tensors. Evaluating this cell takes about a minute in a
Dual core processor. The executable xperm.linux requires here up to 30 Mbytes. Each computation is done only once, an
invariably introduces small deviations depending on which other tasks the computer is busy with.

I n| 268]

data = canAnti /eRange[1, 59, 2]

Qut| 268] =

{

I n| 269]

Tabl eFor m[dat a, Tabl eHeadi

{1, 0.002021 Second, 0

{7, 0.012553 Second, 0

{13, 0.032593 Second, 0
{19, 0.084243 Second, 0
{25, 0.206592 Second, 0
{31, 0.464568 Second, 0
{37, 0.981318 Second, 0
{43, 1.864288 Second, 0
{49, 3.429175 Second, 0
{55, 5.846119 Second, 0

Qut| 269]|// Tabl eFor mr

n time

1 0.002021 Second
3 0.005795 Second
5 0.009034 Second
7 0.012553 Second
9 0.017264 Second
11 0.023804 Second
13 0.032593 Second
15 0.044821 Second
17 0.061277 Second
19 0.084243 Second
21 0.113119 Second
23 0.155098 Second
25 0.206592 Second
27 0.270895 Second
29 0.355728 Second
31 0.464568 Second
33 0.613694 Second
35 0.796980 Second
37 0.981318 Second
39 1.216632 Second
41 1.539332 Second
43 1.864288 Second
45 2.331849 Second
47 2.845383 Second
49 3.429175 Second
51 4.115430 Second
53 4.908952 Second
55 5.846119 Second
57 7.027919 Second

8.208648 Second

}
}

Iz
}
1,
1,
Iz
}
}
b

, {3,0.

, {9, 0.
(15
{

005795 Second, 0

017264 Second, 0

15, 0.044821 Second, 0
21, 0.113119 Second, 0
{27, 0.270895 Second, 0
{33, 0.613694 Second, 0
{39, 1.216632 Second, 0
{45, 2.331849 Second, 0
{51, 4.115430 Second, 0
{57, 7.027919 Second, 0

ngs -» {None, {"n",

result

[eNeoNeoNoNeoNoNolooNoloNoloNoNoleoNoNoNoNoloNoNoloNoNoNoNoNoNo)

}
}

{5, 0.009034 Second, 0
{11, 0.023804 Second, 0

{17, 0.061277 Second, 0
{23, 0.155098 Second, 0
{29, 0.355728 Second, 0
{35, 0.796980 Second, 0
{41, 1.539332 Second, 0
{47, 2.845383 Second, 0
{53, 4.908952 Second, 0
{59, 8.208648 Second, 0

"time", "result"}}]

b
Iy
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This is a log-log plot. A straight line represents a power—law. The fit on the last half of points seems to favour a fourth pov
scaling.
In| 270]: =
<< G aphi cs/ G aphics. m

In[2/1]:=
fit[x_]=Fit[Log[10, data[[Range[15, 30], {1, 2}1] /. Second » 1], {1, x}, X]

Qut| 271 =
-6.93 +4.423x

In[272]:=
Show[LogLoglLi st Pl ot [data[[Al |, {1, 2}]] /. Second - 1,
Pl ot Styl e -» {Poi nt Si ze[0. 02], Hue[0.7]1}, DisplayFunction-ldentity],
Pl ot [fit [x], {x, 0, 1.85}, DisplayFunction-ldentity],
Di spl ayFuncti on -» $Di spl ayFuncti on, Frane -» True, Axes - Fal se]

10
1L
0.1
0.01 | o °*
°
) ‘
1 2 5
Qut] 272|=
- Graphics -
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This is a linear-log plot. A straight line represents an exponential:

In|273|: =
LogLi st Pl ot [data[[AIl, {1, 2}]]1 /. Second - 1,
Pl ot Styl e » {Poi nt Si ze[0. 02], Hue[0.7]1}, Franme » True, Axes - Fal se]

10 ...
e®
°®
°
°®
1 o’
°
°
°®
°
°
0.1 e®
°
°
°
°
°
0.01 . o’
°
0 10 20 30 40 50 60
Qut| 273| =
- Graphics -
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It is difficult to decide from the plots whether the behaviour is polynomic or exponential, but seems polynomic. This is misl
The Dummy algorithm is based on the Intersection algorithm, which is known to be exponential in the worst case, though
efficient. The meaning of this will become clear in the second example below.
This linear—log plot (not produced in this notebook) compares the timings of several packages on the same problem. On t
the number of antisymmetric tensors to canonicalize (both when the result is zero and when it is not zero). On the y-axis,
in Seconds. The color code is the following:

Red: MathTensor

Yello: dhPark

Green: Tools of Tensor Calculus

Blue (upper): xTensor with puidathematicacode in xPerm

Magenta: Canon (R. Portugal’s own implementation in Maple of his canonicalization algorithms)

Blue (lower): xTensor with the external C—executable xperm

The efficiency of the permutation—based algorithms with respect to more classic algorithms is clear.

100000 - ] 5
ay
10000 |
Hour
1000 |

100 | / cassoe e

/ - Minute
10 | ,
1 ® Second
0.1 |
0.01 +

0.001 —

10 20 30 40

In|274|: =
Undef Tensor [Anti 1;
Renove [product Anti, canAnti ]

%+ UndefTensor: Undefined tensor Anti
Example 2:

As a second example, let us work with the canonicalization of products of Riemann tensors.
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Define the Riemann tensor:

In|276]: =
Def Tensor [R[a, b, ¢, d], M3, RiemannSynmetric[{1l, 2, 3, 4}]]

x+ DefTensor: Defining tensor R [a,b,c,d 7.

with the expected permutation symmetries:

Inl2/7]:=
R[a, -a, b, c] // ToCanoni cal

Qut|277] =
0
In|278]:=

R[-b, -c, -d, -a] // ToCanoni cal

Qut| 2/8] =

~Radbe

The functionproductR  constructs random products of Riemann tensors. The second argument gives the list of free indice
expression (always with even length). There is no defined conversion to Ricci or RicciScalar tensors.

In| 279 : =
canoni ndi ces[npairs_, frees_]:=Join[frees,
Flatten[{#, -#} &/@Cetlndi cesOf VBundl e[Tangent M3, npairs, Join[frees, -frees]]]1];
product R[n_, frees_: {}]1:=Apply[Ti nmes, Appl y[R
Partition[canoni ndices[2n-Length[frees] /2, frees][[First@RandonPermi4n]]],
41, 111 /; EvenQ[Length[frees]];

In| 281 : =
product R[1]

Qut | 281| =
Raabb
In| 282]|: =

product R[10]

Qut| 282| =
h13 hh12h10 e h16 b f h2 11 h18h17 14 hi5h1 g h19
Ry s R Ronie R%hi6™® RePhiz’ Ruttnion ™ R™ghoa Ruts hiz R4 Rh15°h1g

In|283): =
product R[3, {a, b, ¢, -d}]

Qut | 283| =
bg o hef
R Ry™' Ryent
In| 284|: =

product R[3, {a, b, c}]

Qut | 284 =
productR [3, {a, b, c }]
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This second function canonicalizes the products of Riemanns, timing the process:

In| 285|: =
canR[n_, frees_: {}]:=Flatten[
{n, Wth[{product =product R[n, frees]}, Absol uteTi m ng[ToCanoni cal [product]11}]

Examples:
In| 286]: =
canR[1]
Qut | 286| =
{1, 0.002172 Second,  -R®,, }
In|287]: =
canR[2]
Qut | 287| =

{2, 0.007247 Second, R . R %, }

In| 288]: =
canR[3]
Qut | 288| =

{3, 0.009427 Second, 0 }

In| 289 : =
canR[4]
Qut | 289Y| =

{4,0.015283 Second, R ,.®" R Ry .9 Ry, }

In| 290]: =
canR[10]
Qut | 290] =

{10, 0.052343 Second,
b c p def h o hl hi0 p hilhi2hi3 o h14h15h16 o hi7 _hi8 h19 h2
RS R R%" Ry ™ R Ry R "h17 " Ratontanis  Raiinisniz '~ Raisnishionz

In|291]: =
canR[20]
Qut| 291] =

(20, 0.137078 Second, 0}

In|292|: =
canR[25]
Qut| 292] =

(25, 0.242999 Second, 0}

Scaling of timings. Evaluating next cell could take between half a minute and a minute:

In293|: =
datal = canR/eRange[1l, 25];
dat a2 = canR/@Range[1l, 257;
dat a3 = canR/@e Range[1l, 257;
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In| 296] : =
pl ot 0 = LogLi st Pl ot [Joi n[dat al, data2, data3][[AIl, {1, 2}]] /. Second - 1,
Pl ot Range -» Al |l , Frame » True, Pl ot Styl e - {Poi nt Si ze[0. 02], Hue[0.7]}]

; ; ; ; o
1 . "—
0.5 .. o8 ]
o ®
.003. ° ¢
01 | e o °®
' L) °®
0.05 .‘::..o
°®
o8t
0.01 } [ ]
[ ]
0.005
] ‘
5 10 15 20 25
Qut | 296] =
- Graphics -

We repeat the computation, but now leaving two and four free indices in the expressions:

In|29/]: =
datal = canR[#, {a, b}] &/@Range[l, 25];
dat a2 = canR[#, {a, b}] &/@Range[l, 25];
dat a3 = canR[#, {a, b}] &/@Range[l, 25];

I n| 300]: =
pl ot 1 = LogLi st Pl ot [Joi n[dat al, data2, data3][[Al |, {1, 2}]] /. Second -» 1,
Pl ot Range -» Al |, Frame » True, Pl ot Styl e » {Poi nt Si ze[0. 02], Hue[0]}]

‘ ‘ ‘ ‘ ®
[ ° ]
0.5 pgr ]
s8e°,
! $ °®
0.1 g o8 °
g8
0.05 'Y |
o0
°.8
o3
0.01 ¢ ° .
0.005 | !
[ ‘
5 10 15 20 25
Qut | 300 =
- Graphics -

In 301 : =
dat al = canR[#, {a, b, ¢, d}] &/@Range[l, 25];
dat a2 = canR[#, {a, b, ¢, d}] &/@Range[l, 25];
dat a3 = canR[#, {a, b, ¢, d}] &/@Range[l, 25];
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In| 304]: =
pl ot 2 = LogLi st Pl ot [Joi n[dat al, data2, data3][[AIl, {1, 2}]] /. Second -» 1,
Pl ot Range -» Al |, Frame » True, Pl ot Styl e - {Poi nt Si ze[0. 02], Hue[0.3]}]

0.5

0.1
0.05

0.01
0.005

Qut | 304| =
- Graphics -

Combining the three plots, we do not see any important difference in the timings:

In|305]: =
Show[pl ot 0, plotl, plot2]

1 ° .'\
0.5 [ ] .a..!
e ® ’ g
...!l ....
0.1 ¢ °._8 °°
egfifee
0.05 20l o
ean® "~
al"®
0.01 ¢ o)
~
0.005 | ®
®
5 10 15 20 25
Qut | 305] =
- Graphics -
Example 3:

Now let us concentrate on the products of seven Riemanns.

This figure (not constructed in this notebook) shows an histogram of the timings of canonicalization of a hundred thousanc
products of seven Riemanns. Note in the smaller plot that there are some cases which take much more time (and much ir
memory) to canonicalize. This is a consequence of the algorithm not being polynomial, but exponential in the worst case.
cases in which the symmetry is much higher than usual, for example because the product of Riemanns can be separated
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of decoupled monomials. There are cases in which, however, the reason is not at all clear, so that in general it is not poss
prepare the canonicalization algorithms to avoid all possible "worst cases".

30000 |- 8

i 10° 6
25000 |- Riemann ’ 4

I 2

I 3.2 GHz | | |
20000 - 2 3 4 5 6 7

I Time (s)
15000 |

| bin 005 s B zeo 44174
10000 - Nonzero: 55826
> II

0.04

0.06 0.08

Time (s)

Clean up

In| 306] : =
Undef Tensor [R]
Renmove [product R, canR, datal, data2, data3, plotO, plotl, plot2]

= UndefTensor: Undefined tensor R

In| 308] : =
Met ri csOf VBundl e[Tangent M3] ~= {};
Clear [netricgl;

Summarizing, the general canonicalization algorithmsleinsor: are highly efficient in most cases, much faster
the algorithms used by other tensor computer algebra systems. However, from time to time you will find spe
which take several orders of magnitude longer to canonicalize than other similar cases (for example a simple
of the indices keeping the same tensors), usually also swallowing up a large chunk of memory in your compui
normal behaviour, and it is due to the fact that the Group Intersection algorithm unavoidably behaves like th.
nately the special cases are always that: special; if you understand the meaning of "special” in your probler
prepare the system in advance to switch to "special” alternative algorithms.

In hindsight, this is the price we pay for using a general algorithm, but for the case of permutation symmetries
paying it, because only in a very small fraction of cases the algorithm behaves exponentially, instead of poly
The case with multiterm symmetries is precisely the opposite: all known algorithms behave exponentially in mo
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m 5. Rules and patterns

5.1. Unique dummies and screening

One of the most important issues in a tensor packages is how to deal with index contractions, i.e. with dumn
Until now this was not a real issue for us because all input expressions were simply canonicalized, a process
not introduce new indices, but rather, eliminates indices. Now we face the opposite problem: expanding expre
new expressions with more dummy indices, for example the conversion of a covariant derivative of a tensor i
a different covariant derivative. There are three problems with conversions that we must address.

This subsection explains in detail what those three problems are and how they will be solved. Though the ex
might seem a bit technical, it is important to understand them, because they are based on core culatkeisaifca.

As an aside, there are two ways to define conversions of expressions into new expreb&atinsnratica assignment
(Set and its variantSetDelayed , TagSet , UpSet, etc.) and rulesRule and its varianRuleDelayed ). Asign-
ments can be considered as global or automatic rules. Rules can be considered as local assignmehtati&eeati
ica Help.

First problem. Let us see a simple example uSieig:

Define the vectowin terms ofT andv. Introduce a simple dummy:

In| 310]: =
Def Tensor [w[a], M3]

+x+ DefTensor: Defining tensor w [a]l.

Inl311]: =
w[a_] =T[a, b]v[-b]

Qut| 311 =
b
T vy,

[Note that we have used a Pattern on the right hand side. That is Mathamaticaand a helpful feature which allows us to
indicate the generality of the rule (which indices or tensors are accepted in the rule)].

Then these expressions would be totally wrong:

In[312]: =
w[b]
Qut] 312| =
T v,
In[ 313]: =
wla] w[-a]
Qut | 313| =
Tab Tab Vb2

Mathematicarecommends the following solution to this problem:
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Use aModule construct, such that the dummy index b is replaced by a unique symbol denoted with a $ sign, and a unique
number. Note that we must now BetDelayed (:=), and noSet (=), to avoid inmediate evaluation lgodule :
In|314]: =
wl[a_] :=Mdul e[{b}, T[a, b]Vv[-b]]

In|315]: =
wlb]
Qut| 315] =

bb$17552
T V17552

In| 316]: =
wla] w[-a]
Qut| 316] =

b$17554 Tab$17553
Ta T Vbg17553 Vb$17554

This solves the first problem but generates two more, which are solved by "screening" the dollar-indices:

ScreenDollarIndices Hide internal unique dummy indices

Screening of indices.

First, each time we use the assignment we get a different object, what complicates comparisons. The following is not auto
recognized as zero!

In|317]: =
wla] -wl[a]
Qut| 317 =

ab$17555 ab$17556
T Vpg17555 — T Vh$17556

In|318]: =
%/ / | nput Form

Qut| 318]// 1 nput For m=
Tla, b$17555]*v[-b$17555] - T[a, b$17556]*v[-b$17556]

The second problem is purely aesthetical: the dollar-indices are terribl,tiglysor'  has the functio®creenDollarindi-
ces to convert the dollar-indices into normal-looking indices:

In319|: =
{w[a], w[b], w[c], w[a] w[-a], w[a] -w[a]}
Qut| 319 =
b$17557 bb$17558 b$17559
(T Vpg17557 5 T Vipg17588 + T © Vbg17559 »
b$17561 Tab$17560 b$17562 b$17563
T Ta Vis$17560 Vb$17561 1 T O $ Vigi7s62 — 10 % Vb$17563

In| 320 : =
ScreenDol | ar |l ndi ces[%

Qut | 320] =
(T vy, TPy, T® v, TS T® v,v,, 0}
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In| 321 : =
I nput For m[ %4

Qut| 321]// 1 nput For me
{T[a, b]*v[-b], T[b, a]*v[-a], T[c, a]J*v[-a], T[-a, c]*T[a, b]*v[-b]*v[-c], 0}

The Module construct is not the solution for all problems in tensor conversions. There are two more problems
in the following examples. Second problem:

Objects and indices cannot share the same symbol nhames. Suppose there were a tensoralso called

In|322]: =
wla_] :=al[a]

In|323]: =
wlb]

Qut| 323] =
b[b]

In xTensor* , this is solved by enforcing type declarations. Every object must be defined supplying a symbol,
symbol is given a type. A symbol cannot have two different types. This can be seen as a restriction, but it is
useful safety feature.

The tensor[b] cannot be defined:

In|324]: =
Cat cheDef Tensor [a[b], M3]

ValidateSymbol::used . Symbol a is already used as an abstract index.

The final (third) problem involves dummies again, and happens in the few cases in which the same symbol re
dummy on both sides and there are additional dummies on the right. The only possible solution is changing tf
the conflicting dummies either on the left or on the right hand side.

Define the following relation with dummies both on the left and right hand sides. Note that the b dummy is present in both
is a pattern on the left hand side:
In|325]: =
wla_, b_, -b_]:=Mdule[{b, ¢}, T[a, b, -b, ¢, -c]]

In| 326]: =
wla, b, -b]

Qut | 326| =

Tab$17574 c$17574
b$17574 c$17574

In|327]: =
wl[a, ¢, -C]

Module::dups  : Conflicting local variables ¢
and c¢$ found in local variable specification {c,c$ }. More...

Qut| 327 =
Module [{c, c$ }, T3P ]
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For example, we can change the name of the dummy mdexhe right hand side:

In| 328|: =
wla_, b_, -b_]1:=Mdule[{d, c}, T[a, d, -d, ¢, -c]]

In|329|: =
wla, b, -b]

Qut| 329] =
Tad$17576 c$17576
d$17576 c$17576

I'n| 330 : =
wla, ¢, -c]

Qut | 330| =
Tad$17577 c$17577
d$17577 c$17577

As we said, the second problem is solved&Tensor' simply by enforcing type declarations. The first and t
problems will be solved introducing a new collectiodrafex* assignment and rule functions which properly pre
the requiredModule constructs. They artndexSet , IndexSetDelayed , IndexRule andIndexRuleDe-

layed , imitating their respectiviBlathematicacounterparts, and they are described in detail in the next subsectiol

We finish this section coming back to the functereenDollarIndices . We recommend to automate its use
assigning one of the global variabBBost or $PrePrint  to it. There is a small difference between these two g
variables (mentioned below), and it is not clear that one of them is always better than the other for screer
generally prefe$PrePrint

Assign$PrePrint

In| 331 : =
$PrePrint = ScreenbDol | ar | ndi ces;

Now the screening is automatic:
In| 332]: =
w[a, ¢, -c]
Qut | 332| =
b
TaCC b

The screening happened after the result was assig@ad[ta] and hence if we temporarily remo$BrePrint , we still see
the dollar-indices. (That wouldn’t happen us$Rpst .)
In|333]: =
$PrePrint =.
In|334|:=
W
Qut | 334| =

Tad$17578 c$17578
d$17578 c$17578

Clean up

In| 335]: =
wla_, b_, -b_]=.
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From now on, in this notebook, we shall use automatic screening:

I n| 336]: =
$PrePrint = ScreenbDol | ar | ndi ces;

5.2. IndexSet and IndexSetDelayed

The xTensor*  functionsIndexSet and IndexSetDelayed imitate the behaviour oBet and SetDelayed
(which delays the evaluation of the rhs to the moment when the Ihs is converted into the rhs).

IndexSet Set value of an indexed expression, at definition time
IndexSetDelayed Set value of an indexed expression, at evaluation time

Set functions for indexed expressions.

Example of use dhdexSet

In|337]:=
I ndexSet [w[a_], S[a, b]v[-b]]

Qut| 337 =
Sab Vi
In| 338]: =
?w
Global'w
Dagger [w] *=w
DependenciesOfTensor  [w] *= {M3}
Info [w] ~= {tensor, }
PrintAs [w] *=w
SlotsOfTensor  [w] *= {TangentM3 }
SymmetryGroupOfTensor [w] ~= StrongGenSet [{}, GenSet []]
TensorID [w] = {}
xTensorQ [w] ~= True
wP ;= Module [{b}, S& v ]
In| 339 : =
w[b]
Qut | 339| =
S
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In this case the code finds the conflicting dummies, and then replaces the offending dummy on the right hand side:

In| 340] : =
I ndexSet [S[a_, b_, -b_], T[a, b, -b, ¢, -c1]

Qut | 340] =
Tabbcc
In| 341 : =
?S
Global's
Dagger [S] "= S
DependenciesOfTensor [S] "= {M3}
Info [S] ~= {tensor, }
PrintAs [S] =S
SlotsOfTensor  [S] A= {TangentM3, TangentM3 }
SymmetryGroupOfTensor [S] ~= StrongGenSet [{1}, GenSet [Cycles [{1,2 }]]]
TensorID [S] "= {}
xTensorQ [S] "= True
s*% : = Module [ (h$17587, ¢ }, T aSL7987 o\ oee ]
In| 342|: =
S[a, ¢, -c]
Qut | 342| =
-|—accbb

Example of use dhdexSetDelayed . Note that we only use a pattern in the first indeld ahd thatvis still not evaluated:

In| 343 : =
I ndexSet Del ayed[U[-a_, -b, -c], w[-a] w[-b] w[-C]]

©2003-2004 José M. Martin-Garcia



74 XTensorDoc.n

In| 344] : =
?2U

Global‘'U

Dagger [U] ~=U

DependenciesOfTensor  [U] *= {M3}

Info [U] ~= {tensor, }

PrintAs [U] ~=U

SlotsOfTensor  [U] *= {-TangentM3, -TangentM3, -TangentM3 }

SymmetryGroupOfTensor [U] ~=
StrongGenSet [{1,2 }, GenSet [-Cycles [{1,2 }], -Cycles [{2,3 }11]

TensorlD [U] *= {}
xTensorQ [U] "= True

Uype : = Module [{}, w, W, W ]

In| 345 : =
Ul-a, -b, -c]

Qut| 345| =
Sad Sbe S(:f Vg Ve Vs

We can change the definitionwfand the conversion frokd to w will be still valid:

In| 346] : =
I ndexSet [w[a_], S[a, b] S[-b, -c]Vv][c]]
Qut | 346 =
Sab Sbc Ve
In| 347]: =
Ul-a, -b, -c]
Qut | 347| =

d e f h ,h1
Sa Sb S(: Sdg Seh thl vi vy

Clean up:

Inl 348]: =
U[—a_, —b, -C] =.
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5.3. Index patterns

In the previous definitions of the vectafa] we always used the pattean which stands for any possible inp
including up-indices and down-indices of any manifold, or even directional or label (or basis or component
Sometimes this is what we want, but often it is not. In the following definitions there are no dummies or
betweein indices and tensor names, so that we can safely use th8aiB@hyed (:=) definitions to simplify the
examples.

The notation for tensors and indicesxifiensor* is very simple, but that complicates working with patterns. Ol
other hand, there are always several ways to represent the same pattern.

Define, for the sake of simplicity:

In| 349|: =
dirvup=Dir[v[d]];
dirvdown =Dir [v[-d]];

This pattern stands for everything. Everis converted intd@:

In| 351]: =
wla_] :=TI[a]

In|352|:=
{w[a], w[-a], w[dirvdown], w[dirvup], W[A], w[-Al}

Qut | 352 =
(T, T, TV, T,, TA T}

I n| 353|: =
wla_] =.

Let us first work with the character of the indices: use the functions

UpindexQ Detect up—indices
DownIndexQ Detect down-indices

This pattern matches only up-indices:

In| 354]: =
wla_?Upl ndexQ] : = T[a]

In| 355|: =
{w[a], w[-a], w[dirvdown], w[dirvup], W[A], w[-A]}

Qut| 355] =

(T, w,, TV, w,, TA wa}

In| 356]: =
w[a_?Upl ndexQ] =.

This pattern matches only down-indices:

In|357]:=
wla_?Downl ndexQ] : = T[a]
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In| 358 : =
{w[a], w[-a], w[dirvdown], w[dirvup], W[A], w[-Al}

Qut | 358] =
(WA, T, wY, T, WA Tu}

In| 359 : =
wl[a_?Downl ndexQ] =.

And now we work with the type of index: use the functions

AlndexQ Detect abstract indices

BindexQ Detect basis indices

CindexQ Detect component indices

DindexQ Detect directional indices

LindexQ Detect label indices

GlndexQ Detect all generalized indices, but not patterns

ABIndexQ Detect contractible indices (abstract or basis indices)

BCIndexQ Detect indices associated to a basis or chart (basis or component indices)
CDIndexQ Detect indices representing a direction (component or directional indices)
PIndexQ Detect pattern indices

Detect types of indices.

This pattern matches only abstract indices, from any manifold:
In| 360] : =
wl[a_?Al ndexQ] : = T[a]
In| 361 : =
{w[a], w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}
Qut| 361 =
(T3, T, wy, WY, TA T}

In| 362|: =
w[a_?Al ndexQ] =.

There is a simple and efficient pattern for abstract up—indices or abstract down-indices:
In| 363 : =
wl[a_Synbol 1 : =T[a]
In| 364 : =
{w[a], w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}
Qut | 364] =
(T3, Wy, wy, WY, TA wu}

In| 365]: =
w[a_Synbol ] =.

In| 366] : =
w[-a_Synbol ] : =T[-a]
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In| 367]: =
{w[a], w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}

Qut | 367] =
(WA, T o, Wy, WY, wA T,

In| 368 : =
w[-a_Synbol ] =.

This pattern matches only directional indices. Recall that directions do not have a sign in front. A message is sent compla
the character of the vector

In| 369 : =
w[a_7?Dl ndexQ] : = T[a]

In3/0]:=
{w[a], w[-a], w[dirvup], w[dirvdown], w[A], W[-A]}
Validate::error . Invalid character of index in tensor v

Qut| 370| =
(WA, Wy, Ty, TV, WA wa)

In|371]:=
w[a_?Dl ndexQ] =.

There is also a simpler version (which does not find the problem with the position of the ultraindex):
In 372]: =
wl[a Dir]:=T[a]
In 3/3]:=
{w[a], w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}
Qut| 373| =
(WA, Wy, Ty, TV, WA wa}

In|374]:=
wl[a Dir] =.

The functionsAlndexQ , BindexQ , CindexQ , DIndexQ and GIndexQ admit a second argument restricting
manifold to which the indices must belong.

This pattern only matches abstract indiceangentM3 :

In| 375]: =
wla_"? (Al ndexQ[#, TangentM3] &) ] :=TI[a]

In| 376]: =

{w[a], w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}
Qut | 376| =

(T3, T, Wy, WY, WA wp}

In| 377|: =
w[a_? (Al ndexQ[#, TangentM3] &)] =.
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Again there are simpler and cleaner versions, also discriminating between upindices and dow@ifdicetiohs) or notgmG-
functions). The use @ymbol is not needed now.

In[378]:=
wl[a_?Tangent MB* Q] : = T[a]

In[3/9]:=
{w[a], w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}

Qut] 379| =

(T8, Wy, wy, WY, wh wa}

In| 380 : =
w[a_7?Tangent MB* Q] =.

In| 381 : =
w[-a_?Tangent M3* Q] : = T[-a]

In|382]:=

{w[a]l, w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}
Qut| 382| =

(WA, T, Wy, WY, wh wp}

In| 383|: =
w[-a_7?Tangent MB* Q] =.

In| 384|: =
wla_7?Tangent M3' pnQ] : = T[a]

In| 385]: =

{w[a]l, w[-a], w[dirvup], w[dirvdown], w[A], w[-A]}
Qut | 385 =

(T8, T, wy, WY, wh wp}

In| 386]: =
w[a_?Tangent M3‘ pnQ] =.

In case of doubt use the functiBatternindex , which constructs patterns of the required form.

These are examples of different patterns for abstract indices marNete the minus sign in front affor down—-indices. The
pattern is for the symbol of the index, and not for the whole index.
In| 387]:=
Patt ernl ndex[a, Al ndex]

Qut | 387| =
a_?AlIndexQ
In| 388]:=

Pat t er nl ndex[a, Al ndex, Up]

Qut | 388 =
a_?AlIndexQ
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In| 389]: =

Pat t ernl ndex[a, Al ndex, Down, Tangent MB]

Qut | 389] =

-a_Symbol? TangentM3'Q

In| 390]: =

Pat t ernl ndex[a, Al ndex, Null, Tangent MB]

Qut | 390 =
a_7?TangentM3'pmQ

These are patterns for directional indices nathed

In391]: =

Pat t er nl ndex [d, DI ndex]

Qut| 391] =
d_Dir

In392|: =

Pat t er nl ndex [d, DI ndex, Up]

Qut| 392] =
d_Dir

In| 393]: =

Pat t er nl ndex [d, DI ndex, Down, Tangent MB]

Qut| 393] =

d_Dir? (DownindexQ [#1] && DIndexQ [#1, TangentM3 | &)

Inl 394 =

Pat t er nl ndex[d, DI ndex, Null, Tangent MB]

Qut | 394]| =

d_Dir? (DIndexQ [#1, TangentM3 ] &)

5.4. IndexRule and IndexRuleDelayed

The functionindexRule relates tdRule exactly in the same way thiatdexSet

relates toSet . It just introduce:

Module constructs. The symbel has been introduced. It is input\fRightTeeArrow], but this input sequence doe:
work with the style used in this notebook (I don’t know why).

IndexRule
IndexRuleDelayed

Construct rule for an indexed expression, at definition time
Construct rule for an indexed expression, at evaluation time

Rule functions for indexed expressions.
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Here we have again the problem of repeated indlices

In|395]: =
{w[a], w[b]} /. w[a_] » T[a, b]v[-b]

Validate::repeated : Found indices with the same name b.
Throw::nocatch : Uncaught Throw [Null ] returned to top level. More...
Qut | 395 =

Hold [Throw [Null 7]

UsingIndexRule the problem disappears:

In| 396]: =
{w[a]l, w[b]} /. IndexRul e[w[a_], T[a, b]lv[-b]]

Qut | 396| =
{Tab Vi, T ba va}

In| 397]: =
{w[a], w[b]} /. w[a_]» T[a, b]v[-b]

Qut| 397 =
{Tab Vi, Tba va}

5.5. MakeRule

Apart from the coding aspects solved by théex* functions, there are other, more mathematical issues whicl
be adressed. For instance, given a rule RES how can we apply the rule on expressions which are equiva
LHS but indices are permuted due to symmetries or metric shifting? Can we apply the rule on all vbundles
some of them? These kind of options are controlledlaiteRule , the second most complicated functiorxifren—
sor' afterToCanonical . This function uses the properties of the metric tensors, and hence we delay its de
to subsection 8.1 below.

m 6. Derivatives

6.1. Covariant derivatives

We understand a covariant derivative as a covariant derivative operator (see Wald). In particular, ordinary
derivative operators are obtained as covariant derivatives with the oflionature—>False and Torsion—>-
False . Covariant derivatives are real operators acting on (possibly complex) vector bundles.

DefCovD Define a covariant derivative operator
UndefCovD Undefine a covariant derivative
$CovDs List of defined covariant derivatives
CovDQ Validate a covariant derivative symbol

Definition of a covariant derivative.
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Default options foDefCovD :

In| 398 : =
Opt i ons [Def CovD]

Qut | 398| =
{Torsion - False, Curvature - True, FromMetric — Null, CurvatureRelations - True,
ExtendedFrom - Null, OrthogonalTo - {1}, ProjectedWith - {}, WeightedWithBasis — Null,
ProtectNewSymbol :» $ProtectNewSymbols, Master - Null, Info - {covariant derivative, 1}

Define a covariant derivatived on TangentM3 (the default vbundle obtained from the index given in the derivative). Automi
cally the Christoffel symbols and the Riemann and Ricci tensors are defined. By xiBéasior’  does not assume that this
derivative is associated to a metric and therefore the symmetries of the Riemann tensor are not as expected: there is just
try in the first pair of indices. The Ricci tensor has no symmetry at all. There is no Ricci scalar.

In| 399 : =
Def CovD[Cd[-a], {"|", "V"}]

x+ DefCovD: Defining covariant derivative Cd [-a].
x+ DefTensor: Defining vanishing torsion tensor TorsionCd [a, -b, -c].
x+ DefTensor: Defining symmetric Christoffel tensor ChristoffelCd [a, -b, -c].

x+ DefTensor: Defining Riemann tensor
RiemannCd [-a, -b, -c, d ]. Antisymmetric only in the first pair.

x+ DefTensor: Defining non -symmetric Ricci tensor RicciCd [-a, -Db].

=+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

In| 400] : =
Synmmret r yGr oupOf Tensor [Ri enannCd]

Qut| 400| =
StrongGenSet [{1}, GenSet [-Cycles [{1,2 }]]]

Inl401]: =
Ri emannCd[-a, -b, -c, b]

Qut | 401] =
R[V] 4
In|402]: =

Symmet r yG oupOf Tensor [Ri cci Cd]

Qut | 402| =
StrongGenSet [{}, GenSet []]

The names of the associated tensors are determined by the fi@ige@ymbol . Their output symbols are determined by the
function GiveOutputString. If you want to change any of those, modify the corresponding function before defining the «

In| 403]: =
G veSynbol [Ri emann, Cd]

Qut | 403| =
RiemannCd
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In| 404] : =

G veQut put String[R emann, Cd]

Qut | 404] =
R[V]

Derivatives can be represented in two ways, encoded as the $iafis’ or "Postfix" in the global variabl§CovDFor-

mat. The default value i¥Prefix"
I n| 405] : =
$CovDFor mat

Qut | 405| =
Prefix

In| 406] : =
Cd[-a]l[T[a, b, -c]]

Qut | 406] =
Va TabC

In| 407]: =
$CovDFor mat =" Post fi

In| 408]: =
Cd[-a]l[T[a, b, -c]]

Qut | 408] =
b
Tac\a

I n| 409] : =
Cd[Dir [v[d]]][T[a, b

Qut | 409 =
b
T8 clv

. Directional derivatives are always giver'Rrefix" notation.

X"

» -C11

Derivatives are linear operators and implement automatically the Leibnitz rule. The final ordering of terms is decided by

Mathematica.
In| 410] : =
Cd[-al[7r[lvI[a]l +S][
Qut| 410] =
Vp S® 47 (VAT 4Ty

a, b]v[-b]]

a ab
la) +S Vbla

Dummy indices are, by default, pushed to the right by the canonicalization process

In|411]: =
Cd[-a][TI[f, ¢, -b] U[

Qut] 411| =
Tf i
’Udec Cb\a’TCb Udec\a

-c, -e, -d]] 7/ ToCanoni cal

SortCovDs

SortCovDsStart
SortCovDsStop
$CommuteCovDsOnScalars

Commute covariant derivatives, adding Riemann tensors if needed
Automatic commutation of covariant derivatives
Remove automatic commutation of covariant derivatives

Automatic commutation of torsionless derivatives on scalar expressia
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Commutation of derivatives.

By default, a special ordinary derivative calfis defined. It is one of the many covariant derivative operators without curve
and without torsion, but no further assumptions are made about it. It can be used as a generic "partial derivative" in most
tions, but its meaning is different. Note that they are not automatically sorted:

In|412]: =
PD[-a] [PD[-b][T[c, d, -el11]

Qut | 412] =
d

T eb,a
Inl413]: =

$CovDFor mat ="Prefix";

Inl 414 : =
PD[-a] [PD[-b] [T[c, d, -e]]]

Qut | 414| =
920p T
I n| 415] : =

PD[-a] [PD[-b][T[c, d, -e]]] -PD[-b][PD[-a][T[c, d, -e]]]
Qut | 415| =
aaObTCde *ab aaTCde

Inl416]: =
%/ / Sort CovDs

Qut| 416] =
0

We can automate the commutation of derivatives:
Inl417|: =
Sort CovDsSt art [PD]

Inl 418]: =
PD[-a] [PD[-b][T[c, d, -e]]] -PD[-b] [PD[-a][T[c, d, -e]]]

Qut| 418] =
0
In] 419]: =

Sort CovDsSt op [PD]

Note that $CommuteCovDsOnScalars is still True.

All symmetric (torsionless) connections commute (with themselves) on scalar expressions. That can be avoided switching
variable$CommuteCovDsOnScalars .

The input of high—order derivatives is certainly slow due to the sharp syntactic restrictiohsngbr’ . There art
several options to avoid this problem. Of course, you canndfaiggate  unless you modify it to recognize the n
syntactic extensions.
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The standard way to input a third order derivative is this:

In| 420]: =
PD[-a] [PD[-b] [PD[-c][T[c, d, -e]l1]]

Qut | 420]| =
@aab ac TCde

We can use the prefix notationathematica

In|421]: =
PD[-a]ePD[-b]ePD[-c]eT[c, d, -e]

Qut] 421| =
Oaab Oc TCde

or we can define our own rules to input derivatives, breaking the standard syntax. The simplest possibility, based on the f:
first bracket ofPD always contains a single index, is:

In| 422|: =
Unpr ot ect [PD];

In| 423]: =
PD[expr _

., a__, b_1:=PD[b][PD[expr, a]]
PD[expr_, a_]: =

PD[a] [expr ]

In| 425 : =
PD[T[c, d, -e], -c, -b, -a]

Qut | 425| =
@aab @cTCde
I n| 426]: =

I nput For m[%
Qut| 426]/ /1 nput For ne
PD[-a][PD[-b][PD[-c][T[c, d, —e]]]]

I n| 427 : =
PD[expr_, a__, b_] =.
PD[expr _, a_] =.

or an intermediate situation, based on the same fact, is:

In|429|: =
PD[a_, b__1[expr_]:=PD[a][PD[b][expr1]

In| 430]: =
PD[-a, -b, -c][T[c, d, e]]

Qut | 430] =
8, Op O TCUe
In| 431]: =

I nput For m[%q

Qut | 431]// 1 nput For me
PD[-a][PD[-b][PD[-c][T[c, d, e]I]]
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In| 432|: =
PD[a_, b__][expr_] =.

A totally different notation could be

In|433]:=
PD /: tensor_Synbol ?xTensor Q[i ndi ces___, PD[index_]] : = PD[i ndex] [t ensor [i ndi ces]]

In|434|:=
T[c, d, -e, PD[-c], PD[-b], PD[-a]]

Qut | 434| =
@aab @c TCde

In| 435]: =
I nput For m[%

Qut | 435]// 1 nput For me
PD[-a][PD[-b][PD[-c][T[c, d, —€]l]]

In| 436]: =
PD /: tensor_Synbol ?xTensor Q[i ndices___, PD[index_]] =.

In|437|: =
Pr ot ect [PD];

6.2. Change of covariant derivative

InxTensor* we can work simultaneously with any number of covariant derivatives.

The list of all covariant derivatives currently defined is

In|438]: =
$CovDs

Qut | 438] =
{PD, Cd}

We define another one

In|439]: =
Def CovD[CD[-a], {";", "D'}]
x+ DefCovD: Defining covariant derivative CD [-a].
+x+ DefTensor: Defining vanishing torsion tensor TorsionCD [a, -b, -c].
++ DefTensor: Defining symmetric Christoffel tensor ChristoffelCD [a, -b, -c].

++ DefTensor: Defining Riemann tensor
RiemannCD[-a, -b, -c,d ]. Antisymmetric only in the first pair.

xx DefTensor: Defining non -symmetric Ricci tensor RicciCD [-a, -b].

xx DefCovD: Contractions of Riemann automatically replaced by Ricci.

The difference between two covariant derivatives of the same tensor can be expressed in terms of Christof
(the C tensors of Wald), and kTensor' we shall always use this point of view of Christoffels: they are al
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tensors, but associated to two covariant derivatives. The Christoffel tensor defined together with each derive
tensor associated to that derivative and the derivRiivassociated to a generic chart.

Christoffel constructs the Christoffel tensor relating two derivatives. It is antisymmetric in its derivatives arguments.

I n| 440] : =
Christoffel [CD, PD][a, -b, -cC]

Qut | 440]| =
r(Dj?,

C

In| 441 : =
%// | nput For m

Qut | 441|// 1 nput For me
ChristoffelCD[a, —b, —c]

In| 442|: =
Christoffel [PD, CD][a, -b, -cC]

Qut | 442 =
-T[D]%,

C

In| 443]: =
%/ / | nput For m

Qut | 443/ /| nput For e
—ChristoffelCD[a, —b, —c]

The Christoffel tensor relating two ndRB derivatives is constructed automatically whenever needed, with (lexicographically
sorted derivatives, to avoid duplicity:

In| 444] : =
Christoffel [CD, Cd][a, -b, -c]

«=+ DefTensor: Defining tensor ChristoffelCdCD [a, -b, -c].
Qut | 444| =

71—‘[va ]abc

In| 445]: =
%/ / | nput For m

Qut | 445|/ /| nput For n¥
—ChristoffelCdCD]|a, b, —c]

The origin of this curious conversion fradhristoffel[Cd,CD] to ChristoffelCdCD is again the fact that we cannot
associate information to the former.

Using this structure of Christoffel tensors we can relate any two derivatives of any tensor.

Suppose this derivative:

Inl446] : =
expr = CD[-d] [U[-a, b, -c]]

Qut | 446]| =
b
Dd Ua c
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ChangeCovD (akaCovDToChristoffel in xTensor*  version 0.7) changes by defaultRb:

In|447|: =
ChangeCovD[expr ]

Qut| 447] =

~T'[D]% U + T [D]%, U - T[D]%, Ul +0gqUy"

That is equivalent to

In| 448 : =
ChangeCovD[expr, CD]

Qut | 448] =

-T'[D] edc Uabe + T [D] bde Uaec -T[D] eda Uebc + Oy Uabc

but we can also change to any desired derivative:

I n| 449] : =
ChangeCovD[expr, CD, Cd]

Qut | 449 =

T[v,D %, Ul - T[v,D 1%, U’ +T[V,D 1%, UL + vy UO

In| 450] : =
ChangeCovD[% Cd, CD]

Qut | 450| =
b
Dd Ua c

If you do not like the double-derivative Christoffels, you can always break them to the BDristoffels:

In| 451| : =
%%/ / BreakChri st of f el

Qut| 451] =

(T[V]®%e ~T[DI%.) Ue - (T[V]P ~T[D1%e) U + (T[V]®%, - T[DI%,) Uee + Vg UpPe

The expansion is recursive:
I n| 452]: =
ChangeCovD[Cd[-e] [Cd[-a] [T[f, ¢, -b]]], Cd]
Qut | 452] =
ST )My (“T V)% TOa + TV T + T V] gy T + 03Ty ) +
T[V]%ny (TIVIM g T - T [V]% TM g + T[V] T, Ty + 0, T y) +
T[V] gy (TIVIM g T - T[], TN + T[V] %y TN, + 0, TN, ) + T 9, T [V -
T 4 0e T [V]%, + T%, 0o T [V] 4y + TIV] 4y 0T, ~T[V]%,, 06Ty + T[V]®,y 0T +

00Ty T [VI™ oy (-T1V1 % T4 + T1V1%g T%% + T 191 g T + 0 TCp)
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Christoffel Construct Christoffel tensor relating two derivatives

BreakChristoffel Rewrite a Christoffel tensor as the difference of two other Christoffel tensors
ChangeCovD Rewrite the covariant derivative of a tensor in terms of a second derivative and Chris
fels

Change of covariant derivative.

If the relation between two covariant derivatives is fully described by a Christoffel tensor, then the curvature ar

tensors associated to them must be also related by those Christoffel tensors.

This is the curvature tensor of the derivative CD:

In| 453]: =
R emannCD[-a, -b, -c, d]

Qut| 453 =
R[Dl abcd
ChangeCurvature  (akaRiemannToChristoffel in xTensor*  version 0.7) changes any curvature tensor of a derivati

the curvature tensor of other derivative (by defRdltwith zero curvature).

In| 454 : =
ChangeCur vat ure[%

Qut | 454| =
r[D)%, T'[D]®,. -T[D]%, I'[D]®%, - 0,T[D]%, + 3, [D]%,
but we can convert to any derivative:
In| 455]: =
ChangeCurvature[%4 CD, Cd]
Qut | 455] =
riv,D ¢ D] - D ¢ D]% . +R d D14 - D¢
(VD1 TIV.D 1%, -T[V,D]1% T[V.D 1%, +R[VIg" +Va T[V.D 1%, -V T[V.D ],
In| 456] : =

ChangeCurvat ure[R emannCD[-a, -b, -c, a], CD, Cd]

Qut | 456] =

r[(vD]3, T[vD]%, -T[v,D]%, T[V,D]1%,. ~R[V]y +Va I[V.D 1%, -V, T[V,D ]2,
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Define a covariant derivative with torsion, but not metric-compatible. Now the Christoffel tensor is non—-symmetric:

In|4s57]: =
Def CovD[CDT[-a], {"#", "DT"}, Torsion - True]

x+ DefCovD: Defining covariant derivative CDT [-a].
x+ DefTensor: Defining torsion tensor TorsionCDT [a, -b, -c].

++ DefTensor: Defining
non -symmetric Christoffel tensor ChristoffelCDT [a, -b, -c].

x+ DefTensor: Defining Riemann tensor
RiemannCDT[-a, -b, -c, d ]. Antisymmetric only in the first pair.

++ DefTensor: Defining non -symmetric Ricci tensor RicciCDT [-a, -b].

x+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

Now the formulas involving€DTwill contain torsion terms:

In| 458 : =
ChangeCurvature[R emannCd[-a, -b, -c, a], Cd, CDT]

x+ DefTensor: Defining tensor ChristoffelCdCDT [a, -b, -c].

Qut | 458] =
r[v,DT 1%, I'[v,DT )%, -T[v,DT 1%, T[v,DT %, -
R[DT],. +I'[v,.DT 1%, T[DT] dba -DT, r'[v,DT]3, + DT, T'[V.DT 1%,

In| 459 : =
%/ / | nput For m

Qut | 459/ /1 nput For m~
~(Christoffel CdCDT[h$17869, ~h$17869, ~h$17879]*ChristoffelCdCDT[h$17879, b, —c])
+

Christoffel CACDT[h$17869, —b, ~h$17879]*ChristoffelCdACDT[h$17879, -h$17869, —c] -
RicciCDT[-b, —c] +

ChristoffelCACDT[h$17869, ~h$17879, —c]*TorsionCDT[h$17879, —b, —h$17869] +
CDT[-b][ChristoffelCACDT[h$17869, -h$17869, —c]] -

CDT[-h$17869][Christoffel CACDT[h$17869, —b, —c]]

The difference between the torsion tensors of two derivatives is given by the antisymmetric part of the Christoffel relating t
this case the torsion @fd is zero. The change is performed@yangeTorsion (akaTorsionToChristoffel in xTensor
version 0.7):

I n| 460 : =
ChangeTor si on[Tor si onCDT[a, -b, -c], CDT, Cd]

Qut | 460| =
-T[v,DT 13, +T[v,DT 1%,

ChangeCurvature Change in curvature when changing between two covariant derivatives

ChangeTorsion Change in torsion when changing between two covariant derivatives

Induced changes in curvature and torsion tensors.
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Undefine some derivatives:

In|461]: =

Undef CovD /e {CD, CDT};

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

Note thatxTensor

UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:

UndefTensor:

Undefined
Undefined
Undefined
Undefined
Undefined

symmetric Christoffel tensor ChristoffelCD
tensor ChristoffelCdCD

non -symmetric Ricci tensor RicciCD
Riemann tensor RiemannCD

vanishing torsion tensor TorsionCD

UndefCovD: Undefined covariant derivative CD

UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:

UndefTensor:

Undefined
Undefined
Undefined
Undefined
Undefined

tensor ChristoffelCACDT

non -symmetric Christoffel tensor ChristoffelCDT
non -symmetric Ricci tensor RicciCDT

Riemann tensor RiemannCDT

torsion tensor TorsionCDT

UndefCovD: Undefined covariant derivative CDT

also allows metric—-compatible connections with torsion. The symmetry properties of the

ated curvature tensors are not complete. We shall later illustrate this type of derivatives, after defining metric fie

6.3. General Bianchi identities

Let us now check the Bianchi identities for general covariant derivatives with torsion. Note that these identitie
directly encoded irTensor’

, but can be easily computed.

Define a covariant derivative with torsion. Note the special symmetry properties of the defined tensors:

In| 462 : =
Def CovD[CD[-a], {";", "V"}, Torsion- True]
x+ DefCovD: Defining covariant derivative CD [-a].
x+ DefTensor: Defining torsion tensor TorsionCD [a, -b, -c].

x+ DefTensor: Defining
non -symmetric Christoffel tensor ChristoffelCD [a, -b, -c].

++ DefTensor: Defining Riemann tensor

RiemannCD[-a, -b, -c,d ]. Antisymmetric only in the first pair.

x+ DefTensor: Defining non -symmetric Ricci tensor RicciCD

++ DefCovD: Contractions of Riemann automatically replaced by Ricci.
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This is the general form of the first Bianchi identity:

In| 463 : =
Ri emannCD[-a, -b, -c, d] + CD[-a][ Torsi onCD[d, -b, -c] ] -
Tor si onCD[e, -a, -b] Torsi onCD[d, -c, -e]

Qut | 463 =
RIV]ae? - TIV]% TIVI®y +Va TIV]%,
I n| 464] : =

6 Antisymretrize[% {-a, -b, -c}]

Qut | 464| =
RIV]ape® = RIVIagy” = RIVIpac® + RIVIpea® + RIVIcap® = RIV]gpa® =TIV TIVI +
TIV]% TIVI% + TIV]% Tmeba ~ TV % TIVI%e ~ TIV]%e TIVI%, +
TIV]% TIVI®y +Va TIV1%e - Va TIV1%, -V TIVI%e +Vp TIVI9, + Ve TIV]%, - Ve TIV1%,

The computation can be performed by transforming the derivative CD and its associated tensors into PD and Christoffel te

In| 465] : =
%/ / ChangeCovD

Qut | 465| =
RIVape’ = RIV]aep” = RIVIpac” + RIVIpea” + RIVIgay” = RV e + T1V1% TIV]% -
T[V]®y TIV]%e ~TIV1% TIV1%e + TIV1%, TIV1%e + TIV1%p TIV]%, -
T[V]8, TIV]% ~TIV]®%, TIV]%, + T[V1®y TIVI%, +TIVI%,. TIV]% -TIV]I%, TIVIY, -
T[V]®y TIV]%, + T[V1%, TIV]%: +T[V]% TIV1%y - TIV1% TIVI%,, -
TV]%e TIVI®e + TIV]%e TIVI®e ~TIV1% TIVI®, + TIVI% TIV]®, +
T[] TIVI®e ~ TIV1%e TIV1®e + TIV1%e TIV1%s - TIV1%e TIVI%, - r[v}dae T(V]®, +
TV]% TIVI®y +0aTIV1%: ~0aTIV]% -~ TIVI% +0pTI[VI%, + O TIV]%y -0 TIV1%,
In| 466] : =

%// Ri emannToChri st of f el

Qut | 466]| =
2T (V]9 T[V]®, +2T[V]%e TIV]®, +2T[V]%, T[VI®, -2T[V]% r[webc
2T (V]9 T[V]®%, +2T[V]%, T[V]%y +T[V]%, T[v}d ~T[V]®%, TIV]%e - TIV]®%, TIV]%, +
T[V]®, TIV]%e +T[V]%, TIV]% -T[V ]baT[V] e ~TIV]I%, TIVI%, +T[V]®% TIVI%, +
T[V]® TIV1%, ~TIV1%, TIV1%, ~TIV1%p TIV1%: + T1V]%a T[V]%: +T[V]% TIVI%,, -
TIV1% TIV1%, ~TIV1%e TIVI®e + TIVI%e TIVI® ~TIV1% TIVI®, + TIVI% TIVI®, +
T[v]% TIVI®, - TIVIY, Tmebc T[V]%e TIV1%s ~TIV1%e TIV1% ~TIV]% TIVI®y +
T[v]%, TIVI®, -20,T[V]%, +2@ W [V]1%, +@ T[ 19, -0 T[ 19, +206,T V1%,
20,T[V]%, -0 TIVI% +,T[V]%, ~20,T[V }ab+2acr[ 19, + 0. TIVI%, 0. TV1%,
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In| 467 :

%// Torsi onToChri st of fel

Qut| 467]

19.) TIVI®y - (-T[V]% +T[V]% ) T[V]®%, +

v

~2T([v]%, T[V]%, + (T[V]% - TI

2T (V)% T[V]®% - (T[V]% - TI

%// Expand

I n| 468] :

Qut | 468] =

0

This is the general form of the second Bianchi identity:

Cb[-a] [ R emannCD[-b, -c, -d, e] ] -TorsionCD[f, -a, -b] R emannCD[-c, -f, -d, e]

I n| 469] :

Qut | 469]

“R[V]gg S TIV]  + Va RIV]peq®

6Antisymretrize[% {-a, -b, -c}]

In| 470] :

RV] 44 © T[V]‘cb +Va RIV)peq® - Va RIVIga® = Vb RIV1aca® + Vb RIV1caq® + Ve RIV]gog® - Ve RIV]pag®

“RIV] g ® TIV1 4y + RIVIpta © TIVI oe + RIVI g © TIV1 e = RIVI g TIV1 e ~ RIVIpg ® TV +

Qut| 470]

The computation proceeds along the same lines:

%// ChangeCovD

In|471]:

Qut| 471]

[

Rt
> > > > 2
FEEEr
edfmfwfwm
>
T T
o+ o+ 1+
o © o o mDn

e

Cl
a
a
ac

> > > > >
[[[[[ ©
[STR SV P TR s )
o+ o+ 4+ 4+
O O -« O Qo Qo
.— © O
25 8 B
> > > > 22
roeocoe—F
o o

8 8 % 8 =z =
- = O o ®©
> > D> D> D> D>
AP P P P 0 4
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In| 472]: =
%// Ri emannToChri st of f el

Qut| 472| =
2T (V)" BaT [V]
2T[V]%4 BT [V]
rvi’

bt + 2T (V] g OaT (V1%
bd 2T (V1% 0aT (V] g ~20,0pT[V]%y +20,0.T[V] %y +
T[v]9% +T[V] TIV]I9 +0aT (V] - OpT[V]I% ) +

+

- @

e
cd ag
f

f

v c

¢ fa ~TIV] at ~T[V1%g TIVI% ~0aT[V]% +pT[V]%% ) -

4 OpT

g Ol

e Ol

V1€ OpT

r[v]fpy (-T[V]®
f

ag

(T
“TIVI®%¢ (T IV] g TIV1%g + TIVI 4y TIV1%qg + GaT V1 g ~ 0T [V1 ) -
(T[

27(v]
21[v]
2T[V] T [V] g TIV1%¢ - TIV] g TIV1%¢ - GaT (V] g + BTIV] ) +
271T[Vv]

T[V]gcf ‘*'@ar[v]ecf —OCI‘[V]eaf ) -

f

2T[V]) g OcT IV y +T (V] g (TIVI®q TV —T[V1®,, TIVI9 -0aT[VI®y +0cT[V]®y ) +

_acf‘[v]ebf ) +

af ag af

P[v]fad (-T[V] V]9 +r[v]ebg rv]9% +0pT[v]®

e
cg cf

2T (V] 0cT[V]®y ~T[V] y (T[V]®

T[V]%: (-T[V] e TIV]I9 +T (V]

2T[V]®; 0cTIV] g - TIV]% (T[V]'

T[V]%: ~TIV]%; 0T [V]®y +0cT[V]®y ) +
T[V]%y +0aT (V] ~ 0TIV ) +

I\[v]gcf

g TIV1%q - TV g TIVI%4 - 0aT[V] g + 0T [V] 1) -

T[V]®, (q[v]fcg T[V]%, +r[v]fbg T[V]9y + 0T [V] oy 0TIV y) ~2T([V1% GcT (V] g +
T[V]®, (r[v}fcg T[V]%, —r[v]fbg T[V]9%y ~OpT (V] oy +O0cTIV] y) ~20:0aT[V]®y +
20:0,T[V]®,y 7r[v1fbc (—F[V}efg rv]9, +r[v1eag T[V]9% +0aT V1% -0 T[VI®y) +
P[V]'Cb (-T [V efg T[v]94 +T[V eag TIV]I9% +0aT (V1% -0 T[V]I®y) +

L[V e (TIVI®y TIV19%y ~T[V]®y TIV]% -0aT[VI% + 6 T[VI%y) -

rvl'y, (TIV]1%g TIVI%4 ~TIV]%g TIVI% ~0aT[V]% +0T[V]®y) -

T[v]fbc (r[v}efg rv]9, —r[v]eag T[V]9% - 0aT[VI®%y +OiT[V]®y) +

Tv1', (T[V]% TIV1%qg -~ TIV]% TIV]% - 0aT[VI%, + 0 T[V]%) +

F[V]fac (—r[v]efg V1% +r[v]ebg TIV]I9% +0pT[V]% -0 T[V]I®y) -

TV (-T[V]%, T[V]%q¢ + T[V]®g T[V]% +0pT V1% - T[VI%y) -

T[V] o (TIV1% TIVI%q4 ~TIV]1%g TIVI% - 0T [V]% + 061 T[V]%q) +

rvlfe (T[V]% TIVI%q4 ~T[V]1%g TIVI% ~O0pT (V1% +OrT[V]%y4) +

Tv] o (TIV]1%g TIVI%q4 ~TIV]%q TIV1% ~0pT[V]% + O T[V]%yg) -

TV (T[V]1% TIVI%q4 ~TIV]1%qg TIV1% - 0T [V]% +OrT[V]%y) -

rvit, (~T[V]% TIVI%q4 +T[V]%%q TIV]I% +0cT (VI ~ O T[VI%q) +

P[V]fba (-T [V efg T[v]9%y +T[V ecg TIV]I9% +0cT[V]%y -0 T[VI®y) +

T[V] g (TIV]% TIVI9% ~TIV]®q TIVI% -G TVI% + 0 T[VI®y) -

T V] e (TIV]1% TIVI9%g ~TI[V1%y TIVI% ~0cT[VI% +6T[V]I®q) -

TV (T[V]% TIV1%q4 ~TVI% TIVI% ~0cTI[V]% +OrT[V]I®q) +

TIV] ba (TIV]1%y TIVI%g ~T[V]%g T[VI% - 0cT[VI% +0T[VI°y)
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In| 473 : =
%// Torsi onToChri st of fel

) +

Qut| 473 =

2T (V] g Gal (V1% +2T[V] g 0aT (V] +

2T[V]% aar[v}fbd -27T[V]% aarmfcd 20,0, T [V]®y +20,0,T[V]%y +

rivif o (-r[v]ebg V]9 +r[v]eag TIV]I9 +0aT (V] - OpT[V]I% ) +

T[V] o GpT V1% ~TIV] oy (TIV1%g TIV1% ~TIV]% TIV]% - 0aT[VI%y +0pT[V]% ) -

T[V] g GbT V1% ~TIV]% (-T[V] g TIV1% + TV g T[V19%, +8aT (V1 g -G T[V] ) -
T[V]1% OpT (V] g + TIVI® (TIV]' g TIV19g ~TIV] 4 T[V1%g - GaT [V py + 0o T[V] ) +
T[V]®, 6br[v}fcd +20p0,T[V]®q4 - 20,0, T[V]®%y -

T[V]) g (-T[V1%g TIV]% +T[V]%g T[V]1% +0aT[V]% -0 T[VI%) -

27(V] g 0T IVI® +T[V] g (T[V]%q TIV1% ~TIV]%y TIV]% - 0aT[VI®; + 0T [V]%

P[v]fad (—r[v]ecg V]9 +r[v]ebg TIV]I9% +0pT[V]% -0 T[V]I%y) +

2T[V]" g O T[V1% - T[V] oy (T[V]I®q TIV1% - T[V]®g T[V]% -GpT[VI% + O T[V]% ) +

T[V]®y (m[vﬂcg T[v]%, +r[v1fag T[V]%y +0aT (V] ~ 0TIV ) +

2T[V]%; O TIV] yq - TV (TIV] g TIV1%g ~T[V] g T[V]% - 0aT (V] g + 8 TIV] ) -

T[V]% (-TIV] o TIVI%g + T[V] g TIVI%q + T V] g -0 TIVI ) ~2T[V]% O T[V] g +

L[V (TIV] e TIV1%q¢ - TIV] g TIV]1%,
TV e (-T[V]1% TIVI%y +T[V]I% TIVI%y +0al (VI -1 T[V]%) +
T[V]%qg + TIV]%

20:0,T[V]®,y
r(vl'y (-TV1%
L[V e (T[V]I®%, T[V]%y -T[V]
(T191 e ~TIV1") (T[V1%, T
TVl (TIV]I®% TIV1% —rme
(-T 191" e +TIV]" ) (T[VI%, TV
(-T[V]% T[V]%q +T[V]
~T[V]%
r[v1%

9

<

ac

—
o
Q

9

<
oS S
.

(
(

<

9
. g TIV1%g - TV

[(V1'ae ~TIV1 ) (TIVI®,
(T[v]®

— H = =
.
-}

<

-rvif

fg

<

ba (—r[V]efg T[v]9%y + TV

ab (T[VI% TIV]9%y -T[V
f
ab

vif

f

<

e

~ o~ " H H o~ o~
— H o~ =
<

]

[
V1'pa (T[V]1% TIVI%, -T[V]®
N

STV g + TIV1 ha) (TIV1%

ag
rividy

ag

T[V]9%4 +TIV1%
V]

TIV1%g - TIV1%, T[V]%
175

]
[

rv]9, 7r[v]ebg T[V]9% 76br[v €
T

ac *TV1 ) (T[V]%y T[V1%y - T[V]%, TV]
e

~0pT (V] g + 0TIV g)

T[V]% +0aT[V]®%y - O
T[v ]gfd - 0T [V ]efd +0: T [
-T[V]®y TI[V1% - Gal'[V
r[v]9% —@ QT [V]% + 0TI
194 ~TIVI®y T [

%y T [V1% +@bF[V]efd -6 T W]ebd>
T[V]9% +0pT[V]%y -0 T[V]®

T[V]®q) +
V1%4) -
}efd +6 T
]e

viey) +

V1% - 0aT[V]®y +6 T

9 bd

e+@f[

=200, [V]®yy +

[(V1%a4) -

(V1%a) +
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In|474|: =
%/ / Expand

Qut| 474| =
2T[V]%, r[v}fbg T[V]9, -2T[V]®% r[v}fcg T[V]%y +2T[V]%, T[] g TIV1Yy -
2T[V]%; T[V]fy TIV]I9% -2T[V]% rmfag T[V]%y +2T[V]% r[v}fcg T[V]%y -
2T (V)% TIV] g TIVI% +2 T[], TIV] g TIVI% +2T (V1% TIV]  TIV]9%q -

2T[V]%, F[V]‘bg T[V]94 +2T[V]%, rv]' 4 TIV]9% -2T([V]%, Tv] ' TV -

28,0pT[V]®y +2 0,0, T[V]®y +20p0aT [V]®y —208p0,T[V]®,y —20:0,T[V]®y +2 0.8, T[V]®,4

Inl4r5]:=
%// ToCanoni cal

Qut| 475| =
0
Clean up:
In| 476] : =
Undef CovD[CD]
x+ UndefTensor: Undefined non -symmetric Christoffel tensor ChristoffelCD
x+ UndefTensor: Undefined non -symmetric Ricci tensor RicciCD

%+ UndefTensor: Undefined Riemann tensor RiemannCD
%+ UndefTensor: Undefined torsion tensor TorsionCD

%+ UndefCovD: Undefined covariant derivative CD

6.4. Constant symbols

It is important to discuss the concept of a constarTémsor* . A scalar fieldc[] is a constant if it is defined on
manifold. However a nonscalar tensor field cannot be constant on the base manifold of its indices Xaetsatty
automatically defines the tensor to be a field on the base manifolds on its indices). On the other hand we h
symbols denoting constants (as Newton’s constant). We shall use the coPef@ondstantSymbol  to define thos
constants.

DefConstantSymbol Define a constant
UndefConstantSymbol Undefine a constant
$ConstantSymbols List of defined constants
ConstantSymbolQ Check a constant symbol

Functions that operate with constants.

This defines a constant scalar field:

Inl4r/|:=
Def Tensor [const []1, {}]

+x+ DefTensor: Defining tensor const 1.
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Inl478]: =
? const

Global‘const

Dagger [const ] "= const

DependenciesOfTensor  [const ] "= {}

Info [const ] A= {tensor, }

PrintAs [const ] "= const

SlotsOfTensor  [const ] "= {}

SymmetryGroupOfTensor [const ] = StrongGenSet [{}, GenSet []]
TensorID [const ] A= {}

xTensorQ [const ] ~= True

By default, it is not automatic to check that a derivative on an object living on a different manifold is zero because that is a
process that could be internally happening too often.
Inl 479 :=
Cd[-a] [const []]

Qut| 479] =
v, const
In| 480] : =

CheckZer oDerivative[%

Qut | 480| =
0

We can automate it for a particular derivative (or for all):

In[481]: =
CheckZer oDerivativeStart [PD]

In| 482 : =
PD[-a] [const []]

Qut| 482] =
0
In|483]: =

CheckZer oDeri vati veSt op[PD]

An arbitrary symbol is not understood by default as a constant. We must define it as a constant:

In| 484 : =
Cd[-a] [GNewt on]

Qut | 484| =
v, GNewton
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In| 485]: =
Def Const ant Synmbol [GNewt on]

x+ DefConstantSymbol: Defining constant symbol GNewton.

In| 486] : =
Cd[-a] [GNewt on]

Qut | 486] =
0

In| 487]: =
Undef Const ant Synbol [GNewt on]

x% UndefConstantSymbol: Undefined constant symbol GNewton

I n| 488|: =
PD[-a] [GNewt on]

Qut | 488| =
9, GNewton

6.5. Parameter derivatives

Given a parameter defined wibefParameter we can take parametric derivatives of expressions which depe
that parameter, usingaramD. For historical reasonsTensor' has a generic parametric derivative callxderDot
such that every field is considered to depend on the corresponding (undefined) parameter.

ParamD Parametric derivative with respect to a defined parameter
OverDot Generic parametric derivative with respect to an unspecified parameter

Parametric derivatives.

The generic parametric derivati@verDot (Dot is used byMathematicaas inner scalar product) is represented by a (very) sm
over dot:

In| 489 : =
Over Dot [r [172]

Qut | 489 =
2rr

OverDot has been defined to commute with partial derivatives, but not with other covariant derivatives or with Lie derivati

In| 490] : =
Over Dot [PD[-a][r []1]1] // | nput Form

Qut | 490] / / 1 nput For =
PD[-a][OverDot[r[]]]

In| 491 : =
Over Dot [Cd[-a][r [11]1 // | nput Form

Qut| 491/ /1 nput For ne
OverDot[Cd[-a][r[]]]
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All fields currently defined do not depend on external parameters, so that we define new objects:

In|492]: =
ParanD[time] [r [1]

Qut | 492| =
0
In| 493| : =
Def Tensor [Q[-a], {M3, tine}]
x+ DefTensor: Defining tensor Q [-a]j.
In| 494|: =
?Q
Global'Q

Dagger [Q] *=Q

DependenciesOfTensor  [Q] *= {time, M3 }

Info [Q] ~= {tensor, }

PrintAs [Q] *=Q

SlotsOfTensor  [Q] = {-TangentM3 }

SymmetryGroupOfTensor [Q] "= StrongGenSet [{}, GenSet []]
TensorID [Q] "= {}

xTensorQ [Q] "= True

Currently | have not found a good representation for the parametric derivatives, so that they remain as they are:

In|495]: =
ParanD[ti me][3 Q[-a] v[a]]

Qut | 495] =
3v? ParamD[time ] [Q ]

In| 496] : =
ParanD[tinme, time][3Q[-a] v[a]]

Qut | 496| =
3v? ParamD([time, time ][Q]

6.6. Lie derivatives

xTensor' does not define independent Lie derivatives, but a single comniddwhich depends both on a contrav
ant vector field and on the expression that we want to derive.

LieD Lie derivative
LieDToCovD Expansion of Lie derivative in terms of covariant derivatives
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Lie derivatives.

Lie derivatives of expressions with respect to a contravariant vector field are not automatically expanded in terms of derive

In497]:=
Li eD[v[a]l][T[-b, c]]

Qut | 497| =
Ly Tbc

However, we can expand them using any derivaf\& is the default).

In| 498]: =
Li eDToCovDI[Li eD[w[a]][T[-b, c]1], PD]

Qut | 498] =
V\P @aTbc - Tba @aV\F +Tac @bVVa
I n|499Y]: =

Li eDToCovD[Li eD[w[a]]l[T[-b, c]], Cd]

Qut | 499 =
WA (Va Tbc) *Tba (vaV\F) +Tac (va\P)

The derivative can also be expanded directly:

I n] 500]: =
Li eD[w[a], Cd][T[-b, c]1]

Qut | 500] =
V\f”1 (Va Tbc) —Tba (VaV\F) +TaC (Vb V\F)

LieD knows the Leibniz rule:

In501]: =
Li eD[w[a]][T[a] T[-a] ]

Qut | 501| =
T2 (LwTy) +Tq (Lw T?)

We can have any expression in the "directional argument”. Recall however that it is not a tensorial slot (it hence cannot be
with an abstract index):
In| 502 : =
LieD[7r []1w[a] +Vv[a]]l[T[a]ll

Qut| 502| =
Ly T2+ 7 (L wa T?)

6.7. Directional derivatives

From the mathematical point of view, the simplest concept of a derivative is that of a "derivation", a mapp
scalar fields to scalar fields. In fact, the concept of tanget space at a point is constructed as the space of de
that point. We can work with operators acting as derivations (or "directional derivatives") uddig thead.
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The objecPD[Dir[v[a]]] can be interpreted as the directional derivative along the wdaior:

In| 503]: =
PD[Di r [w[al1]1[r [1]

Qut | bU3| =
Owl

and it has all the expected properties:

1N 504|: =
PD[Dir[3S[a, Dir [v[-b]]l]l+w[a] ]J1[1/r[]1"2]

Qut | 504| =
2 (3041 + 0,0 )
_ 3

Actually, it is possible to work directly with the derivations acting on scalars, saving 6 brackets (!) in the notation. For exan
define the derivatiowder associated to the vectrfa]:
In| 505]: =
wder : = PD[Dir [w[a]]]

I n| 506] : =

wder [r[]]
Qut | b06] =

Owl

Or even better, in prefix notation:

In| 507]:=
wder er []

Qut] 507] =
Bl

In| 508]: =
Scal ar Q[%

Qut | 08| =
True

6.8. Lie brackets

The Lie bracket of two vector fields is a third vector field.

Using abstract indices a bracket can be expressed as

In| 509 : =
Def Tensor [x[a], M]

+x+ DefTensor: Defining tensor x [al.
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In| 510]: =
Bracket [a] [w[b], X[b]]

Qut| 510 =
WP x 21?

Note that the indices of the vector fields are ultraindices. The index of the resulting vector field is represente
the bracket.

It has almost all expected properties: bilinearity, antisymmetry, derivation, ..., but not yet the Jacobi rule.

In|511]: =
Bracket [a] [Xx[b] +w[b], 3w[b] +r [] X[b]]

ut | b11] =
3PP TR (WP X P e x® g, + X2 B, 1

In512|:=
Undef Tensor /e {x, w};

%+ UndefTensor: Undefined tensor x

%+ UndefTensor: Undefined tensor w

6.9. Derivatives on inner vbundles

It is possible to define a derivative which acts on an inner vector bundle (as used in Yang-Mills gauge theories

Define a connection on a complex inner vbundle:

In| 513|: =
Def CovD[I CD[-a], I nnerC, {"*", "D'}]

x+ DefCovD: Defining covariant derivative ICD [-a].
++ DefTensor: Defining vanishing torsion tensor TorsionICD [a, -b, -c].
++ DefTensor: Defining symmetric Christoffel tensor ChristoffellCD [a, -b, -c].

++ DefTensor: Defining Riemann tensor
RiemannICD [-a, -b, -c, d ]. Antisymmetric only in the first pair.

x+ DefTensor: Defining non -symmetric Ricci tensor RiccilCD [-a, -b].
+x+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

+x+ DefTensor: Defining
nonsymmetric AChristoffel tensor AChristoffellCD [(a, -b, -cJ.

x+ DefTensor: Defining
nonsymmetric AChristoffel tensor AChristoffellCD t[af, -b, -ct].

+x DefTensor: Defining FRiemann tensor
FRiemannICD [-a, -b, -c, D]. Antisymmetric only in the first pair.

++ DefTensor: Defining FRiemann tensor
FRiemannICD t [-a, -b, -Ct, Dt]. Antisymmetric only in the first pair.
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We see that a single torsion tensor has been defined, but two Christoffel and two Riemann tensors. The inner Christoffel i

AChristoffellCD and the inner Riemann tensor is caiiemannICD . They are both complex tensors and therefore hav
their complex conjugates. Note the different vbundles of their indices.
In|514|: =

?AChristoffell CD
Global'‘AChristoffellCD
Dagger [AChristoffellCD ] A= AChristoffellCD t

DependenciesOfTensor  [AChristoffellCD ] M= (M3}

Info [AChristoffellCD ] A= {nonsymmetric AChristoffel tensor , 1
MasterOf [AChristoffellCD ] ~=I1CD

PrintAs [AcChristoffellCD ] "= A[D]

ServantsOf [AChristoffellCD ] M= {AChristoffellCD T}

SlotsOfTensor  [AChristoffellCD ] A= {InnerC, -TangentM3, -InnerC }
SymmetryGroupOfTensor  [AChristoffellCD ] A= StrongGenSet [{}, GenSet []]
TensorlD [AChristoffellCD ] A= {AChristoffel, ICD, PD }

xTensorQ [AChristoffellCD ] = True

In| 515]: =
? FRi emannl CD

Global'‘FRiemannICD

Dagger [FRiemannICD ] *= FRiemannICD t

DependenciesOfTensor  [FRiemannICD | ~= {M3}

Info [FRiemannICD ] ~= {FRiemann tensor, Antisymmetric only in the first pair. 1
MasterOf [FRiemannICD ] ~= ICD

PrintAs [FRiemannICD ] *= FICD

ServantsOf [FRiemannICD ] ~= {FRiemannICD +t}

SlotsOfTensor  [FRiemannICD ] "= {-TangentM3, -TangentM3, -InnerC, InnerC }
SymmetryGroupOfTensor [FRiemannICD ] ~= StrongGenSet [{1}, GenSet [-Cycles [{1,2 }]]]
TensorID [FRiemannICD ] "= {FRiemann, ICD }

xTensorQ [FRiemannICD ] *= True
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In|516]: =
? AChri st of fel | CDt
Global’'AChristoffellCD t
Dagger [AChristoffellCD +] ~= AChristoffellCD
DependenciesOfTensor  [AChristoffellCD t] M= {M3}
Info [AChristoffellCD t]1 A= {nonsymmetric AChristoffel tensor , 1
MasterOf [AChristoffellCD +] ~= AChristoffellCD
PrintAs [AcChristoffellCD t]1 ~=A[D] 1
SlotsOfTensor  [AChristoffellCD t] A= {IlnnerC 1, -TangentM3, -InnerC +}
SymmetryGroupOfTensor [ AChristoffellCD t] A= StrongGenSet [{}, GenSet []]
TensorIlD [AChristoffellCD +] ~= {AChristoffel, ICD, PD }
xTensorQ [AChristoffellCD t] = True
In|517]: =

? FRi emannl CDt
Global'FRiemanniCD  t

Dagger [FRiemannICD t] ~= FRiemannICD

DependenciesOfTensor  [FRiemannICD t] *= {M3}

Info [FRiemannICD 1] A= {FRiemann tensor, Antisymmetric only in the first pair. 1
MasterOf [FRiemannICD t] = FRiemannICD

PrintAs [FRiemannICD ] ~= FICD ¢

SlotsOfTensor  [FRiemannICD +] = {-TangentM3, -TangentM3, -InnerC 1, InnerC +t}

AN

SymmetryGroupOfTensor [FRiemannICD t] ~=
StrongGenSet [{1}, GenSet [-Cycles [{1,2 }]1]]

TensorID [FRiemannICD t] ~= {FRiemann, ICD }

xTensorQ [FRiemannICD t] = True

The derivativdCD has curvature in both the tangent burichegentM 3 and in the inner bundlanerC . That becomes most
apparent when changing to a different derivative:

In|518]: =
Def Tensor [X[a, B], M3, Dagger - Conpl ex]

«+ DefTensor: Defining tensor X [a, B].

«+ DefTensor: Defining tensor X t[a, Bf].
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In 519 : =
| CD[-c] [X[a, B]]

Qut| 519 =
Dc XaB
In| 520]: =

ChangeCovD[% | CD]
Qut| 520 =
A[D]®,, X" + T[D]?, X°® + 5. X8

In| 521 : =
ChangeCovD[% PD, | CD]

Qut| 521] =
Dc XaB

or when commuting two derivatives:

In| 522|: =
| CD[-c] el CD[-d]@X[a, B]

Qut| 522] =
D, Dy X2°
In|523]: =

Sort CovDs [%

Qut | 523 =
FICDger® X2 + R[D] 4@ X°® + Dy D, X2

For their complex conjugates:

In[524]: =
| CD[-c] [X[a, B]] // Dagger

Qut| 524| =
Dc XTaBT

In|525]: =
ChangeCovD[% | CD]

Qut| 525| =
A[D} TBTCHT XTaHT N F[D] acb XTbBT n @CXTaBT

In|526]: =
| CD[-c] el CD[-d] @X[a, B] // Dagger

Qut | 526 =
D, Dy Xta®!

In|527]:=
Sort CovDs [

Qut| b2/ =
FICD tgen;®" X130 + R[D] 4o X151 + Dy D X122
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In|528]: =
Undef Tensor [X]

%+ UndefTensor: Undefined tensor X t

%+ UndefTensor: Undefined tensor X

An important concept, introduced in version 0.9.kXBénsor* , is that of extension of a derivative. Given a derive
Cd it is possible to define a second d@Bin such a way that the associated tensofSbn its tangent bundle will k
those ofCd. We say then th&@Dextend<Cd, or thatCDhas been constructed by extensiodf

Let us take th€d derivative as base covd:

In|529]: =
$CovDs

Qut| 529] =
{PD, Cd, ICD }

We now extend that derivative @D

In| 530]: =
Def CovD[CD[-a], I nnerC, {"#", "D'}, ExtendedFrom- Cd]

«x+ DefCovD: Defining covariant derivative CD [-a].

+x+ DefTensor: Defining
nonsymmetric AChristoffel tensor AcChristoffelCD [a, -b, -CJ.

++ DefTensor: Defining
nonsymmetric AChristoffel tensor AChristoffelCD t[at, -b, -ct].

x+ DefTensor: Defining FRiemann tensor
FRiemannCD[-a, -b, -C, D]. Antisymmetric only in the first pair.

+xx DefTensor: Defining FRiemann tensor
FRiemannCD+t [-a, -b, -ct, Dt]. Antisymmetric only in the first pair.

Now the tensors associated to the extended derivative will be those of the base derivative:
In| 531 :=
{Chri stoffel CD[a, -b, -c], RiemannCD[-a, -b, -c, d], TorsionCD[a, -b, -c]}
Qut| 531| =
{T[V]%e: R[V] e 0}

abc
And then we have the inner curvature of the extended derivative:
In| 532 : =
{AChri stoffel CD[R, -b, -c], FRi emannCD[-a, -b, -C, D]}
Qut | 32| =
{A[D] ", FCDgy"}
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We can undefine the extended derivative, without removing any of the base derivative objects:

In|533]:=
Undef CovD[CD]

x+ UndefTensor: Undefined nonsymmetric AChristoffel tensor AcChristoffelCD
x+ UndefTensor: Undefined nonsymmetric AChristoffel tensor AcChristoffelCD
+xx UndefTensor: Undefined FRiemann tensor FRiemannCD t

xx UndefTensor: Undefined FRiemann tensor FRiemannCD

=% UndefCovD: Undefined covariant derivative CD

In|534]:=
{Christoffel Cd[a, -b, -c], TorsionCd[a, -b, -c],
Ri emannCd[-a, -b, -c, d], RicciCd[-a, -b]}
Qut | 534| =
(T[V]%c, 0, R [V]ge® R [V]g)

In| 535]:=
{Christoffel CD[a, -b, -c], TorsionCD[a, -b, -c],
Ri emannCD[-a, -b, -c, d], Ricci CD[-a, -b]}
Qut | 535] =
{ChristoffelCD [a, -b, -c], TorsionCD [a, -b, -c],
RiemannCD[-a, -b, -c,d ], RicciCD [-a, -b]}

m 7. Metrics

7.1. Definition

Now we introduce metrics on the vbundles.

DefMetric Define a metric on a single vbundle
DefProductMetric Define a metric on a product vbundle
UndefMetric Undefine a metric

$Metrics List of defined metrics
$ProductMetrics List of defined product metrics
MetricQ Validate name of metric

Definition of a metric.
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We define a metrimetricg  with negative determinant. The associated covariant derivative will be €ladd will be repre-

sented with a semicolon undedexForm . All the needed associated tensors are defined (note that epsilon has raestuitix

and the other tensors have a su@i®. Because we use indicesM8it is understood thanhetricg  will be a metric orM3

I n| 536]: =

Def Metric[-1, netricg[-a, -b], CD, {";", "V"}, PrintAs ->"g"]
x+ DefTensor: Defining symmetric metric tensor metricg

x+ DefTensor: Defining antisymmetric tensor epsilonmetricg

x+ DefCovD: Defining covariant derivative CD

x+ DefTensor: Defining vanishing torsion tensor TorsionCD

-aj.

x+ DefTensor: Defining symmetric Christoffel tensor ChristoffelCD

«x+ DefTensor: Defining Riemann tensor RiemannCD

x+ DefTensor: Defining symmetric Ricci tensor RicciCD

[-a,

-b,

[-a, -b].

[a,b,c ].

[a, -b, -c].

[a,

-c, -dj.

[-a, -b].

=+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

x+ DefTensor: Defining Ricci scalar RicciScalarCD

(]

=+ DefCovD: Contractions of Ricci automatically replaced by RicciScalar.

=+ DefTensor: Defining symmetric Einstein tensor EinsteinCD

«=+ DefTensor: Defining vanishing Weyl tensor WeylCD

x+ DefTensor: Defining symmetric TFRicci tensor TFRicciCD

[-a,

[-a, -b].
-b, -c, -d].
[-a, -b].

Rules {1, 2 } have been declared as DownValues for TFRicciCD.

=+ DefCovD: Computing RiemannToWeylRules for dim 3

=+ DefCovD: Computing RicciToTFRicci for dim 3

=+ DefCovD: Computing RicciToEinsteinRules for dim 3

In|537]:=
R emannCD[-a, b, -b, -c]

Qut | 537| =
_R[v]ac
In| 538]: =
%/ / | nput For m

Qut | 538/ /1 nput For ne
—RicciCD[-a, —C]

In| 539 : =
Ri emannCD[-a, -b, b, a]

Qut | 539| =
-R[V]

In|540] : =
%/ / | nput For m

Qut | 540[ / / | nput For me
—RicciScalarCD[]

-b,

-c].
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In| 541 : =

CD[-c][netricg[-a, -b]]
Qut | 541 =

0
In| 542|: =

Cd[-c][netricg[-a, -b]]
Qut | 542| =

Ve Qab
In| 543]: =

CD[-c] [epsilonnetricg[a, b, c]]
Qut | 543| =

0
In| 544]: =

CD[-a] [Ei nst ei nCD[b, c]]
Qut | 544| =

vy G[V]PC
In| 545]: =

CD[-a] [Ei nst ei nCD[a, b]]
Qut | 545| =

0

Its Weyl tensor is zero because the manifold is 3d:

1 n| 546] : =
Wyl CD[-a, -b, -c, -d]

Qut | b46] =
0

There is also the traceless part of the Ricci tensor:

In|547]: =
TFRi cci CD[-a, -b]

Qut| 47| =
S[vlab
I n[ 548]| : =

TFRi cci CD[a, -a]

Qut | b48] =
0
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Now xTensor'  accepts index structures that do not correspond to the original definition, as long as they only involve defi
metrics:
In|549]: =
Sl ot sOf Tensor [T]

Qut | 549| =
{TangentM3, TangentM3,  -TangentM3 }

1N b50] : =
Val i date[T[-a, -b, -c]]

Qut | 550| =
Tabc
I np 551 : =

Def Tensor [X[a, b, C], {M3, S2}]
+x+ DefTensor: Defining tensor X [a, b, C 7.

In| 552]: =
Sl ot sOf Tensor [X]

Qut| 552| =
{TangentM3, TangentM3, TangentS2 1

In| 553]: =
Val i date[X[a, b, -C]]

Validate::error . Invalid character of index in tensor X
Qut| 553| =

ERRORX?®]
I n| 554|: =

Undef Tensor [X]

=% UndefTensor: Undefined tensor X

Expression of the Christoffel symbols (with resped®B) in terms of the metric:

In[555]: =
CD[-a][v[-b]] 7/ ChangeCovD

Qut | 555| =
~T[V]®,, Ve + 0aVp

I n| 556] : =
%// Christoffel ToGadMetric

Qut | 556 =
1
%aVp -~ 5 9° V¢ (0a0bd + OpUad ~ OdGap)
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7.2. Contraction

Metrics are not contracted by default because in general that obscures the manipulation of indices and the ca
tion process becomes slower. Howevdignsor*  has a number of commands that perform metric contraction.
the expression is a pure tensor contraction is a simple process, but when there are derivatives which are not ¢
the (first) metric of the vbundle then problematic situations could develop. There are two situations we need
about: one is the process of contraction itself, shown in this subsection; the other is the influence of the me
process of canonicalization, studied in the next subsection.

ContractMetric Perform metric contractions without differentiating metrics
OverDerivatives Option to perform metric contractions with metric differentiation if
needed

AllowUpperDerivatives Option stating if it is possible to contract an inverse metric with a

derivative operator

Metric contraction.

Metric factors are automatically contracted with themselve:

In| 557]: =
metricg[a, bl netricg[-b, -c]

Qut| 557] =
5ac

In| 558 : =
metricgla, -a]

Qut | 558] =
3

However they are only contracted with other objects if required. This is to have more control on expressions formed by me
factors, and mostly to avoid unexpected index—shiftings.

In| 559 : =
metricgfa, b] T[-a, c]

Qut | 559| =
b
g% T,°

I n| 560] : =
ContractMetric[% metricg]

Qut | 560] =
Tbc

Derivatives of a metric are automatically converted so that the indices of the metric are covariant, introducing new dummie
that derivatives of mixed—indices metrics are zero. That means that all non—zero derivatives of metrics will have covariant

In|561|:=
PD[-a][rmetricg[b, c]]
Qut | 561| =
‘gbd gce aagde
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In| 562]|: =
PD[-a][rmetricg[b, -c]]

Qut| 562] =
0

Contraction of derivative indices is not allowed by default, but can be forced using theAdistadpperDerivatives

In| 563]: =
ContractMetric[nmetricg[a, b] PD[-b][T[c, d]], netricg]l

Qut | 563 =
gab @bTCd

In| 564 : =
ContractMetric[metricg[a, b] PD[-b][T[c, d]], netricg, Al owlpperDerivatives -» True]

Qut | 564] =
A\ (\ (\_ \)\=zal) T

With ContractMetric a metric can be contracted through its Levi—Civita derivative, but not through other derivatives:

In| 565]: =
ContractMetric[nmetricg[a, b] CD[-d][T[-a, c]], netricg]

Qut | 565] =
vy TPC

I n| 566] : =
Contract Metric[netricg[a, b] PD[-d][T[-a, c]], netricg]
Qut | 566| =
gab adTaC

In those cases we need to use a different function which forces contraction over derivatives, but at the price of producing |
with derivatives of the metric:

In|567]:=
Contract Metric[netricg[a, b] PD[-d][T[-a, c]], netricg, OverDerivatives » True]

Qut| 567] =
gbe Tac 6d Oae + 6d Tbc

7.3. Canonicalization with a metric

In the presence of a metric new symmetries can be added to the process of canonicalization. The toGanani-
cal has an optiotseMetricOnVBundle that specifies on which vbundles the metric (if there is one) must bt
during canonicalization. Possible values Alle (default),None or a list of (maybe one) vbundles.

TensorsS andT have no symmetries and therefore their canonicalization without metric is trivial:

In| 568] : =
ToCanoni cal [S[c, a] T[-a, -b, b], UseMetri cOnVBundl e - None]

Qut | 568| =
b
gea Tan

©2003-2004 José M. Martin-Garcia



112 XTensorDoc.n

However with metric the canonical form is different because pairs of dummies are sorted such that the up—index comes fir

In| 569 : =
ToCanoni cal [S[c, a] T[-a, -b, b]]

Qut | 569| =
Sca Tabb

When derivatives are present canonicalization with a metric is harder, unless the only derivative is its Le
associated operator. In other casBsCanonical shows a warning message and changes to a different alg
rather than using the default algorithm which just moves indices around and that could get easily confused
algorithm is based on a temporary internal change of the offending derivatives to the Levi—Civita connectic
metric of the corresponding vbundle. This new algorithm is much slower; compare the following timings:

We use the same tens@sndT:

In|570]: =
ToCanoni cal [S[c, a] CD[-d][T[-a, -b, b]], UseMetricOnVBundl e » None] // Absol ut eTi i ng

Qut| 70| =
{0.004705 Second, S @ (v4 Top?) )

Inl571]: =
ToCanoni cal [S[c, a] CD[-d][T[-a, -b, b]1]1] // Absol ut eTi m ng

Qt|b571] =
{0.005225 Second, S ¢, (vg4 T}

But now if we usé’Dinstead:
In|572|:=
ToCanoni cal [S[c, a] PD[-d][T[-a, -b, b]], UseMetricOnVBundl e » None] // Absol ut eTi i ng

Qut] 572| =
{0.005743 Second, S @ 63 Ty" )

In573]: =
ToCanoni cal [S[c, a] PD[-d][T[-a, -b, b]1]1] // Absol ut eTi m ng
ToCanonical::cmods : Changing derivatives to canonicalize.

Qut|b573] =
{0.033768 Second,  T'[V]4® S% T, + T [V]®;, SCe T, + S, 0g Ty )

This form of canonicalization leaves lots of Christoffel hanging around. You can get rid of them in three stepsClinsstage
felToGradMetric ; then useContractMetric

Inl5/4]: =
Last [9%9 // Christoffel ToGadMetric // Contract Metric

Qut| 574| =
1 1
> s Tabb O0d%ae *+ 5

5 S T, 940ea + Sa 04 T
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Finally, canonicalize again, but this time without moving indices, to avoid bringing back the Christoffels:

In|575|: =
ToCanoni cal [% UseMet ri cOnVBundl e -» None]

Qut| 575 =
S T8, 9g0ae + S%a 04T

The whole process is automatic with the optqpandChristoffel

In|576]: =
ToCanoni cal [S[c, a] PD[-d][T[-a, -b, b]l], ExpandChristoffel » True] // Absol uteTi i ng

ToCanonical::cmods : Changing derivatives to canonicalize.

Qut|[576] =
{0.071727 Second, S °® T, 540ae + S%a 4T3}

This is another, somehow harder, example. Partial derivatives do not commute when having upper indices:

Insr/]:=
PD[-b]ePD[a]ev[-a] - PD[a]ePD[-b]lev[-a] // Sinplification

ToCanonical::cmods : Changing derivatives to canonicalize.

ToCanonical::cmods : Changing derivatives to canonicalize.

ToCanonical::cmods : Changing derivatives to canonicalize.

General::stop . Further output of

ToCanonical::cmods will be suppressed during this calculation. More...

Qut|577| =

ST[V]O T[] . VB ~T[V]%, TIV]Yy V& - T[V]° (T[V] Y +T[V]%,) V@ -

0a0pV2® + V& G, T [V],C, +V? OpT [V], +OpO0aV?® —~ V& O, T [V] ° -

VB O T [V]%a ~ T V]I OV VA V)V ) v =[], N AV (V_ V)V sl ) v

Now we can drop the two second derivatives, and remove the Christoffels:

In|578]:=
%// Sort CovDs

Qut| 578]

ST V] T[V]C, V2 - T[V]S, d
T[v]..°

o TIV]%4 V2 -
Tap (TIVIS +T[VI%,) V3 + V3 8, T[V] S, +V2 8, T[V]®

AN NAN_\H)\eel) v -T[V]

a c
ac ~VE O T[V]y -

V& ST [V]%a = TV ane wa OV V(A \)hsel ) v

In|579|: =
Sinplification[%// Christoffel ToG adMetric // ContractMetri c,
UseMet ri cOnVBundl e - None] // Absol ut eTi mi ng
Qut| 579] =
{0.645404 Second,  -0,0s O\ (\ (\ _ \)\2c\ ) v - g% g v@ 5, 0s Of Oug }

General recommendations:

1. The simplest situation is having just one tangent bundle, with one metric and its Levi—Civita conne
that case the metric can be always contracted, and we recommend to do it, just to decrease the number of indi
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2. If there are several tangent bundles, each one having one metric with its Levi—Civita connection,
metrics can be freely contracted, and the only additional problem is that you decide whether to use CheckZerc
at some intermediate steps of the calculation, or else automate that point.

3. If there is one vbundle, one metric with its Levi—Civita connection and an additional derivative (ordi
not, that is irrelevant) then the canonicalizer must change to the slower algorithm. | recommend not to cl
character of the slots of the tensors. To do that set UseMetricOnVBundle->False in ToCanonical and never us
Metric. The metric factors will be always explicit, and the number of indices in the expressions will be lar
overall the canonicalizations will be faster.

4. If there are several vbundles with several derivatives, combine comments 2 and 3.

5. If furthermore there are several metrics on the vbundles, each with its own Levi—Civita connecti
before start crying, see next subsection.

The canonicalizer also takes into account whether indices can be moved up and down or not. This is done
using the concept of metric—state for indices. Study next example carefully:

This expression is clearly antisymmetric under the exchange of derivatives:

1N 580] : =
Ula, b, c] PD[-a][v[d]] PD[-b][v[e]] netricg[-d, -e]

Qut | 580] =
gge ¢ 0,v9 5,ve

and it is thus zero:

In| 581 : =
ToCanoni cal [%

Qut| 581| =
0

We contract the metric through a derivative. The expression however is now different and not zero:

In| 582|:=
Ula, b, c] PD[-a][v[-d]] PD[-b][v[e]l] netricg[d, -e]

Qut | 582| =
b d
o @an 6hV

but the system detects it and change to the alternative algorithm:

In| 583]: =
ToCanoni cal [%

ToCanonical::cmods :  Changing derivatives to canonicalize.

Qut | 583] =
“TV] % Wae V3N (V (\_ V)V ed\ ) vP - T[v] % Wge v@ AN (\ (\_ V)V 2a\ ) VP
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Another example:

In| 584 : =
ToCanoni cal [T[a, -b, ¢] PD[-d][v[-a]] PD[-e][v[b]] metricg[d, e]]

ToCanonical::cmods :  Changing derivatives to canonicalize.
ToCanonical::cmods :  Changing derivatives to canonicalize.
ToCanonical::cmods :  Changing derivatives to canonicalize.
General::stop : Further output of
ToCanonical::cmods will be suppressed during this calculation. More...
Qut | 584| =
ST V] g’ Ger TR vE O\ (\ (\_ \)\ %€\ ) v, -
TV Ger T2 V8 O\ (\ (\_ V)V e\ ) vy +0ge T2 0\ (\ (\_ \)\ed\ ) vy o\ (V (\_ \)\sel ) vy

In| 585 : =
ToCanoni cal [T[a, -b, c] PD[-d][v[-a]] PD[-e][v[b]] nmetricg[d, e],
ExpandChri st of fel » True]

ToCanonical::cmods : Changing derivatives to canonicalize.
ToCanonical::cmods . Changing derivatives to canonicalize.
ToCanonical::cmods . Changing derivatives to canonicalize.

General::stop . Further output of
ToCanonical::cmods will be suppressed during this calculation. More...
Qut | 585| =
T3 54v, A\ (\ (\_ \)\vedy ) vy - T v 5.g0g O\ (V (V_ V)V el ) vy

7.4. Several metrics

It is possible to work with several metrics on the same vbundle. Of course, not all of them can raise and
indices of other tensors because we would inmediately loose track of the metric that was used to move a gi
The situation ikTensor* is as follows. The list of metrics on a vbundle is stored as an upvalue of the vbundle
functionMetricsOfVBundle . The metrics are placed in that list in order of definition. The first metric is cons
special and it is the only one which can move indices. All other metrics (called "frozen" metrics) are simply s\
two—tensors with a Levi—Civita associated connection and a number of associated tensors. For a frozen metri
the expected rules do not work.

It is possible to remove the first metric, suddenly converting the second metric into the first of the list. | canno
any situation where that could be valid or just safe.

I have never seriously tested this part of the code. Please use it with maximum care!

Currently there is only one metric diangentMs3 :

In| 586]: =
Met ri csOf VBundl e [Tangent MB]

Qut | 586| =
{metricg }
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We define a second (frozen) metric:

In|587|: =
Def Metric[l, frozen[-a, -b], CD2, {"|", "D'}, PrintAs »"f"]

DefMetric::old . There are already metrics
{metricg } in vbundle TangentM3. Defined metric is frozen.

x+ DefTensor: Defining symmetric metric tensor frozen [-a, -b].

x+ DefTensor: Defining inverse metric tensor Invfrozen [a, b ]. Metric is frozen !
x+ DefMetric: Don't know yet how to define epsilon for a frozen metric.

x+ DefCovD: Defining covariant derivative CD2 [-a].

x+ DefTensor: Defining vanishing torsion tensor TorsionCD2 [a, -b, -c].

x+ DefTensor: Defining symmetric Christoffel tensor ChristoffelCD2 [a, -b, -c].
x+ DefTensor: Defining Riemann tensor RiemannCD2 [-a, -b, -c, -d].

x+ DefTensor: Defining symmetric Ricci tensor RicciCD2 [-a, -Db].

=+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

«=+ DefTensor: Defining Ricci scalar RicciScalarCD2 [1.

x+ DefTensor: Defining symmetric Einstein tensor EinsteinCD2 [-a, -Db].

x+ DefTensor: Defining vanishing Weyl tensor WeylCD2 [-a, -b, -c, -d].

«+ DefTensor: Defining symmetric TFRicci tensor TFRicciCD2 [-a, -b].

x+ DefCovD: Computing RicciToEinsteinRules for dim 3

In| 588 : =
Met ri csOf VBundl e [Tangent MB]

Qut | 588| =
{metricg, frozen 1

Compare these two results:

In| 589 : =
{metricgl[a, -b], frozen[a, -b]}

Qut | 589] =
{&%,F %)

That is because these three expressions behave very differently:

In| 590]: =
{frozen[a, c]frozen[-c, -b],
netricg[a, c]frozen[-c, -b], netricg[a, c] nmetricg[-c, -b]}

Qut | 590] =
{f& T, f o 0%, 6%
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In| 591 : =
ContractMetric[%

Qut | 591 =
(f& T, f %, %)

In particular the inverse dfozen[—a,-b] is notfrozen[a,b] , butlnvfrozen[a,b]

In|592]:=
I nvfrozen[a, b] frozen[-b, -c]

Qut| b92| =
6ca

It is problematic to generalize typical expressions. For example this is not zero now:

In[593]: =
CD2[-a] [Ei nsteinCD2[a, b]]

Qut| 593] =
D, G[D]®

but this is zero (though it is not encoded):

In| 594 : =
Invfrozen[a, b] CD2[-a] [Ei nstei nCD2[-b, -c]]

Qut | 594| =
f3 (D, G[D], )

In| 595 : =
Undef Metric[frozen]

+x+ UndefTensor: Undefined inverse metric tensor Invfrozen

x+ UndefTensor: Undefined symmetric Christoffel tensor ChristoffelCD2
x+ UndefTensor: Undefined symmetric Einstein tensor EinsteinCD2

x+ UndefTensor: Undefined symmetric Ricci tensor RicciCD2

+»» UndefTensor: Undefined Ricci scalar RicciScalarCD2

+»» UndefTensor: Undefined Riemann tensor RiemannCD2

x+ UndefTensor: Undefined symmetric TFRicci tensor TFRicciCD2

x+ UndefTensor: Undefined vanishing torsion tensor TorsionCD2

+xx UndefTensor: Undefined vanishing Weyl tensor WeylCD2

+xx UndefCovD: Undefined covariant derivative CD2

=+ UndefTensor: Undefined symmetric metric tensor frozen
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7.5. Curvature tensors of the metric

When we define a metric, a number of curvature tensors are defined. Currently tfi&grasen , Ricci , RicciSca-
lar , Einstein , TFRici , Weyl. Note that they are all associated to the Levi—Civita connection of the metri
not directly to the metric. There are a number of functions to change among them.

First we have some automatic contractions. These can be prevented with th€optaioreRelations of DefCovD . By
default, contractions of the Riemann tensor are automatically replaced by the Ricci tensor:

I n| 596 : =
Ri emannCD[-a, -b, -c, a]

Qut | 596] =
7R[v]bc

In597]: =
%/ / | nput Form

Qut | 597/ / | nput For m=
—RicciCD[-b, —c]

And contractions of the Ricci tensor are replaced by the Ricci scalar:

In| 598 : =
metricg[c, d] Ricci CD[-d, -c]

Qut | 598| =
R[V]

In| 599 : =
%/ / | nput Form

Qut | 599/ / | nput For m=
RicciScalarCDJ[]

I n| 600] : =
Ri cci CD[a, -a]

Qut | 600] =
R[V]

Then we can change among the tensors:

In| 601 : =
Ei nstei nCD[-a, -b] // Ei nstei nToRi cci

Qut ] 601 =

1
RIY]a = 5 Ona RV

In[ 602]:=
%// Ri cci ToEi nstein

Qut ] 602| =
G[vlab
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In a 3d manifold the Weyl tensor is zero:

1n] 603]:=
Weyl CD[-a, -b, -c, -d]

Qut | 6U3| =
0

I n| 604 : =
R emannCD[-a, -b, -c, -d] // R enannToWeyl

Qut | 604| =
1 1
Obd R[V}ac - Obe R[V]ad — Oad R[V]bc + Oac R[V}bd + 2 Gad 9oc RIV] - 2 Gac 9ba RIV]

We can also change between Ricci and TFRicci:

In| 605 : =
Ri cci CD[-a, -b] // Ri cci ToTFRi cci

Qut | 605 =

1
3 Jab RIV] +S[V]4

I n| 606] : =
%// TFRi cci ToRi cci
Qut | 606] =
1 1
R[V] + 3 Yap R{V] - 3 Yba R[V]

RiemannToWeyl Expand Riemann tensors into Weyl, Ricci and RicciScalar tensors
WeylToRiemann Expand Weyl tensors into Riemann, Ricci and RicciScalar tensors
RicciToEinstein Expand Ricci tensors into Einstein and RicciScalar tensors
EinsteinToRicci Expand Einstein tensors into Ricci and RicciScalar tensors
RicciToTFRicci Expand Ricci tensors into TFRicci and RicciScalar tensors
TFRicciToRicci Expand TFRicci tensors into Ricci and RicciScalar tensors

Relations among curvature objects.

As we said, we can work with connections which are compatible with a given metric field but have torsion too.
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We define a new connection associated to our metric field, but this time with torsion. The Riemann tensor is antisymmetric
pairs, but now those pairs cannot be exchanged. Hence the Ricci tensor is not symmetric. Currently Weyl is not even defii

In| 607]: =
Def CovD[CDT[-a], {"#", "D'}, Torsion- True, From\etric -» netricg]

xx DefCovD: Defining covariant derivative CDT [-a].
xx DefTensor: Defining torsion tensor TorsionCDT [a, -b, -c].

xx DefTensor: Defining
non -symmetric Christoffel tensor ChristoffelCDT [a, -b, -c].

++ DefTensor: Defining Riemann tensor
RiemannCDT[-a, -b, -c, -d]. Antisymmetric pairs cannot be exchanged.

x+ DefTensor: Defining non -symmetric Ricci tensor RicciCDT [-a, -b].

++ DefCovD: Contractions of Riemann automatically replaced by Ricci.

++ DefTensor: Defining Ricci scalar RicciScalarCDT [].

+x+ DefCovD: Contractions of Ricci automatically replaced by RicciScalar.

x+ DefTensor: Defining non -symmetric Einstein tensor EinsteinCDT [-a, -b].

x+ DefTensor: Defining non -symmetric TFRicci tensor TFRicciCDT [-a, -Db].
Rules {1, 2 } have been declared as DownValues for TFRicciCDT.

x+ DefCovD: Computing RicciToTFRicci for dim 3

++ DefCovD: Computing RicciToEinsteinRules for dim 3

The difference of covariant derivatives

I'n| 608 : =
CDT[-a]l[v[b]] - CD[-a] [v[b]]

Qut | 608] =
— (V4 vP) + D, VP

is given by a Christoffel tensor

In| 609 : =
ChangeCovD[% CDT, CD]

«x+ DefTensor: Defining tensor ChristoffelCDCDT [a, -b, -c].

Qut | 609] =

-r[v,D )P, V°

which can be expressed uniquely in terms of torsion and metric fields:

In| 610] : =
%// Christoffel ToGadMetric

Qut| 610] =

1
-5 9" (TIDlaeg + TID) gy ~TD]gge ) V°
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Inl 611]: =

Undef CovD[CDT]

* %

* %

* %

* %

* %

* %

* %

* %

* %

UndefTensor: Undefined tensor ChristoffelCDCDT

UndefTensor: Undefined non -symmetric Christoffel tensor ChristoffelCDT
UndefTensor: Undefined non -symmetric Einstein tensor EinsteinCDT
UndefTensor: Undefined non -symmetric Ricci tensor RicciCDT

UndefTensor: Undefined Ricci scalar RicciScalarCDT

UndefTensor: Undefined Riemann tensor RiemannCDT

UndefTensor: Undefined non -symmetric TFRicci tensor TFRicciCDT
UndefTensor: Undefined torsion tensor TorsionCDT

UndefCovD: Undefined covariant derivative CDT

7.6. Product metrics

Spacetimes with a high degree of symmetry can be sometimes locally decomposed as products of reduced mi
the orbits of symmetry. The metric of the whole manifold can then be given in terms of metrics on simpler \
Currently there is a stupid limitation to two subvbundles. It will be dropped soon.

Define a product metric. We already have a safflaronM3 Now we define another scalaf] onS2:

Inl 612]: =

Def Tensor [w[], S2]

* %

Inl 613]: =

Catche

DefTensor: Defining tensor w 1.

Def Product Metric[g5[-u, -v], {{TangentM3, w[]}, {TangentS2, r[]1}}, Cd5, {"#", "D"}]

DefProductMetric::nometric : VBundle TangentS2 does not have a metric.

©2003-2004 José M. Martin-Garcia



122 XTensorDoc.n

In| 614]: =
Def Metric[l, gamma[-A, -B], CdS, {":", "D'}, PrintAs »"y"]

«x+ DefTensor: Defining symmetric metric tensor gamma [-A, -B].

«+ DefTensor: Defining antisymmetric tensor epsilongamma [A, B].

«+ DefCovD: Defining covariant derivative CdS [-A].

x+ DefTensor: Defining vanishing torsion tensor TorsionCdS [A, -B, -C].

x+ DefTensor: Defining symmetric Christoffel tensor ChristoffelCdS [A, -B, -C].
x+ DefTensor: Defining Riemann tensor RiemannCdS [-A, -B, -C, -Dj.

x+ DefTensor: Defining symmetric Ricci tensor RicciCdS [-A, -B].

=+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

«x+ DefTensor: Defining Ricci scalar RicciScalarCdS [1.

=+ DefCovD: Contractions of Ricci automatically replaced by RicciScalar.

x+ DefTensor: Defining vanishing Einstein tensor EinsteinCdS [-A, -B].
«x+ DefTensor: Defining vanishing Weyl tensor WeylCdS [-A, -B, -C, -Dj.
=+ DefTensor: Defining vanishing TFRicci tensor TFRicciCdS [-A, -B].

=+ DefCovD: Computing RiemannToWeylRules for dim 2
=+ DefCovD: Computing RicciToTFRicci for dim 2

=+ DefCovD: Computing RicciToEinsteinRules for dim 2
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We define the warped metric w[]*2 MetricOfVBundle[TangentM3]+r[]*2 MetricOfVBundle[TangentS2]

In| 615]: =

Def Product Metric[g5[-u, -v], {{TangentM3, w[]}, {TangentS2, r[]1}}, Cd5, {"#", "D"}]

= DefTensor:

= DefTensor:

Defining symmetric metric tensor g5 (-1, -V].

Defining antisymmetric tensor epsilong5 e A U v, PJ.

x+ DefCovD: Defining covariant derivative Cd5 [-u].

+xx DefTensor:
+xx DefTensor:
+xx DefTensor:
+xx DefTensor:
+xx DefTensor:
+xx DefTensor:

= DefTensor:

Rules {1,

= DefTensor:

Rules {1,

= DefCovD:
= DefCovD:
= DefCovD:

Defining vanishing torsion tensor TorsionCd5 n, -, -uj.
Defining symmetric Christoffel tensor ChristoffelCd5 n, =X, -uj.
Defining Riemann tensor RiemannCd5 [-n, =X, -u, -Vv].

Defining symmetric Ricci tensor RicciCd5 [-n, -A].

Defining Ricci scalar RicciScalarCd5 [].

Defining symmetric Einstein tensor EinsteinCd5 [-n, -A].
Defining Weyl tensor WeylCd5 [-n, =X, -4, -Vv].
2,3,4,5,6,7,8 } have been declared as DownValues for WeylCd5.
Defining symmetric TFRicci tensor TFRicciCd5 [-n, -A].

2 } have been declared as DownValues for TFRicciCd5.

Computing RiemannToWeylRules for dim 5

Computing RicciToTFRicci for dim 5

Computing RicciToEinsteinRules for dim 5

ExpandProducMetric

Expansion of the metric of a product manifold into objects of its submanifg

Computations with product metrics.

The delta tensors are automatically expanded:

In| 616] : =

{gS[av _b]1 gs[Av _B]}

Qut| 616] =
{6%, 6"}

In6lr]:=
I nput Form/e %

Qut| 617] =

{delta [a, -b],delta [A, -B]}
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Now we can compute any object bibin terms of objects dfi3andS2:
In 618 : =
ExpandProduct Metric[{g5[-a, -b], g5[-a, -Bl, g5[-A, -B]}, g5]
Qut | 618 =
{Qap W, 0, vagl?}

In|619]: =
ExpandPr oduct Metri c[{Chri stoffel CA5[A, -B, -C1,
Christoffel Cd5[a, -B, -C], Christoffel Cd5[A, b, -C], Christoffel Cd5[a, -b, -C],
Christoffel Cd5[A, -b, -c], Christoffel Cd5[a, -b, -c]}, g5] // ContractMetric

Qut| 619] =
{F[D]ABC CYBcOP I (Vpr) A gP (Var) 5% (Dew) "B gy V\é (Dg w)

) ' )

, T'[v]?
w? rw? w r (V1% }

In| 620]: =
R emannCd5[-a, -b, -c, -d] // ExpandProduct Metric // ContractMetric // Sinmplify
Qut | 620] =

W2 (1 2 RV goeq *+ v® (ad Obe ~ Jac Gba) (DaW) (Dgw))
I’2

In|621]: =
Ri cci Scal ar Cd5[] // ExpandProduct Metric // ContractMetric // Sinplification

Qut| 621] =
r2R[v] +R[D] W2 -2g. ((VAr) (YPr)+2r (VP va3r)) —6vyas ((DAw) (DBw) +w (DBDAw))
r2w?

By default derivative indices cannot be contracted with metric tensors. This behaviour can be changed usingAtievepiien
perDerivatives

In622]: =
Contract Metric[% Al |l ompperDerivatives -» True] // Sinplification
Qut| 622| =
r2R[v] +R[D] W2 —4r (v v3r) -2 (Var) (v@r) -6w (DyDAw) -6 (Dyw) (DA w)
r2w?
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Clean up

In| 623]: =

Undef Metri c[g5]

In| 624]: =

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:

UndefTensor:

Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined

antisymmetric tensor epsilong5

symmetric Christoffel tensor ChristoffelCd5
symmetric Einstein tensor EinsteinCd5
symmetric Ricci tensor RicciCd5

Ricci scalar RicciScalarCd5s

Riemann tensor RiemannCd5

symmetric TFRicci tensor TFRicciCd5
vanishing torsion tensor TorsionCd5

Weyl tensor WeylCd5

UndefCovD: Undefined covariant derivative Cd5

UndefTensor: Undefined symmetric metric tensor g5

Undef Metric[metricg]

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:

UndefTensor:

Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined

antisymmetric tensor epsilonmetricg
symmetric Christoffel tensor ChristoffelCD
symmetric Einstein tensor EinsteinCD
symmetric Ricci tensor RicciCD

Ricci scalar RicciScalarCD

Riemann tensor RiemannCD

symmetric TFRicci tensor TFRicciCD
vanishing torsion tensor TorsionCD

vanishing Weyl tensor WeylCD

UndefCovD: Undefined covariant derivative CD

UndefTensor: Undefined symmetric metric tensor metricg
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In| 625]: =

Undef Metri c[gamm]

In| 626]: =

Undef Mani f ol d[MB]

= UndefTensor:
= UndefTensor:
UndefTensor:

* %

* %

UndefTensor:
UndefTensor:

* %

UndefTensor:

* %

UndefTensor:

= UndefTensor:
= UndefTensor:

* %

* %

Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined

antisymmetric tensor epsilongamma
symmetric Christoffel tensor ChristoffelCdS
vanishing Einstein tensor EinsteinCdS
symmetric Ricci tensor RicciCdS

Ricci scalar RicciScalarCds

Riemann tensor RiemannCdS

vanishing TFRicci tensor TFRicciCdS
vanishing torsion tensor TorsionCdS

vanishing Weyl tensor WeylCdS

UndefCovD: Undefined covariant derivative CdS

UndefTensor: Undefined symmetric metric tensor gamma

x+ UndefVBundle: Undefined vbundle TangentM5

* %

7.7. Flat and Cartesian metrics

UndefManifold: Undefined manifold M5

A flat metric is one without curvature. We define its Christoffel and epsilon objects, and then zero curvature ten

We can define a flat metric using the optiatMetric

Inl 627]: =

Def Metric[-1, gflat [-a, -b], Cdflat, {"%, "8"}, FlatMetric - True]

* *
* *
* *
* *

* *

x+ DefTensor:
DefTensor:
DefTensor:
DefTensor:

DefTensor:

DefTensor: Defining

DefTensor: Defining symmetric metric tensor gflat [-a, -Db].

DefTensor: Defining antisymmetric tensor epsilongflat [a, b,c 7.

DefCovD: Defining covariant derivative Cdflat [-a].

DefTensor: Defining vanishing torsion tensor TorsionCdflat [a, -b, -c].

symmetric Christoffel tensor ChristoffelCdflat [a, -b, -c].

Defining vanishing Riemann tensor RiemannCdflat [-a, -b, -c, -d].
Defining vanishing Ricci tensor RicciCdflat [-a, -Db].
Defining vanishing Ricci scalar RicciScalarCdflat []-
Defining vanishing Einstein tensor EinsteinCdflat [-a, -b]
Defining vanishing Weyl tensor WeylCdflat [-a, -b, -c, -d].
Defining vanishing TFRicci tensor TFRicciCdflat [-a, -b].

DefTensor:
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In| 628]:=
Undef Metric[gflat]

x+ UndefTensor: Undefined antisymmetric tensor epsilongflat

x+ UndefTensor: Undefined symmetric Christoffel tensor ChristoffelCdflat
x+ UndefTensor: Undefined vanishing Einstein tensor EinsteinCdflat

«+ UndefTensor: Undefined vanishing Ricci tensor RicciCdflat

=+ UndefTensor: Undefined vanishing Ricci scalar RicciScalarCdflat

x+ UndefTensor: Undefined vanishing Riemann tensor RiemannCdflat
x+ UndefTensor: Undefined vanishing TFRicci tensor TFRicciCdflat

=+ UndefTensor: Undefined vanishing torsion tensor TorsionCdflat

«+ UndefTensor: Undefined vanishing Weyl tensor WeylCdflat

+»» UndefCovD: Undefined covariant derivative Cdflat

x+ UndefTensor: Undefined symmetric metric tensor gflat

A delicate issue is that of a Cartesian metric. The concept of a flat metric is covariantly defined and therefore
fits in the current structure offensor’ . However we say that a metric in a given basis of vectors is Cartesia
metric components in that basis are constant (not necessarily of unit modulus). For a flat metric coordinate
that kind always exist. We introduce the possibility of associ®iDgs the covariant derivative of a flat metric. T
means thaPDis the partial derivative of one of those coordinate systems with respect to that metric arhienua
general anymore. This is an ugly trick for a problem which is only properly solved in the twin paCkdge .

We redefine the flat metric. In this case not even the Christoffel symbol is defined. By definition it is zero.

o 6291|3éf_Metri c[-1, gflat[-a, -b], PD, {",", "8"}, FlatMetric -» True]

+xx DefTensor: Defining symmetric metric tensor gflat [-a, -b].

=+ DefTensor: Defining antisymmetric tensor epsilongflat [a,b,c ].
In| 630]: =

PD[-a] [gf | at [-b, -c]]

Qut | 630 =
0

In|631]:=
Undef Metric[gfl at ]

++ UndefTensor: Undefined antisymmetric tensor epsilongflat

++ UndefTensor: Undefined symmetric metric tensor gflat

7.8. Induced metrics

xTensor' has a simple way to define the induced metric obtained from projection of another metric along h
face—orthogonal vector fields, as it is typically done in the ADM 3+1 decomposition of the spacetime metric:

©2003-2004 José M. Martin-Garcia



128 XTensorDoc.n

We first define the global ambient metric:

In| 632]:=
Def Metric[-1, netricg[-a, -b], CD, {";", "V"}, PrintAs ->"g"];

+x+ DefTensor: Defining symmetric metric tensor metricg [-a, -Db].

+x+ DefTensor: Defining antisymmetric tensor epsilonmetricg [a, b, c 7.

x+ DefCovD: Defining covariant derivative CD [-a].

+x+ DefTensor: Defining vanishing torsion tensor TorsionCD [a, -b, -c].

++ DefTensor: Defining symmetric Christoffel tensor ChristoffelCD [a, -b, -c].
x+ DefTensor: Defining Riemann tensor RiemannCD [-a, -b, -c, -dJ.

++ DefTensor: Defining symmetric Ricci tensor RicciCD [-a, -b].

x+ DefCovD: Contractions of Riemann automatically replaced by Ricci.

x+ DefTensor: Defining Ricci scalar RicciScalarCD [].

x+ DefCovD: Contractions of Ricci automatically replaced by RicciScalar.

++ DefTensor: Defining symmetric Einstein tensor EinsteinCD [-a, -b].
++ DefTensor: Defining vanishing Weyl tensor WeylCD [-a, -b, -c, -d].
+x+ DefTensor: Defining symmetric TFRicci tensor TFRicciCD [-a, -Db].

Rules {1, 2 } have been declared as DownValues for TFRicciCD.
+xx DefCovD: Computing RiemannToWeylRules for dim 3
+xx DefCovD: Computing RicciToTFRicci for dim 3

+x+ DefCovD: Computing RicciToEinsteinRules for dim 3

Define the timelike normal to the slices. The usblakeRule andAutomaticRules  will be explained later.

In| 633]:=
Def Tensor [n[a], M3]

x+ DefTensor: Defining tensor n [al.

In| 634]:=
Aut omat i cRul es[n, MakeRul e[{n[a] n[-a], -1}1]

Rules {1} have been declared as UpValues for n.

In| 635]:=
Aut omati cRul es[n, MakeRul e[{metricg[-a, -b]l n[a]l n[b], -1}1]

Rules {1, 2 } have been declared as UpValues for n.

We choose the conventions as in Choptuik:

In| 636]: =
$Extrinsi cKSi gn = -1;
$Accel erationSign=-1;
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Now we can define the induced metric associated to the pair {ambient metric, orthogonal vector field}. Note that even thot
is another metric on the tangent bundle, an induced metric is not considered to be a frozen metric.

In| 638]: =

Def Metric[l, netrich[-a, -b], cd,

{"1", "D'}, I nducedFrom- {metricg, n}, PrintAs ->"h"]

DefMetric::old : There are already metrics
{metricg } in vbundle TangentM3. Defined metric is frozen.
++ DefTensor: Defining symmetric metric tensor metrich [-a, -Db].
+x+ DefTensor: Defining antisymmetric tensor epsilonmetrich [a, b 7.
x+ DefCovD: Defining covariant derivative cd [-a].
++ DefTensor: Defining vanishing torsion tensor Torsioncd [a, -b, -c].
++ DefTensor: Defining symmetric Christoffel tensor Christoffelcd [a, -b, -c].
x+ DefTensor: Defining Riemann tensor Riemanncd [-a, -b, -c, -dJ.
++ DefTensor: Defining symmetric Ricci tensor Riccicd [-a, -b].

x+ DefCovD: Contractions of Riemann automatically replaced by Ricci.
x+ DefTensor: Defining Ricci scalar RicciScalarcd 1.

x+ DefCovD: Contractions of Ricci automatically replaced by RicciScalar.

+x DefTensor: Defining symmetric Einstein tensor Einsteincd [-a, -b].
+x+ DefTensor: Defining vanishing Weyl tensor Weylcd [-a, -b, -c, -d].
+x+ DefTensor: Defining symmetric TFRicci tensor TFRiccicd [-a, -Db].

Rules {1, 2 } have been declared as DownValues for TFRiccicd.
+xx DefCovD: Computing RiemannToWeylRules for dim 3
+xx DefCovD: Computing RicciToTFRicci for dim 3
x+ DefCovD: Computing RicciToEinsteinRules for dim 3

+x+ DefTensor: Defining extrinsic curvature tensor

ExtrinsicKmetrich [a, b ]. Associated to vector n

+x+ DefTensor: Defining acceleration vector

Accelerationn [a]. Associated to vector n

x+ DeflnertHead: Defining projector inert -head Projectormetrich.

For a hypersurface orthogonal vector we can express the acceleration vector in terms of a lapse function:

In| 639]:=
Def Tensor [l apse[], M3, PrintAs ->"a"]

++ DefTensor: Defining tensor lapse [].

I n| 640] : =
LapseRul e = Accel erationn[a_] » cd[a] [l apse[]] /| apse[]

Qut | 640] =
An o

D2 a
04
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We define a generic vector field and a spatial vector field:
In| 641 : =
Def Tensor [V[-a], M3]
x+ DefTensor: Defining tensor V [-a].

In| 642]:=
Def Tensor [W-a], M3, Orthogonal To - {n[a]}, ProjectedWth - {netrich[a, -b]}]

+x+ DefTensor: Defining tensor W [-a].

The first operation we need is the decomposition of any expression along the normal vector. This is given by
mandInducedDecomposition , Which requires as second argument the pair {projector, normal}. The decor
tion process does not change the input; it simply rewrites it in a different way:

Any expression can be decomposed in projected and orthogonal parts with respect to the vector field. Note the special ou
headProjectormetrich

In| 643]: =
I nducedDeconposi ti on[W-a], {netrich, n}]

Qut | 643] =
W
In| 644] : =

I nducedDeconposi tion[V[-a], {netrich, n}]

Qut | 644| =
E’[Va] - N, Scalar [n? V]

In| 645]: =
I nducedDeconposi tion[7 V[-a] V[-b] + W-a] W-b], {netrich, n}]

Qut| 645| =
7 E’[Va]fna Scalar {nava]) (I;’[Vb]fnb Scalar [n? V.1 +W W

In| 646] : =
I nducedDeconposi ti on[R emannCD[-a, -b, -c, -d], {netrich, n}]

Qut | 646] =

E[R[vJabcd ] -ny E[ne R[v]abce] -N¢ E[ne R[v}abed} +

Ne Ng E[ne N R[V]ge ] - Ny E[ne RIV] gecd ] * Nb Na E[”e N R[V]ey 1+

Ny N RIV]qera ] = Mo Ne Mg PIN® N 1% RV] oy ] =Na PIN® R[V]gpeq ] +

R[V]gper ] + Na Ne f[ne N R[V]gyq ] ~Na Ne Ng E[ne nf n% R[V] ]+

P

h

N, Ng E’[ne n ebfg
Na Ny P R[V]geq ] ~ Na Np Ng E[ne nf no R[V]eteq 1 -

e f a b he Kd
N, Ny N E’[n n' n9Y R[v}efgd]Jrna Ny N Ng Scalar [N® n® n® n® R[V] 4]
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In| 647]: =
ToCanoni cal [%

Qut| 647] =

PIR[V] apeq ] ~ Nd E’[ne R[V]

abce ] abde ] -

F +Ng E[ne R[V]

aecd ]+

] +0p g PIN® N RIV] oy

] -ny ng E’[ne n" RIV] goqr

P
Na PIN® R[V]peeq ] ~Na Mg PIN® N R[V]pey ]+ N PN 0’ RIV] ey ]

Projection along the normal vector is automatic:

In| 648|: =
n[d] %// Expand

Qut | 648| =

ﬁ[nd RIV] aheg ] ~ Nb f[“d N® R[V]a4ce ] + Na ﬁ[nd n® R[V]pgee ]
In| 649] : =

nicl %// Expand

Qut | 649] =
0
In| 650] : =

n[b] %%/ / Expand

Qut | 650| =
PIN® n% RIV] g ]

The headProjectormetrich is the formal projector, but we now need a command which actually perforr
projection. This is done witfProjectWith[metrich] . Do not confuse them. They have been constructed
matched pair, and it is very useful to go from the former to the latter.

As long as we need to work only with the projected paRiofiCD , we can use this object:

In| 651]: =
Projectornetrich[Ri cci CD[-a, -b]]

Qut| 651] =

PIR[] ]

However, if we need to perform the projection, we can do this:

In|652]: =
%/. Projectornetrich- ProjectWth[metrich]

Qut | 652| =
ha® hp? R[V] 4

©2003-2004 José M. Martin-Garcia



132 XTensorDoc.n

Finally, we can expand the projectors as

In| 653]: =
%// Proj ectorToMetric

Qut | 653 =
(8a° +Na N®) (5p% + Ny nY) RIV]

In| 654 =
%// Expand

Qut | 654| =

R[V] +Np NC R[V] .. +Ng N® R[V], +Na Ny N N R[V] 4

ac

The projection process can be easily undone uathgcedDecomposition

I n| 655 : =
I nducedDeconposition[% {netrich, n}] // ToCanoni cal
Qut | 655] =
PIR[V]ap ]
InducedDecomposition Decompose an expression along the normal vector
Projector Formal projector head
ProjectWith Actual projection operator, using the projected metric
ProjectorToMetric Convert projected metric into sum of metric and projector onto the normal
MetricToProjector Convert metric into sum of projected metric and projector onto the normal

Projection operators.

The second issue is the manipulation of derivatives. The projected metric has its own Levi—Civita connection,
proper covariant derivative only when acting on objects on the projected manifold. The relation between the or
the new covariant derivatives is given by a kind of "Christoffel" encoded in two objects: the extrinsic clExainre
sicK tensor and thAcceleration vector:

This is the derivative of the normal (note the sign convention):

I'n| 656 : =
CD[-a] [n[b]]

Qut | 656] =
v, nP

In| 657]: =
%// GradNor mal ToExtri nsi cK

Qut| 657] =
~Kh,? - An° n,
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It is useful to remove derivatives in favour of these two tensors whenever possible. For example for "spatial” vectors:

In| 658]: =
n[-a] CD[-b] [WMa]]

Qut ] 658] =
Na (vb W)
I n| 659]: =

%// GradNor mal ToExtri nsicK// Contract Metric

Qut | 659 =
Khba V\é + Ana nb V\A

The opposite command also exists:

In| 660]: =
ExtrinsicKnetrich[-a, -b]

Qut | 660] =
Khyp
In| 661]: =

%// Extrinsi cKToGradNornmal // ContractMetric

Qut | 661 =
-Any Ny -V, Ny

Let us now project the derivative on a "spatial" vector:

In| 662]: =
CD[-c] [W-b]]

Qut| 662] =
Ve W

In| 663 : =
%// ProjectWth[netrich]

Qut | 663] =
hp? he? (Vg W)
In| 664]: =

%// Proj ectorToMetric

Qut | 664] =
(6p* +n?np) (5% +ne n?) (vg W)

In| 665] : =
%// Expand

Qut | 665] =

nanc (Va W) +nanb (Ve W) +ch\g+na Np Ne nd (Va W)
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I n| 666]: =
%// GradNor mal ToExtri nsi cK

Qut | 666] =

-np (-Kh2 —An® ng) W -ny ne (-Khg® —An ng) nd W +n® n, (Va W) + v W,
In 667|: =

%// Sinplification

Qut| 667] =
Khea np W +n2 ng (Va W) + v, W

A different way to do it is this:
In| 668]: =
cd[-c] [W-b]]
Qut | 668 =

D W

In| 669 : =
Proj ectDerivative[%

Qut | 669] =
E’[Vc W1
In| 670]: =
%/. Projectornetrich-ProjectWth[nmetrich]

Qut | 670] =
hp? he? (Vg W)

ExtrinsickK Extrinsic curvature tensor

Acceleration Acceleration vector

GradNormalToExtrinsick Convert from derivatives of the normal to the extrinsic curvature tensor
ExtrinsicKToGradNorma | Convert form the extrinsic curvature tensor to derivatives of the normal
ProjectDerivative Convert derivatives on the projected vbundle into projected derivatives

Induced derivatives.

A very important detail is that of the Leibnitz rule for induced derivatives. It is not valid on expressions no
projected vbundle!

The vectoWlives on the projected vbundle and therefore the Leibnitz rule is valid:

In671]:=
cd[-a] [Wb] Wc]]
Qut|671] =

W (D, W) +W (D, W)
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If there are free non—spatial indices we throw an error message:

In|672]:=
Catchecd[-a][V[b] V[c]]

Validate::error : Induced derivative acting on non -projected expression.

With dummy indices we can expand both spatial indices and non-spatial indices:

In673]:=
cd[-a] [Wa] Wb]]
Qut| 673] =

w (D, W) +W (D, W)

Inl674]:=
cd[-a] [V[b] V[-b]]

Qut| 6/4] =
PIVP] [Dy PIVy 1) +P[Ve] [Da PV -
Scalar [n, V] (D, Scalar [n? V,]) - Scalar [n? V,] (D, Scalar [n, V*])

In other cases, we prefer to show a warning and live the expression untouched:

In|675]:=
Catchecd[-a] [V[a] V[b]]

Validate::error : Induced derivative acting on non -projected expression.

The most important application of this in GR is the ADM-type decomposition of a spacetime. In the rest of thi
we reproduce some equations from the well-organized notes on ADM by M. Choptuik.

1) Foliations and normals. We use his same notations for the normal vector and the acceleration vector:

In| 676]: =
n[a] CD[-a]l[n[b]] // GradNor mal ToExtri nsi cK// Expand

Qut| 676] =
AnP

2) The projection tensor and the spatial metric. We do not follow the sign switch of York. The orthogonal projector is our p
Projectormetrich / ProjectWith[metrich] as explained above.
3) The spatial derivative operator and curvature tensor.

Inf6//]:=
cd[-a][metrich[-b, -Cc]]

Qut] 677| =
0
In 678 :=

(cd[-alecd[-b][#] -cd[-b]lecd[-a] [#]) &eW -C]

Qut] 678 =

D, D, W -0, Da W
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Inl 679 : =
%/ / Sort CovDs // ToCanoni cal

Qut]| 679 =
R[DJ abcd W
I n| 680]: =

Ri emanncd[-a, -b, -c, d] {n[a], n[b], n[c], n[-d]}
Qut | 680 =

{0,0,0,0
In|681]:=

R emanncd[-a, -c, -b, c]

Qut | 681 =
R[D} ab

The contraction of Ricci into RicciScalar does not work:

In| 682]:=
{Riccicd[-a, a], metrich[a, b] Riccicd[-a, -b], metricg[a, b] Riccicd[-a, -b]}

Qut| 682 =
{R[D], R [D], g2 R[D],, }

4) The extrinsic curvature tensor

In| 683 : =
CD[-a][n[-b]] 7/ GradNor mal ToExtrinsi cK// Contract Metric

Qut | 683] =
-Khg, - Any ng

In| 684]: =
Antisynmetrize[ProjectWth[nmetrich][%, {-a, -b}] 7/ ContractMetric // ToCanoni cal

Qut | 684] =
0
In| 685]: =

ProjectWth[metrich][-1/2LieD[n[c], CD][netricg[-a, -b]l] //
G adNor mal ToExt ri nsi cK] // Contract Metric // ToCanoni cal

Qut | 685] =
Khap
In| 686]: =

-1/2LieD[n[c], CD][metrich[-a, -b]] // ProjectorToMetric // G adNormal ToExtrinsicK//
ContractMetric // ToCanoni cal

Qut| 686| =
Khyy
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5) The Gauss—Codazzi equations. Single derivative:

In687]: =
Undef Tensor [v]

=% UndefTensor: Undefined tensor v

In| 688]:=
Def Tensor [v[a], M3, Orthogonal To-» {n[-a]}, ProjectedWth - {nmetrich[-a, b]}]

x+ DefTensor: Defining tensor v [aj.

In| 689 : =
CD[-c1[VI[-b]1]

Qut] 689] =
Ve Vp
1 n| 690] : =

%// ProjectWth[netrich]

Qut | 690] =
hp? he? (V4 Va)
In| 691]: =
%// Proj ector ToMetric
Qut | 691 =
(652 +nnp) (5% +ng n®) (Vg va)
In| 692]: =
%// Expand
Qut | 692 =
N3 ng (VaVp) +N% Ny (Ve Va) + Ve Vp + N2 Ny ne N9 (V4 vy)
In] 693] : =
%/ / GradNor nmal ToExtri nsi cK

Qut | 693] =
-np (-Kh? —An® n.) vy -ny ne (-Khg® —An? ng) n% v, +n® ng (v, Vp) + V¢ Vp

In 694]: =
%// Sinmplification

Qut| 694| =
Khea Np V& + N2 ng (Va Vp) + Ve Vp

We compare with expression (47) of Choptuik’s notes:

In 695]: =

=%+ CD[-Cc] [V[-b]] -n[-b] v[-f] CD[-c][n[f]] +

n[-c]n[e] CD[-e][v[-b]] -n[-c]n[-b]Vv[-f] Accel erationnif]
Qut | 695] =

~Kheg N V& —ANf ng ng vi —n2ng (V4 Vp) —Np Vi (Ve NP ) + N N® (Ve V)
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In| 696] : =
%// GradNor mal ToExtri nsi cK

Qut | 696] =
~Khea Ny v& —Anf ny ng vy - np (-Kh,' —Anf ng) vy —n®ng (V4 vy) +Ng NG (Vg V)

In| 697 : =
%// Sinplification

Qut| 697] =
0

Second derivatives. We correct Choptuik’s equations (49) and (50), which are missing one term:

In| 698]: =
ProjectWth[metrich] [CD[-d] [CD[-c][V[-b]]]] -cd[-d][cd[-c][Vv[-b]]1]

Qut | 698 =
- (Dyg D, Vp) +hp? he® hy' (74 Ve vy)

In| 699 : =
%// ProjectDerivative // ProjectDerivative

Qut | 699| =
‘E[vd E[Vc Vp ” + hba hce hdf (Vs Ve Va)

In| 700] : =
%/. Projectornetrich-ProjectWth[nmetrich]

Qut| /00| =
~hpf he® he? (Ve Vo) (g he®) —hp? hef hed (Ve va) (74 he®)

In| 701]: =
%/ / Proj ector ToMetric // Expand

Qut| 701| =
-N® (Ve Va) (Vg Np) =N (Va4 V) (Vg Ng) -Nn%ng n® (v, V) (Vg Ne) -
nd Ny n® (Vc Va) (Vd ne) -n? Ny n® (Vc Va) (Ve nb) -n? Ny n® (vavb> (Ve nc) -
na nc ne (vd nb) (veva> *na r]b ne (vd nc> (veva> 72na r]b nc ne nf (vd nf) (ve Va) -
n? N¢ Ng n® nf (ve Va) (vf nb) -n? Ny Ng n® nf <ve Va) (vf nc) -n? N¢ Ng n® nf (vavb> (vf ne) -
N2 np ng N®n" (Vo Vva) (Y Ne) -2n2 Ny ngngn®nf nd (v v,) (Vg Nng)

In 702]: =
%// GradNor nal ToExtri nsi cK// Expand

Qut] 702| =
the Khda gab Ve - Ane Khda gac nb Ve + the Khda gaf nb nf Ve -
An® Khda Jar Np Nc nf Ve + Khda Gac n® (ve Vb) + Khdal Jar Nc n® nf <ve Vb)

Inl 703| : =
%// ContractMetric

Qut| 703| =
tha Khdb Va - Ana Khdc nb Va + Khdc na (Va Vb>
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In| 704]: =
%// Sinplification

Qut| 704| =
-An? Khey np v, + Khpg Khey v + Kheg n? (v, vy)

First Gauss—Codazzi equation:

In| 705] : =
exprl =Projectornetrich[CD[-d] [CD[-c][v[-b]]] -CD[-c][CD[-d][Vv[-b]]11]]

Qut|] 705] =
*E[Vc Vg Vp] + E[Vd Ve Vp ]

In| 706] : =
expr1A=-exprl // Sort CovDs

Qut| 706] =

In| 707]: =
exprl /. Projectormetrich-»ProjectWth[netrich] // ProjectorToMetric // Expand

Qut| 707] =
n? Ng (Va Ve Vp) -n? Ne (Va Vg Vp) -n? Ne Ng n® (Va Ve Vp) -n? Ng (V¢ Va Vp) -
NNy (Ve Vg Va) = Ve Vg Vp —NZ Ny NG N® (Vg Vg Vo) +N% N (Vg Vo V) +N3 Ny (Vg Ve Vg) +
Vg Ve Vp + N2 Ny Ne N (Vg Ve Va) + N2 Ng Ng N® (Vg Vo V) + N2 Ny Ng N€ (Ve Ve Vy) -
N2 Ny Ng N® (Vg Vg Va) -N3 N Ne Ng Ne nf (Vg v v,) +n2ny ng ng n nf (v v vy)

In| 708] : =
expr 1B = %// GradNor mal ToExtrinsi cK// Sinplification

Qut| 708] =

n? Ng (Va Ve Vp) -nd Ne (Va Vg Vp) -nd Ng (Ve Va Vp) - Ve Vg Vb+na Ne (Vg Va Vp) + Vg Ve Vp +

n? N (- (Ve Vg Va) + Vg Ve Va +Ng n® (Vg Ve Vq) + Ny n® (= (Ve Ve Va) +Ve Vo Vq) - N¢ n® (Ve Vg Va))
I'n 709 : =

expr2 =cd[-d] [cd[-c][v[-b]]] -cd[-c][cd[-d][v[-b]]]

Qut| 709] =
~ (D Dy Vp) + Dy D¢ vy

In| 710]: =
expr2A =expr2 // Sort CovDs

Qut| 710] =
R[Dl dcba Va

In| 711]: =
expr2 // ProjectDerivative //ProjectDerivative

Qut] 711] =
—E[Vc E[Vd Vpl] + E[Vd 'hD[Vc Vp 1]
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In| 712|: =
%/. Projectornetrich-ProjectWth[nmetrich] // ProjectorToMetric // Expand

Qut| 712| =
N% Ny (Va Ve Vp) —N¥ Ng (Vo Vg V) —N% (Va V) (Ve Ng) -N¥ Ng n® (v V) (Ve Ne) -
na r]d (vc vaVb> *na nb (VC vd Va> *vc vd Vb*na nb nd ne (vc ve Va> +na (vc Va) (vd nb) +
N (Va Vp) (Vg Ng) +N%Nng n® (Vg V) (Vg Ne) +N% Ny n® (Vo Vg) (Vg Ng) -N? (Ve Ny) (Vg Vg) -

N ny N (V. Ng) (V4 Va )+na Ne (Vg Va Vp) +N% Ny (Vg Ve Va) + Vg Ve Vp + N2 Ny N N (Vg Ve Vg) +
n? Ng n® (vc Va) (ve nb) -n? N¢ n® (vd Va) (ve nb) +n? Ny n® (vavb> (ve nc) -

N Ne N® (Va4 Vp) (Ve Ng) -N?Ng NgN®N' (Y, V) (Ve Ng) -N3Nngn® (Ve Ny) (Ve Vy) -

n? Ny n® (Vc nd) (Ve Va) 2n? Ny Ny n® nf (vc nf) (ve a) +n? Ne n® (Vd nb) (ve Va) +

N Ny N® (Vg Ne) (Ve Va) +2N% Ny Ng n® N’ (Vg Ne) (Ve Va) + N N NG NG (Ve Ve Vg) -

N2 Ny Ng N® (Vg Vg Vo) + N2 Ny Ng N nf (Vo vy) (v ng) —n?ng ng n® nf (Vo vy) (V Ng) +

N ng Ng N®n' (Y, vy) (V4 Ng) +N? Ny ng n® N’ (Vo vy) (Y Ng) -n%nyng n®nf (Vg vy) (% ne) -

N ny e Ng N n' N9 (Ve vy) (v Ng) +n@nyneg ng n®nf nd (v vy) (Vg ny)

Inl 713| : =
%// GradNor mal ToExtri nsi cK// Contract Metric

Qut| 713| =
Kth Khda Va - tha Khdb Va - Ana thd nb Va + Ana Khdc nb Va + thd na (Va Vb) -
Khdc n? (Va Vp) +n? Ng (Va Ve Vp) -n? Ne (Va V4 Vp) -n? Ng (Ve VaVp) -
NNy (Ve Vg Va) = Ve Vg Vb ~N% Np Ng N® (Ve Ve Va) +N? N (Vg Va Vp) +N% Ny (Vg Vo Va) +
Vg Ve Vp + N2 Ny N N (Vg Ve Va) +N% Ny Ng N® (Ve Vo Va) —NZ Ny N N® (Ve Vg Vy)

In| 714]: =
expr2B=%// Sinplification

Qt| 714] =
~Khpg Kheg v + Khpe Khyga V2 +n2 ng (Va Ve Vp) -N2 Ng (Va Vg Vp) -N%Ng (Ve Va Vp) —
N% Ny (Ve Vg Va) = Ve Vg Vb —~N% Ny Ng N® (Ve Ve Vg) +N% N (Vg Vg V) +N% Ny (Vg Ve Va) +
Vg Ve Vp + N2 N Ne N® (Vg Ve Vg ) + N3 Ny Ng N® (Ve Ve V) - N3Ny N N® (Ve Vg Va)

In|715]: =
(expr 1A-expri1B) - (expr2A-expr2B) // Sinplification

Qut] 715| =
—E[R[v]bacd Va] + (_Khbd tha + Kth Khda + R[DJ bacd ) Va

In| 716/ :
IndexSet [CCRi emannl[-a_, -b_, -c_, -d_1,
Simplification[(%/. V[_] > 1 // ScreenbDol | arl ndi ces)]]

Qut| 716| =
Khayg Khye - Khye Khyg + E[R[v]abcd ] - R[D] abed

If we decompose the Riemann tensor along the vector n

In|717]: =
i nducedRi enann[-a_, -b_, -c_, -d_] =
| nducedDeconposi ti on[Ri emannCD[-a, -b, -c, -d], {metrich, n}] // ToCanoni cal

Qut| 717] =

E[R[vlabcd ] -Nng E[ne R[V] + N E[ne RIV] apge | —

abce ]

aedf ]+

aecd aecf ]

Ny Ir?[ne R[V] ] + Ny Ng I;[ne nf R[V] - Ny N I;’[ne nf R[V]

Na PIN® R[V]pgeq] ~Na Mg PIN® N R[V]pey ] +na N PN n' RIV] ey ]
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then we can express it as

Inf 718]: =
i nducedRi emann[-a_, -b_, -c_, -d_] =

i nducedRi emann[-a, -b, -c, -d] T&CR emannl[-a, -b, -c, -d] // ToCanoni cal
Qut| 718] =

-Khyg Khye + Khye Khyg - ng E[ne RIV] jpee 1 + Ne Ir?[ne RIV]pge ] -

Ny E[ne R[V] 4ecd ] *+ Nb Ng IhD[ne N R[V] e 1 - Np Ne E[ne n" RIV] ey ]+

Na PIN® R[V]peeg ] ~NaNg PIN® N R[V]pey ] +nane PIN® n' R[V]peq ]+ RID] g

Second Gauss—Codazzi equation:
In 719 : =
exprl =Projectornmetrich[CD[-d] [CD[-c][n[-b]]] -CD[-c][CD[-d][n[-b]]11]]

Qut] 719] =
-E[Vc Vg NpJ + E[Vd Ve Np ]

In| 720]: =
expr1A=-exprl // Sort CovDs

Qut| 720] =

Inl /21 =

exprl /. Projectornetrich- ProjectWth[rmetrich] // ProjectorToMetric // Expand
Qut] 721 =

n? Ny (vavc nb) -n? Nc <vavd nb) -n? Ne Ny n® (vave nb) -n? Ny (vc Va nb) -

NNy (Ve Vg Na) = Ve Vg Np = N% Ny Ng N® (Ve Ve Ng) +N% N (Vg Va Np) +N% Ny (Vg Ve Ny) +

Vg Ve Np + N2 Ny Ne N® (Vg Ve Ng) +N%ng ng N® (Vg Vg Np) +N2 Ny ng N® (Ve Ve Ny) -

N2 Ny Ng N® (Vg Vg Ny) -N® Ny N Ng N® nf (Ve v ng) +n2ng ng ng n®nt (v v ny)
In|722]: =

expr 1B =%// G adNor mal ToExtrinsi cK// ContractMetric // G adNor mal ToExtri nsicK//
Sinplification

Qut| 722| =
Khba (‘Khda nc + tha nd) - na nd (Va Khbc) + na nc (Va Khbd) + Vc Khbd - Vd Khbc
In| /23] :=
expr2A=cd[-c] [ExtrinsicKnetrich[-b, -d]] -cd[-d][ExtrinsicKnetrich[-b, -c]]

Qut] 723| =
D. Khpg - Dy Khye

In| 724]: =
expr2A // ProjectDerivative

Qut| 724| =
P[Ve Khyg 1 - Py Khy ]
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In|725|: =
%/. Projectornetrich-ProjectWth[nmetrich] // ProjectorToMetric // Expand

Qut| 725 =
-n? ng (va Khye) +n? ne (v Khyg) +n2 ne ng n® (v, Khpe ) +n2 Ny (Ve Khyg) +
n2 ny ng n® (ve Khye) +n? ng (Ve Khyy ) + Ve Khyg —n2 np (Vg Khee ) =n2 np ne n® (Vg Khye ) -
n? n. (Vg Khya) - vg Khge = n? ny ng n® (ve Khye) +n2 np ne n® (Ve Khyg) +
ndny ne Ng N® nf (Ve Khy ) -n® ne ng n® (v Khyy) —n2 ny ng ng n® nt (v Khye )

In| 726] : =
expr 2B = %// G adNor mal ToExtrinsi cK// ContractMetric // Sinplification

Qut| r26] =
Khba (*Khda nC + tha nd> - na nd <Va Khbc) + na nC (Va Khbd) + VC Khbd - Vd Khbc

In| 727]: =
I ndexSet [GCRi emann2[-b_, -c_, -d_],
(expr 1A -expr1B) - (expr2A-expr2B) // Sinplification]

Qut| 727| =
—E[na R[v]bacd ] - DC Khbd + Dd Khbc

We can further decompose the Riemann tensor now:

In| 728]:=
i nducedRi enann[-a_, -b_, -c_, -d_] =
i nducedRi emann[-a, -b, -c, -d] -n[-d] GCRi emann2[-c, -a, -b] +
n[-c] GCCRi emann2[-d, -a, -b] -n[-b] GCRi emann2[-a, -c, -d] +
n[-a] GCRi enann2[-b, -c, -d] // ToCanoni cal
Qut| /28] =

~Khag Khpe + Khge Khpg +np ng P[0 N" RIV] 4ot 1 - Np Ne P[n® N RIV] ey ] -
Na Ng PN n' R[V]pey ] +Na N PIN® N R[V] ey ] + RID]gpeq + Ny (Da Khpe ) ~ g (Dy Khpg ) -

Ng (D Khae) +Ne (Dy Khag) + Ny (D Khag) = Ng (D Khyg) =Ny (Dy Khye ) +ng (Dy Khye )

"Third Gauss—Codazzi equation":

In| 729]:=
exprl =Projectornetrich[n[d] (CD[-d][CD[-c][n[-b]]] -CD[-c][CD[-d][n[-b]111)]

Qut| 729 =
Pn? (= (Ve Va Np) +74 Ve Np) ]
In| 730]: =

expr1A=-exprl // Sort CovDs

Qut| /30| =
P(na n? R[V]ge" ]

In| 731]: =
exprl /. Projectornetrich-ProjectWth[netrich] // ProjectorToMetric // Expand

Qut| 731] =
-n?n,nd (v, vgng) -n?ngnd (ve vy ny) -nd (v, vgnp) +n?ng nd (vy v, np) o+
ndny n% (vg ve ng) +n% (Vg Ve ny) +n2ngn. ndn® (vy v ny) -n2ny ng n9n® (v, vy ny)
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In| 732]:=
expr 1B = %// G adNor mal ToExtrinsi cK// ContractMetric // G adNor mal ToExtri nsicK//
Sinplification
Qut| 732| =
*Anb Anc + Khbd thd +And Khbd nc - VC Anb - nc nd (Vd Anb) - nd (Vd Khbc)

In| 733]: =
expr2A = -cd[-c][Accel erationn[-b]] -
Projectornmetrich[n[d] CD[-d] [ExtrinsicKnmetrich[-b, -c]]]
Qut| 733| =
-Pn? (Vg Khye ) ] - Dc Ang

In| 734]: =
expr2A // ProjectDerivative

Qut| 734 =
~PVe Any] - P[n? (Vg Khyg ) ]

In|735]: =
%/. Projectornetrich-ProjectWth[metrich] // ProjectorToMetric // Expand

Qut| 735] =
-n?n, (v, Ang) -n? np (v, Ang) - V¢ Any -n2 ny n, Y (v4 Any) -
n? n, n% (vg Khye) —n2 ny ng n n® (vq Khye ) -n2 ng n? (vq Khyy ) - n9 (v4 Khye )

In| 736]: =
expr 2B = %// G adNor mal ToExtrinsi cK// ContractMetric // Sinplification

Qut | 736] =
And Khyg ng - v Anp —ng n% (v4 Ang) - n9 (v4 Khye )

Now we have (note that this pair of equations is equivalent to (105) of Choptuik):

In|(37]:=
I ndexSet [GCRi emann3[-b_, -c_], (expr1lA-exprlB) - (expr2A-expr2B) // Sinplification]

Qut] 737] =
An, An; - Kh,9 Khyy - P[n? n% RIV]pgea ) + IhD[nd (Vg Khye ) ] + Dg Any

In| 738]: =
ProjectWth[metrich][LieD[n[a], CD] [ExtrinsicKnmetrich[-b, -c]] -
n[a] CD[-a] [ExtrinsicKnetrich[-b, -c]] //
GradNor mal ToExtrinsicK] // Sinplification// ContractMetric

Qut| /38] =
~2 Kh,? Khe,
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Finally we can combine the three Gauss—Codazzi equations into a single expression:
In| 739 : =
i nducedRi emann[-a_, -b_, -c_, -d_] =

i nducedRi emann[-a, -b, -c, -d] +n[-b] n[-d] GCRi emann3[-a, -c] -
n[-b] n[-c] GCRi emann3[-a, -d] -n[-a] n[-d] CCR emann3[-b, -c] +
n[-a] n[-c] GCRi emann3[-b, -d] // ToCanoni cal

Qut| 739| =
‘Khad Khbc + Khac Khbd +Anb And na nc - Khbe Khde na nc - Ana And nb nc + Khae Khde nb nc -
An, An, n, ng + Khy® Khee Ny ng + Ang Ang ny ng - Kh,® Khee Ny ng +np Ny I;’[ne (Ve Khye )1 -
ny N¢ E[ne (Ve Khad )1 - Na Ny L)[ne (Ve Khbc )] +Ng Ne L)[ne (Ve Khbd” + R[D]abcd +

Ng (Dy Khye) —=ng (D, Khpg) -ng (D, Khye ) +ng (D, Khyg) +np ng (D, Any) -ng ng (D, Any) +
Ny (D Khad) -ng (D Khbd> -Np Ne (Bg Ang) +ng ne (Dy Any) - ny (Dy Khac) +Ny (Dy Khbc)

In| 740]: =
GausCodazzi R emannRul e =
I ndexRul e[Ri emannCD[-a, -b, -c, -d], i nducedR emann[-a, -b, -c, -d]]
Qut| 740] =
HoldPattern  [R[V] 4 ] > Module [ (e},
‘Khad Kth + Khac Khbd + Anb And na nc - Khbe Khde na nc - Ana And nb nc + Khae Khde nb nc -
Any An, n, ng + Khy® Khee ng ng + Ang Ang ny ng - Kh,® Khee ny ng + Ny ny E[ne (Ve Khye )] -
Np Ne E[ne (Ve Khyg) 1 =Ny ng E[ne (Ve Khye ) 1+ 15 N E[ne (Ve Khyg) 1 + R[D] jpeq +
Ng (D Khye) - ng (D, Khpg) -ng (D, Khye ) +ne (D, Khyg) +np ng (D, Ang) -ng ng (D, Any) +
Np (Dg Khag) - N (D; Khyg) —np ne (Dy Ang) +ng ne (Dy Any) - Ny (Dy Khye ) +n, (Dy Khbc)}

Most of the nontrivial computations in this area can now be easily performed using the Gauss—Codazzi for
example, let us compute the projections of the Ricci tensor and the Ricci scalar:

Decompose:
In| 741]: =
i nducedRi cci [-a_, -b_] =
| nducedDeconposition[Ri cci CD[-a, -b], {netrich, n}] // NoScal ar
Qut| 741| =

PIR[V] 4] — N P[N° RIV]y ] =Ng PIN® R[V]g ] +ng Ny n° 0¥ RIV]

First formula:
In| 742| : =
Zero =

Ri cci CD[-a, -b] -inducedRi emann[-a, -c, -b, -d] metricg[c, d] // ContractMetric //
NoScal ar

Qut] 742| =
An, An, - Kh,® Khy, + Kh,® Khy, - Khy, Kh,® - An, An® n, ng, +
Kh,d Kh®y ny ny + PN (Vg Khap) ] - RID] 4 + R[V]g + Ny (Da Ke®) + Dy Ang +
Na (Dp Kh®) —ny (D, Khy®) = ng ny (Dy An®) —ng (Dy Khp?) —h n, np n® (v Kheg )
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In| 743]: =
zeroA=ProjectWth[netrich][% // ContractMetric // ToCanoni cal

Qut| 743| =
An, An, - Kh,, Kh®, + P[n® (v Kha)] - R[D] g + hy° hp? R[V] 4 + Dy AN,

In| 744 : =
zeroB=Projectornetrich[Ri cci CD[-a, -b]] -ProjectWth[netrich][Ri cci CD[-a, -b]]

Qut | 744| =
PIR[V]a ] - ha® hp R[] g
In| 745]: =

I ndexSet [GCRi cci 1[-a_, -b_], zeroA+zeroB // ToCanoni cal ]

Qut| 745] =
An, An, - Khy, Kh® + IhD[R[v]ab} + ﬁ[nc (Ve Khgy ) 1 - R[D],, + Dy An,

In| 746]: =
i nducedRi cci [-a_, -b_] =inducedRi cci [-a, -b] -GCRicci 1l[-a, -b] // ToCanoni cal

Qut| 746] =

-An, An, + Khy, Kh®, - ny E[nC R[V]..] -Nn, E[nC RiV]] -

ac

E[nc (Ve Khgp) 1 +R[D], +Na Ny N€ N4 R[V] 4 - Dy An,

Second formula:

In| r47]:=
zero = (Ricci CD[-a, -c] -inducedRi enmann[-a, -b, -c, -d] metricg[b, d]) n[c] //
ContractMetric // NoScal ar
Qut| 747| =
Any An® ng - Khp,® Kh®. ng +n® R[V],, - Dy Khy® + D, Khy® +n, (Dy An?) + h®® n, nd (v4 Khye )

In| 748]: =
zeroA=ProjectWth[metrich][% // MetricToProjector // ToCanoni cal

Qut| /48] =
h,¢ n® R[V],. - D, Kh®, + D, Kh,?

In| 749 : =
zeroB =
Projectornmetrich[Ri cci CD[-a, -b] n[b]] -ProjectWth[metrich][R cci CD[-a, -b] n[b]]
Qut| 749 =
E[nb R[V] 1 -ha® nP RV,
In| 750] : =
I ndexSet [GCRi cci 2[-a_], zeroA+zeroB // ToCanoni cal ]

Qut| 750] =

E[nb R[V],, ] - Da Kh?, + D, Kh,?
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In| 751|: =
i nducedRi cci [-a_, -b_] =
i nducedRi cci [-a, -b] +GCRicci 2[-a] n[-b] + GCRi cci 2[-b] n[-a] // ToCanoni cal

Qut| 751| =
-An, An, + Kh,, Kh®, - P[n® (V¢ Khgy ) ] + R[D] 4 +Na N N° n R[V] 4 -

N, (Da thc) =Dy Ang -ny (B thc) +ny (D Khac> +Ny (D Khbc>

Third formula:

In| 752]: =
zero =
(Ri cci CD[-a, -c] -inducedRi emann[-a, -b, -c, -d] metricg[b, d]) n[a]l n[c] // Expand //
Repl aceDummi es
Qut| /52| =

-An, An, g® +Kh,® Kh,, g® - h?® P[n® (Vg Khyy)] +n? n® R[v],, -h® (D, An,)
In| 753]: =
i nducedRi cci [-a_, -b_] =inducedRi cci [-a, -b] -n[-a]l n[-b] zero // Expand // SamreDum es

Qut| /53] =
-An, An, + Khy, Kh®, + An; Ang g n, n, - Kh.® Khye g% n, ny -
P[n® (V¢ Khgy )] +h® ngnp Pn® (Ve Khgg) ] + RID],, —np (Dy KhC) -

D, An, -n, (D, Kh®.) +ny (D, Khy®) +n, (D, Khy®) +h% n, ny (Dy Ang)

Finally, the Ricci scalar:

In| 754| : =
i nducedRi enann[-a, -b, -c, -d] netricg[b, d] metricg[a, ¢c] // ContractMetric // NoScal ar
Qut| /54| =
~An, An? - An, An® + Kh,® Kh3, - Kh,? Kh,? +
Kh,2 Khy? + Kh,® Kh®, + R[D] - D, An® - Dy An? - 2h n® (v, Khy, )

In| 755]: =
%/. Projectornetrich- ProjectWth[metrich] // ContractMetric // ToCanoni cal

Qut| 755| =
~2 An, An? + Khy, Kh® 1 Kh3, Kh?, + R[D] -2 (D, An?) - 2h n2 (v, Khy)

In| 756] : =
%// Projector ToMetric // Contract Metric

Qut| 756] =
~2 An, An? + Khy, Kh® + Kh3, Kh?, + R[D] -2 (D, An®) - 2n? (v, Kh,”) -2n2n° n® (v, Khy)

In| 757 : =
%// GadNor mal ToExtri nsi cK

Qut] 757| =
~2 An, An? + Kh,, Kh® 1+ Kh?, Kh®, + R[D] -2 (D, An®) - 2n? (v, Khy°)
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With a lapse:

In| 758] : =

i nducedRi cci Scal ar [1 = %/. LapseRul e // Expand

Qut| /58] =

Khy, Kh® + Kh3, Kh°, + R[D] -

In| 759]: =

Undef Metric[metrich]

* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *

* *

In| 760] : =

UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:
UndefTensor:

UndefTensor:

Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined
Undefined

2 (D, R a)

- -2n? (v, Kh,?)

antisymmetric tensor epsilonmetrich
symmetric Christoffel tensor Christoffelcd
symmetric Einstein tensor Einsteincd
symmetric Ricci tensor Riccicd

Ricci scalar RicciScalarcd

Riemann tensor Riemanncd

symmetric TFRicci tensor TFRiccicd
vanishing torsion tensor Torsioncd

vanishing Weyl tensor Weylcd

UndefCovD: Undefined covariant derivative cd

UndefTensor: Undefined extrinsic curvature tensor ExtrinsicKmetrich

UndefTensor: Undefined acceleration vector Accelerationn

UndeflnertHead: Undefined projector inert -head Projectormetrich

UndefTensor: Undefined symmetric metric tensor metrich

Undef Tensor /e {V, W;

= UndefTensor: Undefined tensor V

= UndefTensor: Undefined tensor W

7.9. Products of epsilon tensors

In many applications we need to manipulate products of two epsilon tensors...

7.10. Variational derivatives

There is not yet a concept of integratiorxirensor’ . Instead of working with a variational derivative of a functio
we shall assume that such a functional is the integral of some integrand (or "Lagrangian") and that the integr
puted with respect to a volume form which vanishes under the action of some derivative (this is the derivat
will be "integrated by parts").
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Let us fake the presence of a scalar density:

In| 761]: =
Def Tensor [s[], MB]

++ DefTensor: Defining tensor s

We need only these two properties:

In| 762]: =
s /: VarD[netricg[a_, b_], PD][s[], rest_]

i=-rest /2nmetricg[-a, -b]s[]

In| 763]: =
s /: PD[a_]1[s[]1]1:=1/2Module[{c, d}, s[]metricg[c, d] PD[a][netricg[-c, -d]]]

For instance, let us compute the RicciScalar field of our metric:

In| (64| =
rs =Ricci Scal arCD[] // Ri emannToChri stoffel // Christoffel ToGadMetric // Expand

Qut| 764| =
1 1 1
-5 0% 9% 020pGca ~ 5 0% 9*! 0a0cOba + 5 9% G 0204 Gen +
1 1 1
5 9% 9% g% 9aQer HYed - 7 9% 9% 9" 02O et + 5 9% 9% 9% Galer OcUng -
1 1 1
7 97 9% 9% 9a0de %ot + 7 9% 9% 9% 9alpr e Que + 7 9% 9% 9V HpGar e Qe -
1 1 1
5 9% 9% g% 9a0pg OcGer ~ 5 9% 9% 9% OpGag OcUer + 5 9% 9* OcOaGba +
1 1 1
5 9% 9% 0c0hGas — 5 9% 9% Oc0gGan + 5 9% 9% 9% OcQer OuGap -
1 1 1
797 9% 9% 90: 94Gae — 7 9% 9% 9¥ e ot OuTae ~ 5 9% 9% 9V 9aler OuTep
1 1 1
7 97 9% 9% 9a0ur 94Gce + 7 9% 9% 0¥ OpTar OaTce + 7 9% 9%° 0¥ OpTcr O G
1 1 1
7 9% 9% 0% 9cOnt 9eGad — 7 9% 0% 0¥ 9alpr 9elos — 7 9% 9% 9V 9pQar O oo
1 1 1
7 97 9% g% 9c9de O Gap — 7 9% 9% 9% 9uGce O Gap + 7 9% 9% 9V Fe Qg Of Gan
1 1 1
7 9% 9% 0% 9a0ue 01 Gop + 7 9% 9% 9" O4ae Of Gop — 7 9% 9% 9% GePay Ot Gos
Working intensively with partial derivatives, it is interesting to set
In| 765] : =
Set Opt i ons[ToCanoni cal, UseMetri cOnVBundl e -» None]
Qut| 765] =
{Verbose - False, Notation - Images,
UseMetricOnVBundle - None, ExpandChristoffel - False, GivePerm - False }
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Now we perform a direct variational derivative of the Einstein—Hilbert Lagrangian with respect to the inverse metric. Itis a

computation, producing 501 terms:

In| 766] : =
Length[result = ExpandeVar D[netricg[a, b], PDI[s[]rs]]

Qut| 766| =
501

The expected result is the Einstein tensor:

In| 767]: =
Ei nstei nCD[-a, -b] // Ei nsteinToRi cci // Ri emannToChristoffel //
Christoffel ToGadMetric // ToCanoni cal

Qut| 767] =

1 cd
Z‘g

9% Galce ObYur - % 9% 0p0aGca + % 9% 9° 0aObc Ouler +

%gw 9% OhGac Oaer - % 9% 9* OcOap OuGer + % 9% 940a0pc + % 9% 040pYac -

2 0% 040ca - 5 0% O G Oelac + 3 0% 0% OeGac O ot — 3 0% O OaObe Or e -

2 0% 0 Ou0ac O Gse + 3 0% O Ocan O Ose + g Gan 0 0% O Oy O Tgn -

2 > 0 0% 0f 04Gce + 3 Gap 0 O Of Oelcs + 5 Gap 0 O 0% O G OgOce -

%gab 0% g% g% 0y0ce nGar + 3 Gap 0 0% 0% O4Gee OnTyy - 3 Gan 8% O 0% O, ey OOy

In| /68 : =
result -s[] %// ToCanoni cal

Qut| 768| =
0

Let us now define the electromagnetic fields:

In| 769]: =
Def Tensor [Maxwel | A[-a], M3, PrintAs ->"A"]

++ DefTensor: Defining tensor MaxwellA [-a].

InL//0]:=
Def Tensor [Maxwel | F[-a, -b], M3, Antisymetric[{1l, 2}], PrintAs ->"F"]

++ DefTensor: Defining tensor MaxwellF [-a, -b].

Inf771]:=
Maxwel | F[a_, b_]:=PD[a] [Maxwel | A[b]] - PD[b] [Maxwel | A[a]]

This is the electromagnetic Lagrangian:

In| 772|: =
metricg[a, b] netricg[c, d] Maxwel | F[-a, -c] Maxwel | F[-b, -d] /4

Qut|772| =
1
7 97 9% (GaAc - 9cAs) (OpAg - Oghy)
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and these are the Maxwell equations on a curved background:

In| 773]: =
result = Var D[Maxwel | A[a], PD][s[] %4

Qut| 7/73] =
1 1
5 9% 9% s 0aAy OcQue ~ 5 9% 9% S OpA OcGe + 9% S Oc0aAp -G S I OpA, -

gbd 9% S Oc Ay Oybae + gbd g% s 6cAy Oelag - gbc gde S 0aPy OeYea + gbc gde S OpAq OeYed

In| 774]: =
nmetricg[b, c] CD[-b] [Maxwel | F[-a, -c]1] // ChangeCovD// Chri st of fel ToG adMetric //
ToCanoni cal

Qut| 774| =
2% 0% aAy 0o0ue - 3 0% 0% Ay OoGue + 0% OpOay - 0% O OpA, -
9 9% 9. Ay OgTae + 9" 9% I Ap OeTag — 9% 9% 0aAp Gebea + 9™ 9% OpAs Fe ey
In| 775 : =
result -s[] %// ToCanoni cal

Qut| 775 =
0
Inl 776]: =

Undef Tensor /@ {s, Maxwel | A, Maxwel | F};
%+ UndefTensor: Undefined tensor s
%+ UndefTensor: Undefined tensor MaxwellA

= UndefTensor: Undefined tensor MaxwellF

Restore standard options:

Infre7):=
Set Opti ons[ToCanoni cal , UseMetri cOnVBundl e » Al | ]

Q| /7=
{Verbose - False, Notation - Images,
UseMetricOnVBundle - All, ExpandChristoffel - False, GivePerm - False }
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m 8. More on rules

8.1. MakeRule

Defining rules is one of the most important components of a tensor package. The funusidRule takes care ¢
dummy generation, but there are other points to consider when defining a rule:

1. Checking consistency between left and right hand sides.

2. Defining rules that work only for a given vbundle.

3. Extending the rule to pattern expressions with equivalent index—structure under symmetries.
4. Extendig the rule to patterns with a different up/down character if metrics are present.

We define the functioMakeRule , which takes care of all these things. Note that there is not a parallel funct
Set , but below we present a way to automatize a collection of rules.

MakeRule Construct rules betweedTensor’  expressions
AutomaticRules Automate rules

Construction of rules.

In| 778]:=
Opt i ons [MakeRul e]

Qut| 778| =
{Patternindices - All, Testindices - True, MetricOn - None,
UseSymmetries - True, Verbose - False, ContractMetrics - False }

The simplest way to define a rule would easily give corrupted answers:

Inl779]: =
$Tensors

Qut] 779 =
{T, r, TT, Force, S, U, TorsionCd, ChristoffelCd, RiemannCd, RicciCd, const, Q,
TorsionlCD, ChristoffellCD, RiemannICD, RiccilCD, AChristoffellCD, AChristoffellCD t,
FRiemannICD, FRiemannICD t, w, metricg, epsilonmetricg, TorsionCD, ChristoffelCD,
RiemannCD, RicciCD, RicciScalarCD, EinsteinCD, WeylCD, TFRicciCD, n, lapse, v 1

I'n| 780 : =
rule=v[a_]->T[a, -b]v[b]

Qut| 780 =

vd 5 Ta VP
In| 781 : =

v[b] /. rule

Validate::repeated : Found indices with the same name b.

Throw::nocatch : Uncaught Throw [Null ] returned to top level. More...
Qut| 781 =

Hold [Throw [Null 7]
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We have seen that changingtdexRule we can solve those problems (underlined indices denote patterns):

In| 782]: =
rule=v[a_]w» T[a, b]v[-b]

it | r82] =
HoldPattern  [v®] :> Module [{b}, T2 v, ]

In| 783]: =

v[b] /. rule
Qut| /83| =

T v,
In| 784| : =

%/. rule
Qut| 784| =

Tac Tba Ve

We can also define the same rule uditakeRule . Note that there is no pattern on the |hs; by default all indices on the LHS ¢
converted into patterns:

In| 785]: =

rul e = MakeRul e[{v[a], T[a, -b] v[b]}, MetricOn - None]
Qut| 785| =

{HoldPattern [vg] > Module [{b}, T3 vP]}

In| 786] : =
T[-a, -b]v[a]v[b] /. rule

Qut| /86| =
T T3 T4 ve vd

In| 787]: =
I nput For m[rul e]

Qut| 7871/ /1 nput For me

{HoldPattern[v[(a_Symbol)?TangentM3‘Q]] :> Module[{h$41203}, T[a,
~h$41203]*v[h$41203]]}

Due to the optiodestindices —True , membership of the indices of the LHS is checked. The funbt®@ checks that an
up-index belongs tM3 but it does not accept down-indices (this is due to the optaricOn->None ):

In| 788]: =
vial] /. rule

Qut| 788| =
T3, vP
In| 789 : =

v[-a] /. rule

Qut| 789| =
Va
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In| 790] : =
V[A] /. rule
Qut | 790 =
VA

In order to allow both up/down-indices of a given vbundle weMestgicOn . We need to have a metric first. (If the vbundle of
index did not have a metriddakeRule would refuse to change the up/down character):

Inl r91]: =
rul e = MakeRul e[{v[a], T[a, -b]v[b]}, MetricOn- {a}, ContractMetrics » True]
Qut| 791 =
{HoldPattern [vg] > Module [{b}, T3 vP]}

In| 792|: =
I nput For m[rul e]

Qut| 792]// 1 nput For e
{HoldPattern[v[(a_)?TangentM3‘pmQ]] :> Module[{h$41215}, T[a,
~h$41215]*v[h$41215]]}

In| 793]: =
v[al] /. rule

Qut| 793 =
T3, vP
In| 794| : =

v[-a] /. rule

Qut| 794| =
Tab Vb

If we have symmetries the situation gets even more complicated (here we need to use 6 rules):

In| 795]: =
(rul e = MakeRul e[ {U[a, b, c]v[-c], v[a] T[b] -v[b] T[a]l},
MetricOn- All, Contract Metrics -» True])

Qut | 795] =
{HoldPattern [U@?g vg} > Module [{}, TP v@ -T2 yb],
HoldPattern [Ug 99 vg} = Module [{}, TP va -T2 vyb],
HoldPattern [UigtﬁJ vg} > Module [{}, - (TP v® -T2 vyb) ],
HoldPattern [Ugg,? vg] = Module [{}, - (TP v® -T2 yP)y ],
HoldPattern [Uge}lg vg} > Module [{}, TP va -T2 yb],
[

HoldPattern  [Uc-~ v~ | = Module [{}, T?va -T2 vP ]}

In| 796] : =
Ul-a, b, cJv[-b] /. rule

Qut| 796] =
~T¢ v, + T, v
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In| 797]: =
U[-a, b, c]vI[a] /. rule

Qut] 797] =
TC Vb _ Tb Ve

In| 798| : =
Ul-a, ¢, -clvf[a]l] /. rule // ToCanoni cal

Qut| 798| =
0

It is possible to automate rules, declaring them as definitions for a symbol, in this case tHg tensor

In| 799| : =
Aut omat i cRul es[U, rul e]

Rules {1,2,3,4,5,6 } have been declared as UpValues for U.

I n| 800|: =
Ul[-a, b, c]1v[-b]

Qut | 800| =
-TC v, + T, v

In| 801 : =
Ul-a, b, c]v]a]

Qut| 801| =
TC Vb _ Tb Ve
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In| 802 : =
?2U

Global‘'U

Dagger [U] ™~ =U

DependenciesOfTensor  [U] = {M3}

Info [U] A = {tensor, }

PrintAs [U] ™~ =U

SlotsOfTensor  [U] = {-TangentM3, -TangentM3, -TangentM3 }

SymmetryGroupOfTensor [U] ™ =
StrongGenSet [{1,2 }, GenSet [-Cycles [{1,2 }], -Cycles [{2,3 }11]

TensorlD [U] ™ = {}
xTensorQ [U] A = True

abe

u/s:u-""v ::MOdU|e[{},TbVa—Tavb1

1O

T
o'T
o

U/:U % v :=Module [{}, TPva-Tavb]
u/:u Ve 1 =Module [{}, - (TP v -T2 vP)]
U/:U¢ v :=Module [{}, - (TP va _Tayb))

: = Module [{}, TP va -Tayb]

c
>
c
<
o

1o

b
u/: Ugéz v :=Module [{}, TP va _Tayb]
The simplest way to remove those definitions for U is removing the tensor and defining it again:

In| 803 : =
Undef Tensor [U]

%+ UndefTensor: Undefined tensor U

In| 804]: =
Def Tensor [U[-a, -b, -c], M3, Antisymetric[{l, 2, 3}]]

x+ DefTensor: Defining tensor U [-a, -b, -c].
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8.2. Riemann expressions

As we said, there is no algorithm at presentTiensor’  to canonicalize expressions with multiterm symmetries.
is an obstacle in GR when one wants to work with the Riemann tensor, which has a cyclic symmetry. A simp
force, solution is to prepare a number of rules which are only valid for the Riemann tensor. We follow Math
discussion of this point (see MathTensor book).

There are 48 rules in total, numbered from 1 to 40, some of them having subcases a, b, c, ...

14 of those rules are simple consequences of the monoterm symmetries of the Riemann tensor, and hence ca
ered already implemented TmCanonical

RiemannRulel:

I n| 805]: =
Ri emannCD[-a, a, -c, -d] // ToCanoni cal

Qut | 805] =
0
In| 80| : =

Ri emannCD[-a, -b, -c, c¢] // ToCanoni cal

Qut | 806| =
0

RiemannRule2:

In| 807]: =
Ri emannCD[-a, -b, a, -d] // ToCanoni cal

Qut | 807| =
R[V] g

RiemannRule3:

In| 808|: =
Ri emannCD[-a, -b, -c, a] // ToCanoni cal

Qut | 808| =
-R[V],

C
RiemannRule4:

In| 809 : =
R emannCD[-a, -b, b, -d] // ToCanoni cal

Qut | 80Y| =
7R[v]ad
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RiemannRule5:

In| 810] : =
Ri emannCD[-a, -b, -c, b] // ToCanoni cal

Qut | 810] =
R[V]

ac
RiemannRule6:

In| 811]: =
Ri emannCD[-a, -b, -c, -d] Ricci CD[a, b] // ToCanoni cal

Qut|811] =
0
In|812]: =

Ri emannCD[-a, -b, -c, -d] Ri cci CD[c, d] // ToCanoni cal

Qut| 812] =
0

RiemannRule31:

In| 813]: =
CD[-e] @R emannCD[-a, -b, -c, -d] Ricci CD[a, b] // ToCanoni cal

Qut| 813| =
0
In| 814]: =

CD[-e] @R emannCD[-a, -b, -c, -d] Ricci CD[c, d] // ToCanoni cal

Qut | 814| =
0

RiemannRule32:

In| 815]: =
CD[-e] @R emannCD[-a, -b, -c, -d] CD[-f ]@Ri cci CD[a, b] // ToCanoni cal

Qut| 815] =
0
In| 816]: =

CD[-e] @R emannCD[-a, -b, -c, -d] CD[-f]@Ri cci CD[c, d] // ToCanoni cal

Qut | 816| =
0

©2003-2004 José M. Martin-Garcia



158 XTensorDoc.n

RiemannRule33:

In[817]:=
CD[-c]@Ri cci CD[-a, -b] Ri emannCD[a, b, d, e] // ToCanoni cal

Qut| 81/]=

0
In|818]: =

CD[-c]@Ri cci CD[-a, -b] R emannCD[d, e, a, b] // ToCanoni cal
Qut | 818] =

0

There are 2 more rules which can be obtained from the fact that the Einstein tensor is divergence free:

RiemannRulel6:

In[819]: =
CD[b] [Ri cci CD[-a, -b]] // Ricci ToEinstein // ContractMetric

Qut| 819| =

1
5 (Va R[V])
RiemannRulel7:

In| 820]: =

CD[a] [Ri cci CD[-a, -b]] // Ricci ToEinstein // ContractMetric
Qut | 820 =

1

5 (% R[V])

The other 32 rules are actual consequences of the cyclic symmetry of the Riemann tensor, and therefore m
grammed independently. UsindakeRule we can avoid typing equivalent rules (up to permutations of ind
reducing the number to 17 independent rules.

We first study 13 rules having derivatives of a single curvature tensor on the LHS. They are in fact only 6 inc
rules:

RuleDivRiemann
RuleDivGradRicci
RuleBoxRiemann
RuleDivGradRiemann
RuleD4RicciScalar
RuleD4Ricci

The four rules 20—-23 are all the same:

In[821]: =
Rul eDi vRi emann = MakeRul e[ {CD[a] @R emannCD[-a, -b, -c, -d], -CD[-d]e@Ri cci CD[-b, -c] +
CD[-c]@Ricci CD[-b, -d]}, UseSymetries - True, MetricOn- Al ];
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RiemannRule20:

In|822]:=
CD[a] @R emannCD[-a, -b, -c, -d] /. Rul eD VR enann

Qut | 822] =

Ve R[V]bd - Vy R[V}bc

RiemannRule21:

In[823]:=
CD[b]@Ri emannCD[-a, -b, -c, -d] /. Rul eDi vRi enann

Qut | 823| =

- (Ve R[V]ag) +Va R[V]y

RiemannRule22:

In| 824|: =
CD[c] @R emannCD[-a, -b, -c, -d] /. Rul eDi vRi ermann

Qut| 824]| =

Va R[V]gy - Vb R[V]ga

RiemannRule23:

In| 825]: =
CD[d] @Ri emannCD[-a, -b, -c, -d] /. Rul eDi vRi emann

Qut | 825 =

- (Va R[V]g) +Vp R[V],

Two rules with second derivatives of Ricci can be combined in a single rule:

In| 826]: =
Rul eDi vG adRi cci =
MakeRul e[ {CD[b] @eCD[-c]@Ri cci CD[-a, -b], 1/2CD[-c]eCD[-a]@Ri cci Scal arCD[] +
Ri cci CD[-h1, -a] Ri cci CD[-c, hl] -Ri cci CD[-h1, -h2] R enannCD[-a, h2, -c, h1]},
UseSynmmetries -» True, MetricOn-s Al 1;

RiemannRulel18:

In|827]:=
CD[b]eCD[-c]@Ri cci CD[-a, -b] /. Rul eDi vGradRi cci

Qut| 82/7] =
1
P _R[V]y RIVIAP

ac ‘*'?(chaR[V])
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RiemannRulel9:

In|828]:=
CD[a]eCD[-c]@Ri cci CD[-a, -b] /. Rul eDi vGradRi cci

Qut | 828] =

RI9] 4 RIV]® - RI7] 44 RV + 3 (% W RIV])

Rules 26 to 30 are now two rulesxfensor

In| 829 : =
Rul eBoxRi emann = MakeRul e[ {CD[e] @CD[-e] @R emannCD[-a, -b, -c, -d],
CD[-b]e@CD[-d]@Ri cci CD[-a, -c] -CD[-b]eCD[-c]e@Ri cci CD[-a, -d] -
CD[-a]@CD[-d]eRi cci CD[-b, -c] +CD[-a]eCD[-c]@Ri cci CD[-b, -d] +
Ri cci CD[-h1, -b] R emannCD[-a, hl, -c, -d] -
Ri cci CD[-h1, -a] R emannCD[-b, hl, -c, -d] -
R emannCD[-h1, -h2, -c, -d] R emannCD[-a, hl, -b, h2] -
Ri emannCD[-h1, -b, -h2, -d] R emannCD[-a, hl, -c, h2] +
Ri emannCD[-h1, -b, -h2, -c] R emannCD[-a, hl, -d, h2] +
Ri emannCD[-h1, -a, -h2, -d] R emannCD[-b, h1, -c, h2] -
Ri emannCD[-h1, -a, -h2, -c] R emannCD[-b, h1l, -d, h2] -
Ri emannCD[-h1, -a, -h2, -b] R emannCD[-c, -d, hl, h2]},
UseSymmetries -» True, MetricOn-s Al 1;

In| 830]: =
Rul eDi vGr adRi enann = MakeRul e[

{CD[a]eCD[-e] @R emannCD[-a, -b, -c, -d], -CD[-e]@CD[-d]@Ri cci CD[-b, -c] +
CD[-e]@CD[-c]eRi cci CD[-b, -d] - Ri cci CD[-h1, -e] Ri enannCD[-b, hl, -c, -d] +
R emannCD[-h1, -h2, -c, -d] R emannCD[-b, hl, -e, h2] -
R emannCD[-h1, -b, -h2, -d] R emannCD[-c, h2, -e, hl] +
Ri emannCD[-h1, -b, -h2, -c] R emannCD[-d, h2, -e, hl1]},

UseSynmmetries -» True, MetricOn- Al 1;

RiemannRule26:

In| 831 : =
CD[e]eCD[-e] @R emannCD[-a, -b, -c, -d] /. Rul eBoxRi ermann

Qut | 831| =

RIV]gp RIV1 e ~ RIVleq RIVIp e ~ RIVI®™ RIVIeam -
[V RlVIewe *+RIVILS RVl +RIVISY RIVIee -RIVIS RV -
[

ac
v]aebf R[v]efcd +Va vC R[v}bd _va vd R[V}b

R
R - Vb VC R[V}ad + Vb Vd R[V}

9 ac

RiemannRule27:

In|832|:=
CD[a] @CD[-e] @Ri enannCD[-a, -b, -c, -d] /. Rul eDi vGr adRi enann

Qut| 832] =

“RIV]e RIVIp'g + RIVIgeg RIVI -
RI

Vlang RIVISE +RIVIge RIVIGE + Ve Vo R[VIpg - Ve Vg RIVIy
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RiemannRule28:

In|833]:=
CD[b]eCD[-e] @R emannCD[-a, -b, -c, -d] /. Rul eD vG adRi enann

Qut | 833 =
R(V]pe RV - RIVID

ae R[v]bfcd *
RV]

baid RIVIc' @ ~RIV]pae RIVIgTe = Ve Ve R[V]gg + Ve Vg RIV] 4

RiemannRule29:

In| 834|: =
CD[c]eCD[-e]@Ri emannCD[-a, -b, -c, -d] /. Rul eD vG adRi enann

Qut | 834| =
RIV], & R[V]

R[V]

cdfa 7R[v]afec R[v]cdfb N

RIVIg ap * RIVIgap RIVIg% +Ve Va R[VIg, - Ve Vb R[V]4

ce a

RiemannRule30:

In| 835]: =
CD[d] @eCD[-e] @Ri emannCD[-a, -b, -c, -d] /. Rul eDi vG adRi emann

Qut | 835| =
R[V]ge RIVI% ~RIVIp's RIVIgm +
RIVILd RiVIgew - RIVIE RIVIgay - Ve Va RIVIg + Ve Vb RVl

Fourth derivative of the Ricci scalar: conversion to Box"2:

In| 836]: =
Rul eD4Ri cci Scal ar = MakeRul e[ {CD[b] @CD[a] @CD[-b]@CD[-a] @Ri cci Scal ar CD[],
1/2CD[-hl]e@Ricci Scal ar CD[] CD[h1]@Ri cci Scal ar CD[] +
CD[h2]@eCD[-h2] eCD[hl1]eCD[-hl]@Ri cci Scal ar CD[] +
CD[-h2]@CD[-hl1]@Ri cci Scal ar CD[] Ri cci CD[h1, h2]},
UseSymetries -» True, MetricOn- Al 1;

RiemannRule24:

In| 837]: =
CD[b]@CD[a] @CD[-b]@CD[-a] @Ri cci Scal ar CD[] /. Rul eD4Ri cci Scal ar

Qut | 837| =
1
> (aR[V]) (P RIV]) +R[V]® (% 94 R[] ) +7° 7 ¥ v, R[V]
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Fourth derivative of the Ricci tensor:

In| 838]:=
Rul eD4Ri cci = MakeRul e[{CD[b]eCD[a]eCD[c]eCD[-c]@Ri cci CD[-a, -b],

1/2CD[-hl]eRicci Scal ar CD[] CD[h1]@Ri cci Scal ar CD[] -

3 CD[-h3]@Ri cci CD[-h1, -h2] CD[h3]@Ri cci CD[h1, h2] +4 CD[-h3]@Ri cci CD[-h1, -h2]
CD[h2]@Ri cci CD[h1, h3] +1 /2 CD[h2] @CD[-h2]@CD[hl1] @CD[-h1l]@Ri cci Scal ar CD[] +
2 CD[-h2]@CD[-h1l]@Ri cci Scal ar CD[] Ri cci CD[h1, h2] -
CD[h3]@CD[-h3] eRi cci CD[-h1, -h2] Ri cci CD[h1, h2] +
2Ricci CD[-h1, -h2] Ri cci CD[-h3, h1l] Ri cci CD[h2, h3] -
2 CD[-h4]@CD[-h3]@Ri cci CD[-h1, -h2] R enannCD[h1, h3, h2, h4] -
2 Ricci CD[-h1, -h2] Ri cci CD[-h3, -h4] R emannCD[h1, h3, h2, h4]1},
UseSymmetries -» True, MetricOn- Al 1;

RiemannRule25:

In| 839 :=
CD[b]@CD[a] @CD[c]@CD[-c]@Ri cci CD[-a, -b] /. Rul eD4Ri cci

Qut | 839| =
1
2R[V],, RIV]® R[V] 2 -2R[V], R[V]y RIVI* + 5 (VaR[V]) (VR[V]) +
1
2R[VI™ (% Vo RIV]) + 5 (W ¥ 72 V4 R[V]) +4 (V" RIVI™) (Ve R[V]gy) -

3 (V¢ R[V],) (Y R[V]®) -R[V]® (v° v, R[V],,) - 2R[V]*™ (v4 v, R[V],,)

Now we study six rules with products of two Riemann tensors on the LHS. There are only two different rules, d
on whether there are two or three contracted indices:

RuleTwoRiemann3

RuleTwoRiemann2

These are the independent rules:

In| 840| : =
Rul eTwoRi emann3 = MakeRul e[ {Ri emannCD[-a, -b, -c, -d] R emannCD[-e, a, b, c],
-1/2Ri emannCD[-f, -d, -g, -h] R enmannCD[-e, f, g, h]},
UseSymmetries -» True, MetricOn-s Al 1;

In| 841 : =
Rul eTwoRi emann2 = MakeRul e[ {Ri emannCD[-a, -b, -c¢, -d] Ri emannCD[-e, a, -g, b],

1/2Ri emannCD[-f, -h, -c, -d] Ri emannCD[-e, -g, f, h]},
UseSymmetries -» True, MetricOn- Al 1;

RiemannRule7:
In| 842 : =
Ri emannCD[-a, -b, -c¢, -d] RienannCD[-¢e, a, b, ¢] /. Rul eTwoR emann3
Qut | 842|

1
o RIV]agpe RIVI™™
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RiemannRule8:

In| 843]: =
Ri emannCD[-a, -b, -c¢, -d] RienannCD[a, c, b, h] /. Rul eTwoRi emann3

Qut| 843| =
1
T2 ghe R[vladbc R[vleabc

RiemannRule9a:

I n| 844| : =
R emannCD[-a, -b, -c, -d] Ri emannCD[-e, a, -g, b] /. Rul eTwoRi enann2

Qut | 844]| =

RiemannRule9b:

In| 845]: =
R emannCD[-a, -b, -c, -d] Ri enannCD[e, a, b, h] /. Rul eTwoRi enann2

Qut | 845] =

ab
g

1
’?gef ghg Fa[vlabcd R[vlf
RiemannRule9c:

I n| 846] : =
Ri emannCD[-a, -b, -c, -d] Ri emannCD[a, f, b, h] /. Rul eTwoRi emann2

Qut | 846] =

ab

1
5 0% 9" RIV] g RIVIgg

RiemannRule9d:

In| 847]: =
Ri emannCD[-a, -b, -c, -d] Ri emannCD[a, f, g, b] /. Rul eTwoRi emann2

Qut| 847] =

1

7-2—gfe ggh R[v}abcd R[V}Ehab

There are seven more rules involving two curvature tensors and derivatives, corresponding to five independent
RuleD01TwoRiemann
RuleD11TwoRiemann
RuleD2RicciRiemann
RuleD2RicciDRiemann

RuleD11bisTwoRiemann
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In| 848 : =
Rul eDO1TwoRi emann = MakeRul e[ {CD[-e] @Ri enannCD[a, f, b, ¢] R emannCD[-a, -b, -c, -d],
-1/2CD[-e]@Ri emannCD[h1, f, h2, h3] R emannCD[-hl, -d, -h2, -h3]},
UseSymmetries -» True, MetricOn- Al 1;

In| 849|: =
Rul eD11TwoRi emann =
MakeRul e[{CD[-e] @R emannCD[-a, -b, -c, -d] CD[-f ]@Ri enannCD[a, g, b, c1,
-1/2CD[-e]@Ri emannCD[-h1, -d, -h2, -h3] CD[-f ]@R enmannCD[h1, g, h2, h3]1},
UseSymmetries -» True, MetricOn- Al 1;

In| 850]: =
Rul eD2Ri cci Ri emann = MakeRul e[ {CD[-d] eCD[-c] @Ri cci CD[-a, -b] R emannCD[a, d, b, c],
CD[-h4]eCD[-h3]eRi cci CD[-h1, -h2] R emannCD[h1, h3, h2, h4]},
UseSymmetries -» True, MetricOn- Al 1;

In| 851]: =
Rul eD2Ri cci DRi emann =
MakeRul e[{CD[-e] @R emannCD[a, d, b, ¢] CD[-d]eCD[-c]@Ri cci CD[-a, -b],
CD[-e]@Ri emannCD[h1, h2, h3, h4] CD[-h4]eCD[-h2]eRi cci CD[-h1, -h3]},
UseSymmetries -» True, MetricOn- Al 1;

This rule has a typo in MathTensor’s book. | assume the index ¢ on the RHS is actually f:

In|852]: =
Rul eD11bi sTwoRi emann =
MakeRul e[{CD[-g] @R emannCD[-a, -b, -c, -d] CD[g] @Ri enannCDJ[c, e, d, f1,
1/2CD[-h3]@R emannCD[-h1, -h2, -a, -b] CD[h3]@Ri enannCD[h1, h2, f, e]},
UseSymetries -» True, MetricOn-All 1;

RiemannRule34:

In| 853]:=
CD[-e]@Ri emannCD[a, f, b, ¢c] Ri emannCD[-a, -b, -c, -d] /. Rul eDO1TwoRi enann

Qut | 853] =
1
2

RIV] gpe (Ve RIV]Z®)

RiemannRule35:

In| 854]: =

CD[-e]@Ri emannCD[-a, -b, -c, -d] CD[-f ]@Ri enannCD[a, g, b, c¢] /. Rul eD11TwoRi enann
Qut | 854| =
1
2

(Ve RIV] age ) (V5 R[V]2%C)

RiemannRule36:

In| 855]: =
CD[-e]@Ri emannCD[a, ¢, b, f] R emannCD[-a, -b, -c, -d] /. Rul eDO1TwoRi enann

Qut | 855] =
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RiemannRule37:

I n| 856]: =
CD[-e]@Ri enannCD[-a, -b, -c, -d] CD[-f ]@Ri enannCD[a, ¢, b, g] /. Rul eD11TwoRi enann

Qut | 856] =
1
o (Ve R[VIagne ) (v R[V]™)
RiemannRule38:

In857]:=

CD[-g] @Ri emannCD[-a, -b, -c, -d] CD[g] @Ri enannCD[c, e, d, f] /. Rul eD11bi STWwoRi enmann

Qut | 857| =
1

o (Vg R[V]gge ) (V@ RIVI™®)
RiemannRule39:

In| 858 : =
CD[-e]@Ri enannCD[a, d, b, ¢c] CD[-d]@CD[-c]@Ri cci CD[-a, -b] /. Rul eD2Ri cci DRi emann

Qut | 858] =

(Vg Vb R[V],c) (Ve R[V])

ac
RiemannRule40:

In| 859 : =
CD[-d]eCD[-c]@Ri cci CD[-a, -b] Ri emannCD[a, d, b, ¢] /. Rul eD2Ri cci R emann

Qut | 899| =
R[V]%P (Vg Ve R[V] )
Finally we study six rules with products of three curvature tensors, only four of which are independent:
RuleRicciTwoRiemann
RuleThreeRiemann
RuleThreeRiemannB

RuleThreeRiemannC

Constructing the independent rules takes rather long because there are lots of equivalent cases:

I n| 860] : =
Absol ut eTi mi ng[Lengt h[Rul eRi cci TwoRi emrann =
MakeRul e[ {Ri cci CD[-a, -b] Ri emannCD[-c, -d, -e, a] Ri emannCD[b, ¢, d, e],
-1/2Ricci CD[-h1, -h2] Ri emannCD[-h3, -h4, -h5, hl] R emannCD[h2, h5, h3, h4]},
UseSymetries » True, MetricOn- Al ]1]]

Qut | 860| =
{12.024198 Second, 4096 }
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In| 861 : =
Absol ut eTi mi ng[Lengt h[Rul eThr eeRi emann =
MakeRul e[ {Ri emannCD[-a, -b, -c¢, -d] Ri emannCD[-¢e, -f, a, b] R emannCDJ[c, e, d, f],
1/2 R emannCD[-h1, -h2, -h3, -h4] R emannCD[-h5, -h6, hl, h2]
Ri emannCD[h3, h4, h5, h6]}, UseSymmetries » True, MetricOn-> Al 1]]

Qut| 861] =
{122.842100 Second, 32768 1

In| 862|: =
Absol ut eTi mi ng[Lengt h[Rul eThr eeRi enannB =
MakeRul e[ {Ri emannCD[-a, -b, -c, -d] R emannCD[-¢e, a, -f, b] Ri emannCD[c, e, d, f],
1/4 R emannCD[-h1, -h2, -h3, -h4] Ri emannCD[-h5, -h6, h3, h4]
Ri emannCD[h1l, h2, h5, h6]1}, UseSynmetries -» True, MetricOn-> Al 1]1]

Qut | 862] =
{122.398527 Second, 32768 }

In| 863]: =
Absol ut eTi mi ng[Lengt h[Rul eThr eeRi enannC =
MakeRul e[ {Ri emannCD[-a, -b, -c, -d] R emannCD[-¢e, a, -f, ¢] Ri emannCD[b, f, d, e],
Ri emannCD[-h1, -h2, -h3, -h4] R emannCD[-h5, hl, -h6, h3] R emannCD[h2, h5,
h4, h6] -1/4 R emannCD[-h1l, -h2, -h3, -h4] R emannCD[-h5, -h6, hl1, h2]
Ri emannCD[h3, h4, h5, h6]}, UseSymetries » True, MetricOn->All]1]]

Qut | 863] =
{200.198221 Second, 32768 1

RiemannRulel0:

In| 864 : =
Ri cci CD[-a, -b] Ri emannCD[-c, -d, -e, a] Ri emannCD[b, ¢, d, e] /. Rul eRi cci TwoRi emann

Qut | 864] =
1
2

-5 R[V], RIV]" R[V] 42

cde

RiemannRulel1:

I n| 865] : =
Ri emannCD[-a, -b, -c, -d] Ri emannCD[-e, -f, a, b] Ri emannCD[c, e, d, f] /.
Rul eThr eeRi emann

Qut | 865 =

1
7 R[v}ade R[VJCdEf R[vJefab

RiemannRulel2:

In| 866] : =
Ri emannCD[-a, -b, -c, -d] Ri emannCD[-e, a, -f, b] Ri emannCDJ[c, e, d, f] /.
Rul eThr eeRi emannB

Qut | 866] =

il R[v}ade R[v}abef R[V]ede
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RiemannRulel3:

In|867]:=
Ri emannCD[-a, -b, -c¢, -d] Ri enannCD[-€e, a, -f, b] R emannCD[c, d, e, f] /.
Rul eThr eeRi enmann

Qut| 867 =

R[V} cdef R[V] of ab

RiemannRulel4:

I n| 868| : =
Ri emannCD[-a, -b, -c, -d] Ri emannCD[-e, a, -f, c] Ri emannCD[b, d, e, f] /.
Rul eThr eeRi emannB

Qut | 868| =

1
Z R[V}ade R[vJabef R[V]ede

RiemannRulel5:

In| 869 : =
Ri emannCD[-a, -b, -c, -d] Ri emannCD[-e, a, -f, c¢] Ri emannCD[b, f, d, e] /.
Rul eThr eeRi emannC

Qut | 869]| =
1 RIv RV
R[V}bedf R[v}eafc = R[v]abcd [ ]cdef [ ]efab

m 9. Manipulation of expressions

9.1. Find indices

Given an expression, very often we want to extract all indices of the expression, or those of certain type, or cl
state. We have already seen how to select indices of any type and any character. In this subsection we !
functions to extract all indices according to a number of * ‘selectors” ".

There are two sets of functions. There is first the internal fun&iodindices , which returns all indices of ¢
expression, without first evaluating it, and its relatit@sdFreelndice s, FindDummyindices and Find-
Blockedindices . There is then the user driver for finding indices, calfeticesOf , which admits a number
criteria for index selection, and evaluates its input (as the user typically expects).

Let us start with this expression

In| 870] : =
expr =4T[a, b, -c, Dir[v[d]]]lVv[-a]lr[]1*2CD[-e][S[LI [1], -b, d]]

Qut| 870 =
2 1
4r Tabcv Va (ve S bd )
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The thred-ind*Indices functions have attributdoldFirst , and hence require the useenaluate  when we do not feed
the expression itself:

In| 871 : =
Fi ndl ndi ces [Eval uat e [expr 1]
Qut| 871 =
{a,b, -c, Dir [v'], -a Ll [1], -b,d, -e}

In8r2]:=
Fi ndFr eel ndi ces[Eval uat e [expr]]

Qut| 872] =

{_ dv _e}

In|873]:=
Fi ndDumyl ndi ces [Eval uat e[expr]]

Qut| 873| =
{a, b}

In|874]: =
Fi ndBl ockedl ndi ces [Eval uat e[expr]]

Qut| 874 =
{Dir [v97], LI [17]}

This attribute is given to be able to extract indices of expressions before they get evaluated:

In8r5]:=
nfajn[-al

Qut| 875| =
-1
In|876]:=
Fi ndl ndi ces[n[a] n[-a]]

Qut| 876| =
{a, 7a}

Note that the returned lists of indices have HeddxList , in order to avoid confusion with basis and component indices:

In 877]:=
| nput For m[%q

Qut | 877[// 1 nput For me
IndexList[a, —a]

FindIndices Get all indices of an expression
FindFreelndices Get all free indices of an expression
FindDummylindices Get all dummy indices of an expression
FindBlockedIndices Get all blocked indices of an expression
IndexList Head for a list of indices

Finding indices. Internal functions
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Then we have the user driver, with two pairs of brackets:

With no selectors, we get all indices in the expression:

In|878]:=
I ndi cesOf [] [expr ]

Qut| 8/8] =
{a,b, -c, Dir [v%], -a, LI [1], -b,d, -e}

We can select indices by type:

In|879]: =
I ndi cesOf [Al ndex] [expr ]

Qut| 879| =
{a,b, -c, -a, -b,d, -e}

In| 880 : =
I ndi cesOf [DI ndex] [expr ]

Qut | 880 =
{Dir [v97]}

In| 881 : =
I ndi cesOf [LI ndex] [expr ]

Qut | 881] =
(L 113

or by character:

In| 882]:=
I ndi cesOf [Up] [expr ]

Qut| 882] =
{a,b, LI [1],d}

In|883]:=
I ndi cesOf [Down] [expr ]

Qut | 883 =
{-c,Dir [v4], -a, -b, -e}

or by state:

In| 884 : =
I ndi cesCOf [Free] [expr ]

Qut | 884| =
{-c,d, -e}

I n| 885|: =
I ndi cesOf [Dunmy ] [expr ]

Qut | 885] =
{-a,a, -b,b}
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In| 886]: =
I ndi cesOF [Bl ocked] [expr ]

Qut | 886] =
(Dir [v97, LI [1]}

We can also specify a vbundle (or a basis):

In|887]:=
I ndi cesOF [Tangent M3] [expr ]

Qut| 887 =
{a,b, -c,Dir [v?], -a, -b,d,

or a tensor:

In|888|:=
I ndi cesOf [S] [expr ]

Qut | 888]

{ t_), d, LI [1]}

-e}

We can combine several selectors, in two possible ways: a list of selectors represents the union, and a sequ

sents the intersection.

Directions or labels:

In[ 889]:=

I ndi cesOf [{Dl ndex, LIndex}][expr]

Qut | 889| =
(Dir [v97, LI [1]}

Free indices on the tensor S:

In| 890] : =
I ndi cesOf [Free, S][expr]

Qut | 890] =
{d}

Members of a selectors list are conmutative, but not members of a sequence: the construction of the final list is performed

to right. Compare with the previous result:
In| 891 : =
I ndi cesOf [S, Free] [expr]

Qut| 891] =
{-b,d}

This powerful function is very flexible and has more possibilities once we allow the presence of ba

xCobaDoc.nb).

IndicesOf Get all indices of an expression according to a number of selecting criteria
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Finding indices. User driver

9.2. Replace indices

A second, commonly required operation is the change of indices. In principle, the user should never need
indices directly in an expression. But sometimes it is needed, either because two expressions with different fi
must be compared, or to avoid problems with the dummy indices. This subsection introduces the basic
Replacelndex , and five more functions based on it.

Replacing indices is a basic critical operation: done without care would inmediately lead to wrong results. \
possible, we recommend the use of delta contractions to change indices, which is a safer and mathematic
operation.

Above all, avoid the temptation of changing indices using normal rules, unless you are sure that index-colli:
not appear.

Let us go back to our expression:

In 892 : =
expr

Qut| 892| =
2
4r Tabcv Va (ve Slbd)

For similar reasonfeplacelndex has attributédoldFirst , and hence we ne&Valuate . We can replace a single index:

In| 893 : =
Repl acel ndex [Eval uat e[expr], a-f]

Qut | 893| =
2
4r be ov Va (ve Slbd)

Note that the paired indesa has not been replaced. We need separate rules for that (this gives greater flexibility):

In| 894 : =
Repl acel ndex [Eval uate[expr], {a-»f, -a-» -f}]

Qut | 894| =
4r 2 be ov Vi (ve Slbd)

We can change the character of an index, or even the type:

In| 895]: =
Repl acel ndex [Eval uate[expr], {a-»-f, -a-»f, Dir[v[d]] » LI [2]}]

Qut | 895] =
4r 2 T2 yf (v, SL )

If the rules do not apply, nothing happens:

In| 896| : =
Repl acel ndex [Eval uat e[expr], {f »a}]

Qut | 896| =
2 1
4ar Tabcv Va (ve S bd )
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Pattern indices can be changed, but this should never be required:

In|897]:=
Repl acel ndex[T[a_], a » b]

Replacelndex::nopat :
Replaced pattern a_. From General. This should not happen: contact JMM.

Qut| 897] =
T°

The replacement is performed with great care. In the following list T is a tensor, but X is not a tensor:

In| 898 : =
Repl acel ndex[{a, T[a], T[-a], X[a]}, a-Db]

Qut | 898| =
{a, TP, T, X[a]}

As | said, the user should try to refrain from usReplacelndex . If a free index must be changed, use contractions with del
tensors: if we want to change frarfa] toT[b] we can do this:

In[ 899 :=
T[a] delta[-a, b]

Qut | 899| =
Tb

In some cases we need to change the dummy indices of an expression. For example when we want to multig
ous expression by itselReplaceDummies is the function which callReplacelndex to manipulate all possib
cases with dummies. A particular case, always required in the canonicalization process, is implerr
SameDummies

Suppose now this scalar expression:

In| 900] : =
expr =T[a, b] T[-a, -b]

Qut | 900| =
Tab Tab

This is incorrect:

In] 901]: =
expr expr

Qut | 901| =
2
Tabz Tab

The following is correctReplaceDummies changes the dummy by the given indices

In| 902 : =
expr Repl aceDummi es[expr, | ndexLi st [e, f]]

Qut | 902| =
Tab Tab Tef Tef
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If not enough indices (or no index at all) are given, the dummies are replaced by unique dollar-indices:
In| 903] : =
expr Repl aceDumm es [expr ]

Qut | 903| =
Tab Tab T(:d TCd

In| 904] : =
I ndi cesOf [1[%

Qut | Y04| =
{-a, -b,a, b, -h$108555, -h$108556, h$108555, h$108556 }

A particular case of dummy manipulation is the minimization of the number of dummies in a sum of terms. This is achieve
SameDummies which is simply a combined call EEndDummyindices andReplaceDummies .

In| 905] : =

SaneDunmi es[T[a, b, d, -d]v[-b] +T[a, c, e, -e]Vv[-Cc]]
Qut | 905| =

2T v,

In parallel, sometimes we need to change the free indices of an expression. This happens for example when
compare the results of several independent computations. If we do not know the index translation table which
expression to the other, then we need to search among all permutations, what could take quite some time...

This changes the free indices a,c to b,e. The index b was a dummy in the original expression, and hence it must be replac
unique dollar-dummy) before actually changing the free indices:

I n| 906] : =
ChangeFreel ndices[T[a, b, ¢, d, -b, -d], {b, e}]

Qut | Y06 =
baed
T ae ad

It is not obvious to see whether these two expressions are the same or not under a renaming of free indices:
In| 907]: =

exprl =4U[-a, -b, -c] U[b, -d, -e] T[c, d]

expr2 =2U[-d, -b, -a] U[a, -f, g1 T[d, -9]
Qut | 907| =

4TCd Uabc l-Pde

Qut | 908| =
d
2T U9 Ugpa

The functionEqualExpressionsQ  givesTrue if one is simply a constant times the other, Batde otherwise:

In| 909 : =
Equal Expressi onsQ[expr 1, expr2]

LEFT == -2 RIGHT with rules: {-a->-b, -e > -f}

Qut | 909| =
True
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In| 910]: =
Equal Expr essi onsQ[expr1, T[] expr2]

Qut| 910| =
False

Finally, we introduce the operation of index splitting. The key idea is the concept of a splitrule of theaferm
IndexList[ al, a2, ... ] . The functionSplitindex is rather efficient because it usReplacelndex
only once, replacing the index by a temporary variable, which is later used to do all other replacemBagladt+
All , which is much faster.

We can construct a list of replacements as follows:

In[911]: =
Splitlndex[exprl, -a-IndexList[-A -B, -C]]

Qut|911] =
(4T Uppe Wge, 4T @ Wye Ugpe, 4T @ Wge U }

or an array:

In[912]: =
Splitlndex[exprl, {-a-IndexList[-A -B, -C], -b-IndexList[D F, G H]}]

Qut| 912| =
{{4TCd UADC l-Pdev 4T cd UAFC quev 4T cd UAGC lj)dev 4T cd UAHC l-Pde }v
{4TCd LPde UBDcv 4TCd u:’de UBch 4TCd uJde UBGCv 4TCd u)de UBHc}v
{4TCd LPde UCDcv 4T cd u:‘de UCch 4T cd u:'de UCGc- 4T cd u)de UCHC}}

Inl 913]: =
Di mensi ons [%4

Qut| 913| =
(3,4}

There is also a combined notation for multiple expansions over the same range. Again, this is performed through a single
Replacelndex
Inl914]: =
Splitlndex[exprl, |IndexList[-a, -b] - IndexList[LI [1], LI [2], LI [3]1]]

Qut| 914| =
{{4TCd LPde Ullcv 4TCd u:’de Ulzcv 4TCd que U13c}‘
(4T Wge WP, 4T WPy P2, 4T 4 WPy U2, ),
{4TCd LPde Uglcv 4TCd u:‘de wzcv 4TCd u:.de w3c}}

Replacelndex Replace an index by another index in an expression

ReplaceDummies Replace dummy indices by new dummy indices

SameDummies Minimize number of different dummy indices among several terms of a sun
ChangeFreelndices Change free indices of an expression

EqualExpressionsQ Check whether two expressions are proportional to each other apart from a reni
ing of free indices

Splitindex Return a list of expressions where an index has been replace by different possil
ties in a list

TraceDummy Return a sum expressions where a dummy pair has been replace by different
possibilities in a list
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Index replacements.

9.3. Scalar and scalar functions

Another important problem is the following. In the same way that we are Tisives for a product of tensors, we sh
usePower, Sqrt , Exp and other functions acting on scalar tensor expressions. There is a problem: there art
definitions for those functions that could be incorrect for tensors. For example wgahBya = a™n b”n
However(v[a] v[—-a])*n is not equal taw[a]*n v[—-a]*n . To prevent those problems we have two 0pt|on<
could define new functions IndexPower, IndexSqrt, etc, or we can introduce a ne®dadmd such that the argL
ments of those functions must be always wrapped with that head.

Scalar Wrapper to isolate scalar expressions

PutScalar Wrap scalars with the head Scalar

BreakScalars Break Scalar expressions into irreducible Scalar expressions
NoScalar Remove all Scalar heads, introducing new dummies wherever needed

Scalar expressions.

The direct use dPower could lead to unconsistent expressions:

In|91b]: =
(vlalv[-a])"2

Qut | 915] =
v,2 va?

Instead, the right way to write it would be
In| 916]: =
Scal ar [v[a]v[-a]]"2
Qut | 916| =
Scalar [v, v2]?
xTensor'  can work with those objects as usual:
In917]: =
Scal ar [v[a]v[-a]]"2 Scal ar [v[b] v[-b]]1~3/Scalar[v[c]Vv[-c]]"4
Qut|917| =

3
Scalar [v, v@]2 Scalar [v, vP]
Scalar [v ve]*

Inl 918]: =
Sinplification[%

Qut | 918 =
Scalar [v, v?]
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Note thatScalar effectively shields its argument from the rest of an expression and therefore there can be repeated indict

In[919]: =
v[a] Scal ar [v[a] V[-a]]

Qut | 919| =
Scalar [v, v?] v?

In[ 920]: =
Val i dat e[%

Qut | 920| =
Scalar [v, v?] v?

By default the functioiSimplification does not add ne@calar heads, because that takes some time for large expressi

In[921]:=
v[b]v[-b]/Scalar[v[a]v[-a]] // Sinplification

Qut| 921 =
vy VP
Scalar [v, va]

You can force it usin@utScalar
In|922|: =
Put Scal ar [%

Qut| 922| =
Scalar [vy VvP]
Scalar [v, va]

In[ 923]: =
Sinplification[%

Qut ] 923| =
1

Two other functions to manipulate Scalar expressionBi@a@kScalars andNoScalar :
In| 924|: =
Scal ar [v[a] v[-a] V[b] v[-b]]
Qut | 924| =
Scalar [v, v® v, vP]

In| 925|: =
%// BreakScal ars

Qut | 925| =
Scalar [v, v®] Scalar [v, v?]

In926] : =
%// Sinplification

Qut | 926] =
Scalar [v, v2]?
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In|927|: =
%/ / NoScal ar

Qut|927] =
v, V& vy vP

DefScalarFunction Define an inert head

UndefScalarFunction Undefine an inert head

$ScalarFunctions List of defined inert heads

Definition of a scalar function.

A scalar function is one that only accepts scalar arguments and returns scalars. Some of them are

Inl928]: =
$Scal ar Functi ons

Qut | 928| =
{Exp, Log, Sin, Cos, Tan, Csc, Sec, Cot, Power, Factorial }

and we can define new scalar functions:

We define a scalar function SF:

In| 929 : =
Def Scal ar Functi on[SF]

++ DefScalarFunction: Defining scalar function SF.

I'nl 930 : =
Scal ar Q[SF[v[a] v[-a]]]

Qut ] 930] =
True

In 931]: =
$CovDs

Qut| 931] =
{PD, Cd, ICD, CD }

Inl932]:=
CD[-a][1/SF[Scal ar [v[a] v[-a]]]]

Qut| 932| =
_ (Vq Scalar [v, v®]) SF [Scalar [v, v3]]
SF[Scalar [v, va]]?

9.4. Inert heads

Sometimes we need to wrap tensors with some head. This is an extremely general concept and it is preparec
role of an arbitary head with the only property of being "transparent” to the symmetry and canonicalization
Dagger andERRORare both inert heads.
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A prototypical example could be traceless, transverse tensors: We define an inert head Ealted

In| 933]: =
Def I nert Head[TTPart ]

+xx DeflnertHead: Defining inert head TTPart.

In| 934|: =
TTPart [U[-b, -c, -a]] // ToCanoni cal

Qut | 934| =
TTPart [Uy ]

In|935]: =
UpVect or Q[TTPart [v[a]]]

Qut | 935 =
True
1n| 936] : =

Undef | nert Head[TTPart ]

= UndeflnertHead: Undefined inert head TTPart

With help from Guillaume Faye, this concept has been improved in version 0xd.@ror*  in three different ways:

1) There is an optiohinearQ to make the inert head linear with respect to constants. The default viehlseis.

In[937]:=
Def | nert Head [l head, LinearQ- True]

+xx DeflnertHead: Defining inert head lhead.

In[938]:=
Li near Q[l head]

Qut | 938 =
True
In| 939]: =

| head[3 T[a, b] +S[a, b]]

Qut] 939] =
lhead [S% ] + 3lhead [T2"]

2) There is an optio@ontractThrough  to specify a list of metrics, projectors and/or the delta tensor which can be contrac
through the inert head. In this example only the delta tensor can be contracted:

In| 940] : =
Def | nert Head[chead, Contract Through -» {del ta}]

+x DeflnertHead: Defining inert head chead.

In|941]: =
Def | nert Head [mhead, Contract Through - {delta, nmetricg}]

xx DeflnertHead: Defining inert head mhead.
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In|942|: =
? mhead

Global'mhead

mhead /: ContractThroughQ [mhead, delta ] = True
mhead /: ContractThroughQ [mhead, metricg ] = True
InertHeadQ [mhead] ~= True

Info [mhead] = {inert head, 1

LinearQ [mhead] "= False

PrintAs [mhead] "= mhead

Compare now these cases:

In| 943]: =
deltaf[a, -b] {l head[T[b]], chead[T[b]], nmhead[T[b]]}

Qut | 943| =
(6%, lhead [T°], chead [T?], mhead [T?]}

In| 944 : =

ContractMetric[metricg[-a, -b] {| head[T[b]], chead[T[b]], mhead[T[b]]}]
Qut| 944| =

{lnead [TP] g, chead [T°] g,,, mhead [T, ]}

3) It is possible to have additional arguments, including arguments with synchronized lists of indices. This does not even t
specified as an argument. The indices must be surrounded with thedtheddst . The system keeps a one to one relation
between the indices in the tensorial expression and the indices in the lists of arguments. This correspondence is based or

for example in the following expression the IndexList marks the {3, 2} slots of the tdnand this is kept through the use of the
xTensor* functions:

In|945]: =
expr =U[-a, -b, d] mhead[U[b, ¢, a], {a, c}, IndexList[a, c]];

I n| 946] : =
Repl acel ndex [Eval uat e[expr], {c »f}] // | nput Form

Qut| 946]/ /1 nput For ne
mhead[U[b, f, a], {a, c}, IndexList[a, f]]*U[-a, —b, d]
In947]: =
ToCanoni cal [expr] // | nput Form
Qut | 947/ 1 nput For me
mhead[U[c, —a, —b], {a, ¢}, IndexList[-b, —a]]*U[d, a, b]
In| 948 : =
metricg[-f, -c] expr // ContractMetric // | nput Form

Qut | 948|// | nput For me
mhead[U[b, —f, a], {a, c}, IndexList[a, —f]]*U[-a, —b, d]
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Perhaps there should be something more general than slot-syncronization, but we do not know of a complete set of poss
no other case has been asked for until now.

DeflnertHead Define an inert head

UndeflnertHead Undefine an inert head

$InertHeads List of defined inert heads

LinearQ Boolean option to specify whether an inert head is linear or not

LinearQ Detect whether an inert head is linear

ContractThrough Option to specify which metrics, projectors or delta can be contracted thrg
the inert head

ContractThroughQ Detect whether a metric, projector or delta can be contracted through an inert

Definition of an inert head.

9.5. Monomials

A monomial is defined as a product of tensors such that it cannot be further reduced into products with differ

mies. The functionBreaklnMonomials decomposes an arbitrary expression in monomials with (inert)
Monomial .

We break this expressions in monomials. Note that scalars are left outside:

1Nl Y4y|: =
7r[172T[a, b, c]U[-b, -c, -e]v[e] T[f, g, hl1v[-g]Vv[-h]

Qut | 949| =

7r % T TN Yo ve vy vy,
In| 950] : =

Br eakl nMbnom al s[%]

Qut| 950] =
7 Monomial [T&° U, v&] Monomial [T v, v,]r?

Now for example each monomial could be canonicalized independently:

In| 951 : =
%/. expr_Mononi al :» ToCanoni cal [expr ]

Qut | 951] =
7 Monomial [T&° Uy, v®] Monomial [T vy v,]r?

Monomial Head for a monomial expression
BreaklnMonomials Separate a term in monomials
Monomials.
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9.6. Symmetrization of an expression

ImposeSymmetry Symmetrize an expression as given by a permutations group
Symmetrize Symmetrize a set of indices
Antisymmetrize Antisymmetrize a set of indices
PairSymmetrize Symmetrize a set of pairs of indices
PairAntisymmetrize Antisymmetrize a set of pairs of indices
Symmetrization

Symmetrization of an expression under a given group of permutations. Numbers on the third argument refer to positions i
second argument afnposeSymmetry . Note thaffoCanonical is always applied after the symmetrization functions in orde
take into account the antisymmetry of the ter$dt is not automatically implemented intmposeSymmetry because for large
numbers of indices it would take ages to canonicalize all terms!

In[952|: =
I mposeSymretry [U[-a, -b, -c], {-a, -b}, Symmetric[{1, 2}]] // ToCanoni cal

Qut | 52| =
0

In[953]: =
| nposeSymret ry [U[-a, -b, -c], {-a, -b}, Antisymmetric[{1, 2}]] // ToCanoni cal

Qut ] 953| =
Uabc

In| 954]: =
| nposeSymretry[U[-a, -b, -c] U[-d, -e, -f1,
{-a, -d}, Antisymetric[{1, 2}]] // ToCanoni cal

Qut | 954] =
1 1
5 “aef Ubed + 5 Uabe Uger

In| 955]: =
Symmetrize[U[-a, -b, -c] U[-d, -e, -f], {-a, -d}] // ToCanoni cal

Qut | 955 =

1 1
Vi Uset Upea + 5 Uabe Ugef

In| 956] : =
Symmetrize[U[-a, -b, -c] U[-d, -e, -f], {-e, -d}] // ToCanoni cal

Qut | 956| =
0

In|957]: =
Antisymetrize[U[-a, -b, -c]1U[-d, -e, -f], {-a, -d}] // ToCanoni cal

Qut| 957| =
1 1
- Uset Upea + 5 Uabe Utef
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In| 958]: =
Antisynmmetrize[U[-a, -b, -c] U[-d, -e, -f], {-e, -d}] // ToCanoni cal

Qut | 958| =
Uabc Udef
In] 959]: =

ps = Pai r Symmetri ze[U[-a, -b, -c] U[-d, -e, -f],
{{-a, -b}, {-c, -d}, {-e, -f}}] // ToCanoni cal

Qut | 959| =
1

1 1 1 1
3 Uset Upea + 3 Uaed Uper + 3 Uapr Uege + I3 Uape Uear + 3 Uapd Ueer + Uabe Uget

ok

In[ 960] : =
pa = Pai r Anti synmetri ze[U[-a, -b, -c] U[-d, -e, -f],
{{-a, -b}, {-c, -d}, {-e, -f}}] // ToCanoni cal

Qut | 60| =

1 1 1 1 1 1
3 User Uoea - 3 Uscd Uper + 3 Uit Uege - B Uspe Uear - 3 Uabg Uer + B Uabe Uget

In|961]: =
ps - Repl acel ndex [Eval uate[ps], {-a-» -Cc, -b>-d, -Cc>»-a, -d->-b}] //Sinplification

Qut| 961 =
0
Inl962]: =

pa + Repl acel ndex [Eval uate[pa], {-a-» -c, -b > -d, -c »-a, -d-»-b}] //Sinplification

Qut| 962| =
0

9.7. Symmetric Trace—Free part

The command STFPart returns the symmetric, trace-free part of an expression with only free indices. In ¢
symmetric object to have a trace we need to use a metric.

This is the STF part of a 3-index tensor without symmetry, and with respect to the metricg:

In| 963]: =
STFPart [T[a, b, c], netricg]

Qut | 963| =
% <-|-abc +-|—acb +-|—bac +Tbca +-|—cab +-|—cba> + %

7%_ gbc Jde (Tade + Taed +-|—dae +Tdea + Tead +-|—eda> _ %_ gcb Jde (Tade +-|—aed +-|-dae +-|—dea +-|—ead +Ted<

é_ g% gge (TOUe . Toed , Tdbe , Tdeb  Tebd , Tedd ) _ % %@ gge (TOUe 4 Thed , Tdbe , Tdeb , Tebd  Ted

% gab Je (Tcde +Tced 4 Tdce +-|—dec +Tecd 4 Tedc> _ % gba Jde (Tcde +Tced +-|—dce +Tdec +Tecd +-|—ed1
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The result is not simplified at all. We must ask for explicit metric contraction and simplification:

In| 964 : =
%// ContractMetric // Sinplification

Qut | Yb64| =
% (5-|—abc +5-|-acb _Zgbc Tadd +5-|-bac: +5Tbca _Zgac ded +5-|-cab +5-|—(:ba _

ZQab Tcdd _ ngc -|-dad _ Zgac -|—dbd _ ZQab Tdcd _ 2gbc Tdda _ 29a° Tddb _ ZQab Tddc)

9.8. Mapping at specified positions

We use the packadexpressionManipulation’ (written by David Park & Ted Ersek) to have full control on
positions of an expression

Suppose we have an expression like this, which is cledrgcaused) is antisymmetric an8 is symmetric:
In[ 965]: =
expr =U[a, b, c]Jv[-a]lv[-b]lVv[-Cc]+
Ula, b, c]v[-a] S[-b, -c] +TT[-b, -c]Vv[b]lvVv[c]-TT[-d, -e]Vv[d]Vv[e]
Qut | 965| =

Spe UPC v, + LA v, vy v + Tpe VP

VAR SURVERVL
In| 966] : =

Sinplificati on[expr]
Qut | 966] =

0

Each object in the expression can be identified in a tree—like form by its position. In this case there are four positions at le!

In| 967]: =
expr // Col or Ter ns

Qut| 967] =

Spe U vy +[ {2} ] U™ vy vy v +[ {33 ] toe VO vE +[{4T] —tae VO VE

We can evaluate a given function at one or several positions:

In| 968] : =
MapAt [Si nplification, expr, {2}]

Qut | 68| =

Spe UPC v, + T VP VE - T4 VO

Ve
In| 969 : =
MapAt [Sinplification, expr, {{1}, {2}}]

Qut | 969 =

The Vb

Ve - Tge VO VE
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In order to map a function over several terms simultaneously we need to make use of the cxtepdedPosition (also
from theExpressionManipulation’ package) and the new functibiewMapAt See notes fdExtendedPosition and
eP.

In| 970]: =
MapAt [f, expr, {{3}, {4}}]
Qut | 970] =
f[Tpe VP VO] +F [—Tge VO VET] + Sy UAPC v, + LA v, vy v,

In 971| : =
NewivapAt [f, expr, eP[{}, {3, 4}1]

Qut|971] =

f [tbc Vb

Ve = Tge VI VET] + S LA v, + LA v, vy v,

We can also localize a given pattern:
In972|: =
expr // ColorPositionsO Pattern[U[__1]
Qut] 972| =
Soe ([{1,2 3] ) vy + ([{2,1 }] U ) v, vy Vg + Tpe VP VE - 140 VO V8

or map a function onto the occurrences of that pattern:

In| 973]: =
positions = Position[expr, U[__]]

Qut| 973] =
{1, 2}, {2,1}}

In| 974 : =
MapAt [f, expr, positions]

Qut|974| =
fIURRC ] S vy +F [UPC ] v, vy Ve + Tpe VP VE = Tge VO VE

In case the expression is held, we canfwsduateAt  (also from the packadexpressionManipulation ) instead of
MapAt:
InYro|:=
Hol d[U[a, b, c]Jv[-a]Vv[-b]Vv[-c] +U[a, b, c]v[-a] S[-b, -c] +
TT[-b, -clv[b]lVv[c]-TT[-d, -e]lv[d]lv[e] +1+2]
Qut| 975| =
Hold [UC v, v v + U v, Spo + Tpe VP Ve — e VO VE + 1+ 2]

In[ 976]: =
MapAt [Sinplification, % {1, 1}]

Qut | 976] =
Hold [Simplification [UPPC v, vy v ] + U v, Spe o+ Tpe VP VE = e VI VE + 1+ 2]
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In|977]: =
Eval uat eAt [{1, 1}, Sinplification][%4

Qut|977] =
Hold [0 + ¢ v, Spe + Tpe VP VE - Tge VO Ve + 1 + 2]

9.9. Coefficients

Given an expression, sometimes we need to get the (possibly indexed) coefficient multiplying a given tensor.
objects have symmetries the coefficient might be more complicated than expected.

IndexCoefficient Find the coefficient of an indexed expression

Coefficients of indexed expressions.

The basic relation is this:

In|978]:=
I ndexCoefficient [T[a, b], T[c, d]]

Qut| 978| =
5%, &%

Metrics and symmetries must be taken into account:

Inl 979 : =
| ndexCoef ficient [T[-a, -b], T[c, d]]

Qut] 979| =
Jac Yod

In[ 980] : =
I ndexCoefficient [metricg[-a, -b], nmetricg[-c, -d]]

Qut | 980 =
% (5ad 5p° + 85° 6bd)

In| 981]: =
I ndexCoef ficient [T[a, b]v[-a]vVv[-b], v[-c]] //Sinplification

Qut ] 981 =

% (T2 +T%) v,

In| 982|: =
I ndexCoefficient [T[a, b]v[-a]vVv[-b], v[-c]VI[-d]]

Qut | 982| =
Tcd Tdc

+

2 2
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Imitating Coefficient, dependencies must be explicit:

In[983]: =
I ndexCoefficient [T[a, b], nmetricgl[a, b]]

Qut | 83| =
0

Frequently we need further manipulation of the result:

In| 984 : =

I ndexCoefficient [T[a, b]v[-b]Vv[c]+T[d, -dJv[a]lVv[c], V[e]l]
Qut| 984| =

% (6% T2 vp + gpe T vE) + % (8% TP, v + 6%, TP, v©)
In| 985 : =

%// ContractMetric // Sinplification

Qut | 985| =
1
o (0% (TP V3 + T vp) + (T2 + 6% T%) V)

A closely related function i;mdexCollect  , which acts as a simple recursive driverlfatexCoefficient . This

pair has been designed to follow closely Methematicgpair Collect / Coefficient

IndexCollect Collect terms in an indexed expression

Suppose an expression like this:

In| 986] : =
expr =T[a, b, -c]v[c]+U[a, b, ¢, d]v[-c]Vv[-d] +netricg[a, b]

Qut | 986] =
gab +Tabc Ve + Uabcd Ve Vg

In| 987]: =
I ndexCol | ect [expr, {v[d], v[e]}, Sinplification]

Qut| 987 =
1
gab +Vd -|—abd i > (Ualbde N LPbed) Ve

9.10. Tensor equations

It is not simple to deal with tensor equations because there are many things to worry about simultaneously.
xTensor' only works with linear equations where the x tensor is not contracted. The concept of equality (==)
generalized to include tensor equalities.
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From the point of view oMathematicahese two expressions are not related:
In| 988 : =
Tla, b]v[-b] =T[a, c]v[-c]

Qut | 988| =
T3 v == T3 v,

HoweverxTensor’ recognizes them as equal:

In| 989 : =
Sinplification[%

Qut | 989| =
True

These two are clearly different:

In[990] : =
Sinplification[T[a, b]v[-b] ==T[-a, c]Vv[-Cc]]

Qut | 990| =
False

Solving equations. The answer is a tensor rule. OptiomslexSolve  are actually options telakeRule :

In 991 : =
rul e = I ndexSol ve[v[a] v[-a] T[b, ¢, d] ==v[b]Vv[c]Vv][a] S[-a, d],
T[b, ¢, d], MetricOn- {b}, ContractMetrics - True]
Qut| 991 =
bcd . Sdavbvc va
{HoldPattern [T~~~ ] => Module [{a}, WH

In 992 : =
{T[a, b, ¢c], T[-a, b, ¢c], T[a, -b, ¢c], T[-a, -b, c]} /. rule

Qut[992] =
{ Sy va vb vd Sy Vg VP v

ac Cc
Scalar [v, va@] ' Scalar [v, v@] T Ta” |

m 10. Final comments

10.1. ToDo list. Version

There are many things thafensor' cannot do yet. Here there is a list with some of them:
- Differential forms
— Spinors (In progress, in collaboration with A. Garcia—Parrado)
— Grasmann variables

— Product of manifolds with non-zero non-diagonal boxes in the metric (In progress, based on unj
notes by G. Faye)
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Note: For further information aboutTensor' , and to be kept informed about new releases, you may conte

author electronically at jmm@iem.cfmac.csic.es. This is xTensorDoc.nb, the docfilertfor® , currently in versiol
0.9.5.

10.2. Frequently Asked Questions
1. Why is delta contraction automatic? | want to have full control on every single detail of the process.

Why is metric contraction not automatic? It is boring to ask continuously for trivial tasks.

Those are two opposite approaches to the issue of automatic simplification. Too little automatic simplification makes the ¢
tions hard and slow, while too much automatic simplification makes the process too restrictive and the result seems just ir
Following Mathematicawe have tried to automatize all those things which are commonly required, like contraction of any t
with delta, or the expansion of derivatives of products using the Leibnitz rule. However, most of the processes are not autt
simplification, metric contraction, commutation of derivatives, etc.

There are some processes for which the user can choose whether they are automatic or not: look for the pairs commands<
commandStop.

2. | want to define several tensors at the same time. Why not allowing this syntax?
DefTensor[{T[a], S[b,c], R[-a,-b,—c,—d}, M]

We do not include new definitions which do not save time or space with respect Mattematicacounterparts. This helps
learningMathematicaand save space xTensor’ . In that particular example we recommend to use

Map[ DefTensor[#, M]&, {T[a], S[b,c], R[-a,-b,—c,—d]} ]
or simply threading
Thread[ DefTensor[{T[a], S[b,c], R[-a,~b,—c,—d}, M] ]

3. In MathTensormany commands have an additional argument to map them only to a certain part of an ex
Why don’t you have the same thing?

The answer is identical to that of question 2. Use the syuiggpAt[f, expr, n] to map the functioh on then—th term of
expr .

10.3. Statistics

Collection of public symbols inTensor

©2003-2004 José M. Martin-Garcia



xTensorDoc.nb 189

In| 993|: =
Names [" XAct ' xTensor ‘ %" ]

Qut | 993 =
{ABIndexQ, Abstractindex, AbstractindexQ, Acceleration, AChristoffel, AddIndices,
Alndex, AlndexQ, AllowUpperDerivatives, Antihermitian, Antisymmetrize,
AnyDependencies, Anylndices, AutomaticRules, BaseOfVBundle, Basis, BasisQ,
BClIndexQ, Bindex, BindexQ, Blocked, BlockedQ, Bracket, BracketToCovD,
BreakChristoffel, BreakinMonomials, BreakScalars, CDIndexQ, ChangeCovD,
ChangeCurvature, ChangeFreelndices, Changelndex, ChangeTorsion, Chart, ChartQ,
CheckZeroDerivative, CheckZeroDerivativeStart, CheckZeroDerivativeStop,
Christoffel, ChristoffelToGradMetric, ChristoffelToMetric, CIndex, ClndexForm,
CindexQ, CircleDot, ColorPositionsOfPattern, ColorTerms, CommuteCovDs,
CommutePDs, ConstantMetric, ConstantQ, ConstantSymbol, ConstantSymbolQ,
ContractCurvature, ContractDir, ContractMetric, ContractMetrics, ContractThrough,
ContractThroughQ, CovD, CovDOfMetric, CovDQ, CovDToChristoffel, Curvature,
CurvatureQ, CurvatureRelations, Dagger, Daggerindex, DaggerQ, DefAbstractindex,
DefConstantSymbol, DefCovD, DeflnertHead, DefManifold, DefMetric, DefParameter,
DefProductMetric, DefScalarFunction, DefTensor, DefVBundle, delta, DependenciesOf,
DependenciesOfTensor, DimOfManifold, DimOfVBundle, DIndex, DindexQ, Dir,
Disclaimer, DisjointManifoldsQ, DisorderedPairQ, DoubleRightTee, Down, Downindex,
DownIndexQ, DownVectorQ, Dummy, Dummyln, EIndexQ, Einstein, EinsteinToRicci,
epsilon, EqualExpressionsQ, ERROR, ExpandChristoffel, ExpandGdelta,
ExpandProductMetric, ExtendedFrom, ExtrinsicK, ExtrinsicKToGradNormal,
FindAllOfType, FindBlockedIndices, FindDummylndices, FindFreelndices, Findindices,
FirstDerQ, FlatMetric, FlatMetricQ, ForceSymmetries, Free, FRiemann, FrobeniusQ,
FromMetric, Gdelta, GetindicesOfVBundle, GIndexQ, GiveOutputString, GivePerm,
GiveSymbol, GradMetricToChristoffel, GradNormalToExtrinsicK, Hermitian, HostsOf,
Imaginary, ImposeSymmetry, IndexCoefficient, IndexCollect, IndexForm, IndexList,
IndexOrderedQ, IndexRange, IndexRule, IndexRuleDelayed, IndexSet, IndexSetDelayed,
IndexSolve, IndexSort, IndicesOf, IndicesOfVBundle, InducedDecomposition,
InducedFrom, InertHead, InertHeadQ, Info, Inv, IsindexOf, Labels, LI, LieD,
LieDToCovD, Lindex, LIndexQ, LinearQ, MakeRule, Manifold, ManifoldOfCovD,
ManifoldQ, ManifoldsOf, Master, MasterOf, Metric, MetricEndowedQ, MetricOfCovD,
MetricOn, MetricQ, MetricScalar, MetricsOfVBundle, MetricToProjector, Monomial,
NewlndexIn, NoScalar, Notation, NumberOfArguments, OrthogonalTo, OverDerivatives,
OverDot, PairAntisymmetrize, PairQ, PairSymmetrize, ParamD, Parameter, ParameterQ,
ParametersOf, Patternindex, Patternindices, PD, Permutelndices, PIndex, PIndexQ,
PrintAs, ProjectDerivative, ProjectedWith, Projector, ProjectorToMetric,
ProjectWith, ProtectNewSymbol, PutScalar, Removelndices, ReplaceDummies,
Replacelndex, Ricci, RicciScalar, RicciToEinstein, RicciToTFRicci, Riemann,
RiemannToChristoffel, RiemannToWeyl, RightTeeArrow, SameDummies, Scalar,
ScalarFunction, ScalarFunctionQ, ScalarQ, ScreenDollarIndices, SeparateDir,
SeparateMetric, ServantsOf, SetCharacters, SetindexSortPriorities, SetOrthogonal,
SetProjected, SignatureOfMetric, SignDetOfMetric, Simplification, SlotsOfTensor,
SortCovDs, SortCovDsStart, SortCovDsStop, Splitindex, STFPart, Subdummiesin,
SubmanifoldQ, SubmanifoldsOfManifold, SubvbundleQ, SubvbundlesOfVBundle,
SymbolOfCovD, Symmetrize, Symmetry, SymmetryGroupOfTensor, SymmetryOf,
SymmetryTableauxOfTensor, Tangent, TangentBundleOfManifold, Tensor, TensorID,
TestIndices, TFRicci, TFRicciToRicci, ToCanonical, Torsion, TorsionQ,
TorsionToChristoffel, TraceDummy, TraceProductDummy, TransposeDagger,
Undef, UndefAbstractindex, UndefConstantSymbol, UndefCovD, UndeflnertHead,
UndefManifold, UndefMetric, UndefParameter, UndefScalarFunction, UndefTensor,
UndefVBundle, Up, Upindex, UpindexQ, UpVectorQ, UseMetricOnVBundle, UseSymmetries,
Validate, ValidateSymbollnSession, VanishingQ, VarD, VBundle, VBundleOfindex,
VBundleOfMetric, VBundleQ, VBundlesOfCovD, VectorOfiInducedMetric, VisitorsOf,
WeightedWithBasis, WeightOf, WeightOfTensor, Weyl, WeylToRiemann, xSort,
xTensorFormStart, xTensorFormStop, xTensorQ, Zero, $Abstractindices,
$AccelerationSign, $Bases, $Charts, $CheckZeroDerivativeVerbose, $CindexForm,
$CommuteCovDsOnScalars, $CommuteFreelndices, $ComputeNewDummies, $ConstantSymbols,
$CovDFormat, $CovDs, $epsilonSign, $ExtrinsicKSign, $FindIindicesAcceptedHeads,
$lnertHeads, $Manifolds, $Metrics, $MixedDers, $Parameters, $ProductManifolds,
$ProductMetrics, $ProtectNewSymbols, $ReadingVerbose, $RicciSign,
$RiemannSign, $Rules, $ScalarFunctions, $SumVBundles, $Tensors, $TorsionSign,
$TraceDummyVerbose, $VBundles, $Version, $xPermVersionExpected }

©2003-2004 José M. Martin-Garcia



190

XTensorDoc.n

In|994]: =
Lengt h[%

Qut| 994| =
338

In|995]: =
Ti meUsed[]

Qut| 995] =
534.165

I n 996]: =
Memoryl nUse[] /1000 /1024 // N

Qut | 996| =
437.512

In997]: =
MaxMenor yUsed[] /1000 /1024 // N

Qut|997| =
559.742
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