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m Intro

Spi nors’ is the xAct~ package for computations with spinors in four dimensional Lorentzian manifolds. The
conventions adopted in the standard formulae of the spinor calculus are those of Penrose & Rindler, Spinors and Space-
Time, Cambridge University Press (Voals. 1, 2). We assume that the user is already familiar with spinor calculus and
therefore we will not explain the terminology or symbols related to this subject unless necessary to clarify the workings
of the package.

m Load the package

This loads the package from the default directory, for example $Home/.Mathematica/A pplications/xAct/ for asingle-user installa-
tion under Linux.

In[1]:= MenorylnUse[]

Qut[1]= 14362304
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In[2]:= <<XAct Spinors’
Package xAct xPerm version 1.0.3, {2009, 9, 9}

CopyRi ght (C) 2003-2008, Jose M
Marti n-Garci a, under the General Public License.

Connecting to external |inux executable...
Connection established.
Package xAct xTensor™ version 0.9.9, {2009, 9, 9}

CopyRi ght (C) 2002-2008, Jose M
Marti n-Garci a, under the General Public License.

Package xAct  Spinors® version 0.9.2, {2009, 9, 9}

CopyRi ght (C) 2006-2008, Al fonso Garci a-Parrado Gonez-Lobo
and Jose M Martin-Garcia, under the General Public License.

These packages cone with ABSCOLUTELY NO WARRANTY; for details type
Disclainer[]. This is free software, and you are wel cone to redistribute
it under certain conditions. See the General Public License for details.

Comparing, we see that all packages take about 50 Mb in Mathematica 7.0:
In[3]:= MenorylnUse[]

Qut[3]= 69895128

In[4]:= (Qut[3]-Qut[1]) /2720 //N

Qut[4]= 52.9602

There are severa contexts: XAct ~ Spi nors™, XxAct xTensor ,xAct  xPerm andxAct ~xCor e” contain the respective
reserved words. Syst em contains Mathematica's reserved words. The current context G obal ~ will contain your definitions
and right now is empty.

In[5]:= $Context Path

Qut[5]= {XAct Spinors’, xAct xTensor , xAct xPerm,
xAct “ xCore’, Pacl et Manager *, WebServi ces’, System, d obal "}

In[6]:= Context []

cut[6]= G obal”
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In[7]:= ?d obal " *

Information::nomatch: No synmbol matching d obal ™ x found. >

m 1. Example session

Spinors are elements of a complex vector bundle (spin bundle) whose base space is a four dimensional Lorentzian
manifold (spacetime). Therefore we need to define first a four dimensional differentiable manifold and a Lorentzian
metric, which will be kept fixed in al this notebook. See xTensor ™ doc file for details about how to carry this out.
Note also that al the tools and notation developed in xAct ~ to work with generic complex vector bundles apply in the
particular case of a spin bundle, so the user will be assumed familiar with them. We refer again to the xTensor ™ doc
file for detailed documentation about this point.

Definition of afour dimensional manifold VA4:
In[8]:= DefManifold[M4, 4, {a, b, ¢, d, f, p, g r, m I, h j,n t,s}]

x+ Def Mani fol d: Defining manifold M.

+xx Def VBundl e: Defining vbundl e Tangent M4.
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Definition of a Lorentzian metric on the manifold:
In[9]:= DefMetric[{3, 1, 0}, g[-a, -b], CD]

+»x Def Tensor: Defining symmetric netric tensor g[-a, -b].

x+ Def Tensor: Defining antisymetric tensor epsilongfa, b, ¢, d].

= Def Tensor: Def

ning tensor Tetrag[-a, -b, -c, -d]J.

=+ Def Tensor: Def

ning tensor Tetragt[-a, -b, -c, -d].
+x+ Def CovD: Defining covariant derivative CD[-a].

= Def Tensor: Def

ni ng vani shing torsion tensor TorsionCD[a, -b, -c].

=+ Def Tensor: Def

ning symmetric Christoffel tensor Christoffel CD[a, -b, -c].
x+ Def Tensor: Defining Ri emann tensor R emannCD[-a, -b, -c, -d].

= Def Tensor: Def

ning symmetric Ricci tensor RicciCD[-a, -b].

»x Def CovD: Contractions of R emann automatically replaced by Ricci.
x+x Def Tensor: Defining Ricci scalar RicciScalarCD[].

x+ Def CovD: Contractions of Ricci automatically replaced by RicciScal ar.
x+ Def Tensor: Defining symmetric Einstein tensor EinsteinCD[-a, -b].
=+ Def Tensor: Defining Wyl tensor Wyl CD[-a, -b, -c, -d].

+x+ Def Tensor: Defining symetric TFRi cci tensor TFRicci CD[-a, -b].

x+ Def Tensor: Defining Kretschmann scal ar KretschmannCD[].

x+ Def CovD: Conputing R emannToWeyl Rules for dim4

x+x Def CovD: Conputing Ricci ToTFRicci for dim4

x+ Def CovD: Conputing Ricci ToEi nsteinRules for dim4

=+ Def Tensor: Defining weight +2 density Detg[]. Determ nant.

The command Def Spi nSt r uct ur e defines a complex spin bundle named Spi n comprising the spin metric €[ - A, - B] , the
soldering form of a, - A, - At] and the extension of the Levi-Civita covariant derivative CD to the unique covariant derivative CDe
which is compatible with the soldering form and the spin metric (spin covariant derivative). The option Spi nor Prefi x is used
to introduce a tag which will be prepended automatically to any spinor related to a spacetime tensor.

In[10]:= Def SpinStructure([g, Spin, {A B C D F H L, P, Q, e o, CDe, SpinorPrefix ->SP]

+x+ DefVBundl e: Defining vbundl e Spin.

Val i dat eSynbol : : capit al
System nanme C is overl oaded as an abstract index.

Val i dat eSynbol : : capi t al
System nane D is overl oaded as an abstract index.
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+»x Def VBundl e: Defining conjugated vbundl e Spint
Assumi ng fixed anti -i sonor phi sm between Spin and Spint

+x Def Tensor: Defining soldering formo[a, -C, -Dt].

++ Def Tensor: Defining soldering formo f{a, -Ct, -Dj.

+xx Def Tensor: Defining spin metric e[-A -B]J.

+x Def Tensor: Defining spin nmetric e f-Af, -Bf].

++ Def Tensor: Defining tensor Sigmac[a, b, -A -B].

+»x Def Tensor: Defining tensor Sigmac fa, b, -Af, -Bt].

+x Def Tensor: Defining spinor SP_g[A Cf, B, Dt]. Equival ent of tensor g
+»» Def Tensor: Defining spinor SP_gt[At, C, Bt, D]. Equivalent of tensor g

+xx Def Tensor: Defining spinor
SP__epsi | ong[A, Af, B, Bt, C, Cf, D, Dt]. Equival ent of tensor epsilong

+x+ Def Tensor: Defining spinor
SP_epsi | ongt[At, A Bf, B, Ct, C, Df, D]. Equival ent of tensor epsilong

x+ Def CovD: Defining covariant derivative CDe[-a].

+x+ Def Tensor: Defining
nonsymetric AChristoffel tensor AChristoffel CDe[A -b, -C].

x+ Def Tensor: Defining
nonsymetri c AChristoffel tensor AChristoffel CDet[Af, -b, -Ct].

+»x Def Tensor: Defining FRi emann tensor
FRi emannCDe [-a, -b, -C, D]. Antisymetric only in the first pair.

+x+ Def Tensor: Defining FR emann tensor
FRi emannCDet [-a, -b, -Cf, Dt]. Antisymmetric only in the first pair.

x+ Def Tensor: Defining spinor
SP_FRi emannCDe[-A, -Af, -B, -Bf, -C, -D]. Equival ent of tensor FRi emannCDe

+xx Def Tensor: Defining spinor
SP_FRi emannCDet[-Af, -A, -Bf, -B, -Ct, -Df]. Equival ent of tensor FRi emannCDet

x+ Def Tensor: Defining curvature spinor ChiCDe[-A, -B, -C -Dj.

+»x Def Tensor: Defining curvature spinor Chi CDet[-At, -Bf, -Cf, -Dt].
+x Def Tensor: Defining curvature spinor PhiCDe[-A -B, -Cf, -Df].

+x+ Def Tensor: Defining curvature spinor PhiCDet[-At, -Bf, -C, -Dj.
x+ Def Tensor: Defining spinor scalar curvature LanbdaCDe][].

=+ Def Tensor: Defining Wyl spinor PsiCDe[-A -B, -C, -Dj.

+»» Def Tensor: Defining Wyl spinor PsiCDet[-Af, -Bf, -Ct, -Df].

x+ Def Tensor: Defining spinor SP_R emannCD[-A, -Af, -B, -Bt, -C, -Ct, -D, -Dt]
. Equival ent of tensor R emannCD
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+x+ Def Tensor: Defining spinor SP_R emannCDt[-Af, -A -Bf, -B, -Ct, -C, -Dt, -D]
Equi val ent of tensor Ri emannCD

x+ Def Tensor: Defining spinor
SP_.Ricci CD[-A, -At, -B, -Bt]. Equivalent of tensor Ricci CD

+xx Def Tensor: Defining spinor
SP_Ri cci CDf[-At, -A, -Bf, -B]. Equivalent of tensor Ri cciCD

+x+ Def Tensor: Defining spinor
SP_\Wyl CD[-A, -Af, -B, -Bf, -C, -Ct, -D, -Dt]. Equivalent of tensor Wyl CD

x+ Def Tensor: Defining spinor
SP_ Wyl CDt[-At, -A, -Bt, -B, -Ct, -C, -Dt, -D]. Equival ent of tensor Wyl CD

+xx Def Tensor: Defining spinor
SP_TFRi cci CD[-A, -At, -B, -Bt]. Equival ent of tensor TFRi cci CD

+x+ Def Tensor: Defining spinor
SP_.TFRi cci CDt[-Af, -A, -Btf, -B]. Equival ent of tensor TFRi cci CD

When a spin structure is defined, several new objects are defined automatically. These are the spinor equivalents of the Riemann,
the Ricci, the traceless Ricci and the Weyl tensors. Note the character o prepended to each head in the output . This is the default

output form of the tag mentioned above. This output form can be changed with the option Spi nor Mar k in the command
Def Spi nStruct ure.

In[11]:= {SP—Ri emannCD[-A, -Af, -B, -Btf, -C, -Ct, -F, -Ff], SP_Ri cci CD[-A, -Af, -B, -Bf],
SP_TFRi cci CD[-A, -Af, -B, -Bt], SP_Wyl CD[-A, -Af, -B, -Bt, -C, -Ct, -F, -Ff1}

out[11]= {0 RV]aat eet oot Frt O RV1aar Bep 0 V] aat Bep O WW]aat BBt cot FRt

The curvature spinors are also automatically defined.
Inf12]:= {ChiCDe[-A, -B, -C, -D], PhiCDe[-A, -B, -Af, -Bt]}

Qut[12] = {X[V]agceo: 2[V]agat Bt}

Each of the above spinors can be decomposed into irreducible parts by means of the command Deconposi ti on. Let ussee
some examples.

In[13]:= Decomposition[SP_Ri emannCD[-A, -Af, -B, -Bt, -C, -Ct, -D, -Df]]
Qut[13]= C[V] Tat Bt ot Fas Enc~ 2[V] aspt cr€oc € Tt Bt—

2A[V] (eap€pc€ htpt€ Bt ct—€ac€mp € Bt cr€ Bion -
3 [V]pcat 6t€a8 € Bt ot € [V]asoc € it sr€ br ot

The decomposition of the spinor equivalent of the Ricci tensor is

In[14]: = Deconposition[SP—Ri cci CD[-A, -Af, -B, -Btf]]

Qut[14]= -2 3[V]ppat B+ 6 A[V] €pg€ Tar gt

The decomposition of the spinor equivalent of the Weyl tensor is

In[15]:= Deconposition[SP_Weyl CD[-A, -At, -B, -Bf, -C, -Cf, -D, -Dt1]

Qut[15]= T[V] tar st or Fas €oc+ TIV]asoc € hi sre Bror
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Theinner curvature of the spin bundle can be also decomposed according to standard rules .

In[16]:= Deconposition[SP_FR emannCDhe[-A, -At, -B, -Bt, -C, -D]]
Qut[16]= @[V]coat Br€as + X [V]coms € Tt bt
In[17]: = Decomposition[%, Chi]

Qut[17]= @[V]cpat t€as + (B[VIicpas + AIV] (Ece €pa+ €ca€ps)) € ht Bt

In[18]:= ChiCDe[-A, -B, -C, -D]
Qut[18] = X[V]agp

In[19]: = Deconposition[%, Chi]
Qut[19]= Z[V]agep + ALV] (€ap EBc *+ €ac €BD)

Spi nor s isableto work with the 2-index derivatives used in spinor calculus.
In[20]:= CDe[-F, -Ff]ePsiCDe[-A, -B, -C, -D]

Qut[20] = Vert ©[V]agcD

Asiswell-known thisis nothing but a shorthand for

In[21]: = Separ at eSol deri ngForm[] [%, CDe]

Qut[21]= 0%t (Va T[V]ascp)

We can also transform one-index covariant derivatives back into their two index form by means of the soldering form.

In[22]:= CDe[-b]e@Psi CDe[-A, -B, -C, -D]

Qut[22]= Vp 2[V]aBoD

In[23]:= PutSol deri ngFor mes
Qut[23]= 0%t (Va T[V]ascp)

In[24]:= Contract Sol deri ngFor me%

Qut[24] = Vert ©[V]ascp

Spinors are defined using the command Def Spi nor , which is nothing but a renaming of standard xAct © command Def Tensor
(by default the option Dagger - >Conpl ex isassumed).

In[25]:= DefSpinor [x[-A -AT], Mi]
x+ Def Tensor: Defining tensor x[-A -At].

+x Def Tensor: Defining tensor x f{-Af, -A].
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In this case the spinor just defined can be related to atensor in the spacetime tangent bundle. This vector is given by
In[26]:= PutSol deringForm[x[-A, -Af]]
Qut[26]= Xaar 9™
The soldering form can be absorbed into the spinor x. In this case a new tensor is automatically defined.
In[27]:= Contract Sol deri ngFor m[%]
Tensor Of Spi nor: : nane : Tensor of x not defined. Prepending SP.
xx Def Tensor: Defining tensor SP_x[-a]. Equival ent of spinor x
xx Def Tensor: Defining tensor SP_x t-a]. Equivalent of spinor xt

Qut[27] = Oxg

The original spinor may be also recovered from ox,.

In[28]:= Put Sol deri ngFor m[%]

Qut[28] = OKa O pat

In[29]:= Contract Sol deri ngFor m[%]

Qut[29] = Kaat

An interesting feature is the possibility of working with Hermitian spinors. These are defined by supplying the option Dagger -
>Her m ti an to Def Spi nor.

In[30]:= DefSpinor[u[-A -At, -B, -Bt], M4, Dagger -> Hermitian]
x+« Def Tensor: Defining tensor u[-A -Af, -B, -Bf].

=« Def Tensor: Defining tensor u ff-Af, -A -Bt, -B].

We check that the new spinor 1 is hermitian.

In[31]:= u[-A, -At, -B, -Bt] // Dagger

Qut [ 31] Haat BBt

Any Hermitian spinor has a tensor counterpart which is real. We compute the tensor counterpart of .« and check that the result is a
real rank-2 spacetime tensor.

In[32]:= % // PutSol deringForm// Contract Sol deri ngForm
Tensor O Spi nor: : nane: Tensor of u not defined. Prepending SP.
+x Def Tensor: Defining tensor SP_u[-a, -b]. Equival ent of spinor u

Qut [32] = Olygp
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In[33]:= % // Dagger

Qut[33]= Olgp

The xAct® command Cont r act Met ri ¢ isaware of the standard index raising and lowering conventions for the spinor indices
and therefore it can act on spinor expressions without further options. We present some examples:

In[34]:= Def Spinor [§[A], M4]
x+ Def Tensor: Defining tensor £[A].

«+ Def Tensor: Defining tensor & fAf].

We consider the following list of quantities.

In[35]:= {E[-B] e[A Bl, £[B]e[-B, -A], e fCf, AT] CDe[-A, -Afleg[-B]}
Qut[35] = {EAB s, epn &5 € FIAT (pnt §B)}

In[36]:= ContractMetric/e%

ut[36]= {&A £a VAT &g

The same goes for the remaining xAct ° commands. For example ToCanoni cal takesinto account the "see-saw" rule when
canonicalising spinor expressions and adds the suitable signs. Also it works with any kind of spinor expression without any further
option. To seethis let us canonicalise the following list of spinor expressions.

In[37]:= {€[A] £[-Al, x[-A -Bt] £ 1Bt], CDe[-F, -Ft]eChe[-A, Ff]ePsiCDe[-B, -C, -D, -P]+
CDe[-F, Ft]eCDe[-A, -Ft]ePsiCDe[-B, -C, -D, -P]}

ut[371= {Ea €N st € BT Vet VAT [V acop + Vi Vart ©[V]gcop )

In[38]:= ToCanonical /@%

ait[38]= {0, -xa”" £ B, 0}
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A spin structure can be undefined and al its dependent symbols are thus removed from the session. To accomplish this we remove
first all the visitors of the soldering form o:

In[39]:= Undef /eVisitorsO [o];

+xx Undef Tensor:
*»» Undef Tensor:
x+ Undef Tensor:
+xx Undef Tensor:
*»» Undef Tensor:
x+ Undef Tensor:
+xx Undef Tensor:
*»» Undef Tensor:
x+ Undef Tensor:
+xx Undef Tensor:
*»» Undef Tensor:
x+ Undef Tensor:
*xx Undef Tensor:
*»» Undef Tensor:
x+ Undef Tensor:
+xx Undef Tensor:

% Undef Tensor :

Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i

Undef i

ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned

ned

and al the objects defined on the Spi n vbundle:

I n[40]:

Qut [ 40]

I n[41] :

VisitorsOf @Spin

(<, xTuw, ut &

Undef /e {x, &, u};
*»» Undef Tensor:
x+ Undef Tensor:
+xx Undef Tensor:
*»» Undef Tensor:
x+ Undef Tensor:

=+ Undef Tensor:

Undef i
Undef i
Undef i
Undef i
Undef i

Undef i

ned
ned
ned
ned
ned

ned

spi
spi
Spi
spi
spi
spi
spi
spi
spi
spi
spi
spi
spi

spi

nor

nor

nor

nor

nor

nor

nor

nor

nor

nor

nor

nor

nor

nor

tensor

tensor

tensor

tensor

tensor

tensor

tensor

tensor

t ensor

SP_.gt

SP_.g

SP__epsi |l ongt
SP__epsi | ong
SP_FRi emannCDet
SP_FRi emannCDe
SP_.Ri emannCDt
SP_Ri emannCD
SP__Ri cci CDt
SP_.Ri cci CD
SP_ Wyl CDt
SP_Weyl CD
SP__TFRi cci CDt
SP_TFRi cci CD
SP_x -

SP__.x

SP_u
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Finally the spin structure and dl its dependent objects are removed.

In[42]:= Undef Spi nStructure[o]
x+ Undef Tensor: Undefined nonsymretric AChristoffel tensor AChristoffel CDef
x+ Undef Tensor: Undefined nonsymretric AChristoffel tensor AChristoffel CDe
+»x Undef Tensor: Undefined curvature spinor ChiCDeft
xx Undef Tensor: Undefined curvature spinor Chi CDe
*»» Undef Tensor: Undefined FRi emann tensor FRi emannCDeft
x+ Undef Tensor: Undefi ned FRi emann tensor FRi emannCDe
x+ Undef Tensor: Undefined spinor scal ar curvature LanbdaCDe
+x Undef Tensor: Undefined curvature spinor PhiCDet
x+ Undef Tensor: Undefined curvature spinor PhiCDe
% Undef Tensor: Undefined Wyl spinor Psi CDet
x+ Undef Tensor: Undefined Wyl spinor Psi CDe
x+ Undef CovD: Undefined covariant derivative CDe
x»% Undef Tensor: Undefined tensor Sigmao t
x+ Undef Tensor: Undefined tensor Signao
x»x Undef Tensor: Undefined spin netric €t
x+ Undef Tensor: Undefined spin metric e
x+ Undef Tensor: Undefined soldering formot
+»x Undef Tensor: Undefined soldering formo
xx Undef VBundl e: Undefined conjugated vbundl e Spint

x+ Undef VBundl e: Undefi ned vbundl e Spin

Now, we are only left with spacetime quantities.

In[43]:= $Tensors

{g, epsilong, Tetrag, Tetragf, Torsi onCD, Christoffel CD, Ri emannCD, Ri cci CD,
Ri cci Scal ar CD, Ei nstei nCD, Wyl CD, TFRi cci CD, Kret schmannCD, Det g}

Qut [ 43]
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m 2. Definition of a spin structure

In our present context we need the following ingredients to introduce a spin structure on a Lorentzian manifold: a 2-
dimensional complex vector bundle (the spin bundle), the antisymmetric spin metric and the soldering form. This last
guantity is a mixed object having indices in the spin bundle and the tangent bundle and serves to relate space-time
guantities to spinor quantities and back (see e. g. appendix A of A. Ashtekar Lectures on non-perturbative canonical
gravity World Scientific, Singapore, 1991). The explicit components of the soldering form in a basis are known as the
Infeld-Van der Waerden symbols. It can be shown that there exists a unique covariant derivative (spin covariant
derivative) which is compatible with both the spin metric and the soldering form. The restriction of the spin covariant
derivative to tensors defined on the tangent bundle coincides with the Levi-Civita covariant derivative.

Itis possible to introduce a spin structure both in a spacetime with or without torsion. We separate those two cases:

2.1. Spin structures on spacetimes without torsion

To define a spin structure we need first afour dimensional Lorentzian manifold

In[44]:= {$Manifolds, $Metrics, D mOf Manifol d /e $Manifol ds}

Qut[44]= {{M&}, {g}, {4}}

Def Spi nStructure Define a spin structure on afour dimensional Lorentzian manifold.
Undef Spi nStructure Undefine a spin structure.
$Sol deri ngFor ns List of soldering forms (a.k.a. spin structures).

We define a spin structure comprising the complex vector bundle Spi n whose abstract indicesare{A, B, C, D, F, H L,

P, @ . We need to supply as arguments the name of the metric tensor of the background Lorentzian manifold g - a, - b] , the
name of the antisymmetric spin metric €[ - A, - B] , the name of the soldering form of a, - A, - Af] and the name of the spin
covariant derivative CDe[ - a] . The option Spi nor Prefi x isused to introduce a tag which will be prepended automati-

caly to any spinor related to a spacetime tensor and the option Spi nor Mar k introduces a formatting of the tag SP
different to the default one. The long output of Def Spi nSt r uct ur e can be suppressed by adding the option | nf o-

>Fal se which deactivates the information of the definition commands .

In[45]:= DefSpinStructure[g, Spin, {A B C D F, H L, P, Q,
e, o, CDe, SpinorPrefix ->SP, SpinorMark ->"S", Info -> Fal se]

Val i dat eSynbol : : capit al
System nane C is overl oaded as an abstract index.

Val i dat eSynbol : : capit al
System nane D is overl oaded as an abstract index.
We choose a formatting for the "primed" spinor indices according to the standard conventions used in the literature.

In[46]:= {PrintAs[Af]"="A", PrintAs[Bt]"="B ", PrintAs[Cf]"="C", PrintAs[Dt] "="D",
PrintAs[Ft] ~="F ", PrintAs[Ht] ~="H ", PrintAs[Lt] ~="L'", PrintAs[M] *="M",
PrintAs[Pt] ~="P ", PrintAs[Qt] ~="Q", PrintAsfe ] *="€"};

By convention we choose the symbol o as the representative of all the elements which comprise the spin structure.
Hence it will sometimes be referred to as "the spin structure”. In particular this means that it is the host of the spinor
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counterparts of the metric tensor, the volume element and all the curvature spinors associated to the covariant deriva-
tive CDe .

In[47]:= VisitorsOf @o
Qut[47]= {SP_g, SP_epsilong, SP_FR emannCDe,
SP_Ri emannCD SP_Ricci CO SP_Wyl CQ SP_TFRi cci CD;

The set of soldering formsis kept in the global variable $Sol der i ngFor ns.
In[48]:= $Sol deri ngFor ns

Qut[48]= {o}

All the essentia agebraic properties of the soldering form are included as automatic rules. Example;

In[49]:= {o[a, -A -Af]o[-a, -B, -Bf], o[-a, A At] o[-b, -A -Af]}

Qut[49] = {GABEA' B gba}

It is possible to define a second spin structure on the manifold M4.

In[50]: = DefSpinStructure[g, Spin2, {a B, ¥, 6, 1, v}, €2 02
CDe2, SpinorPrefix -> SP2, SpinorMark ->"S2", Info -> Fal se]

In[51]: = $Sol deri ngFor s
Qut[51]= {0, 02
If we have more than one spin structure in the session then we need to specify which one are we working with in some

of the Spi nor s commands. Otherwise it is automatically assumed that we work with the default spin structure which
isthefirst element of thelist $Sol der i ngFor ms. Examples:

In[52]:= RiemannCD[-a, -b, -c, -d]

Qut[52] = R[V]apca

In[53]:= PutSol deri ngForm[%, | ndicesO [], o2
Qut[53]= R(VIapca @ 2o 0255 02, 02,
In[54]: = Contract Sol deri ngFor me%

Qut[54]1= S2R[V]in +p5 v

In[55]:= Deconposition[%]

Qut[55]= Z[V] TaTBTé'lei(%?Be %}{_i[vJa/jé T?T%}{e ZETBT
20[9) (€25€2,€2% 15621 ,7€ 2, €26 2ht 6 2h 1 otm
2[V]sya TET%BGZTSTY*@[V}O(BweZETﬁgz%TYT

In[56]:= R emannCD[-a, -b, -c, -d]

Qut [ 56] = RV] abcd
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In[57]: = Separ at eSol deri ngForm[o 2 [%]
Qut[57] = SZR[V} o 15 Ty G O(O(T TO %/3/3 TO %yy TO %65 .

In[58]:= PutSol deri ngForm[%, | ndicesO [], o2

Qut [ 58] =

In[59]:=

S2R[V]

aa T BB T vy

We remove the spin structure o2. Asusual, we start with the visitors of 02 and then we proceed to erase the spin

structure itself.

* %
* *

* *

* *
* %

* *

* %
* *

* *

Undef Tensor :
Undef Tensor :
Undef Tensor:
Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :
Undef Tensor :
Undef Tensor:
Undef Tensor :

Undef Tensor:

Undef /eVisitorsOf eoc 2

Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i

Undef i

ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned
ned

ned

SP2_.gt

SP2._.g

SP2__.epsi l ongt
SP2__.epsi |l ong
SP2__FRi emannCDe2t
SP2__FRi emannCDe?2
SP2__.Ri emannCDY
SP2__Ri emannCD
SP2__Ri cci CDf
SP2__.Ri cci CD
SP2__.\Weyl CDt
SP2__\Weyl CD
SP2__.TFRi cci CDf

SP2__.TFRi cci CD
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In[60]:= Undef SpinStructureeoc 2

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :
Undef Tensor :
Undef Tensor:
Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :

Undef Tensor:

Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i

Undef i

ned
ned
ned
ned
ned
ned
ned
ned
ned
ned

ned

AChri st of f el CDe2t

AChri st of f el CDe2

Chi CDe2t
Chi CDe2

FRi emannCDe2t

FRi emannCDe?2

LanbdaCDe2
Phi CDe2t
Phi CDe2
Psi CDe2t

Psi CDe2

Undef CovD: Undefi ned CDe2

Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :
Undef Tensor:

Undef Tensor:

Undef VBundl e:

Undef VBundl e:

Undef i
Undef i
Undef i
Undef i
Undef i

Undef i

ned
ned
ned
ned
ned

ned

Si gmao 21
Si gmao 2
e 2t

e 2

o 2%

o2

Undef i ned Spin2t

Undefi ned Spin2

2.2. Spin structures on spacetimes with torsion

It is possible to define a spin structure on a spacetime in which the connection compatible with the metric tensor is
assumed to have torsion. In this section we illustrate this.

We need to define a new 4-dimensional manifold and a new metric. Note the non-standard symmetry properties of the curvature

tensors:

In[61]:= DefManifol d[MI, 4, {a, B, ¥, 6, u, v, p, A}]

* *

* *

Def Mani f ol d:

Def VBundl e:

Defining mani fold M.

Def i ni ng vbundl e Tangent M.
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In[62]:= DefMetric[{3, 1, 0}, G[-a, -B], cd, Torsion -> True]
x+ Def Tensor: Defining symetric netric tensor G[-a, -8].
+x+ Def Tensor: Defining antisymetric tensor epsilonGla, B, v, 6].
x+« Def Tensor: Defining tensor TetraG[-o, -3, -v¥, -6].
x+ Def Tensor: Defining tensor TetraGl[-a, -8, -y, -6].
+x+ Def CovD: Defining covariant derivative cd[-a].
x+ Def Tensor: Defining torsion tensor Torsioncd[a, -3, -Y].

=+ Def Tensor: Defining
non-symetric Christoffel tensor Christoffelcd[a, -8B, -¥].

+x+ Def Tensor: Defining R emann tensor
R emanncd[-«a, -8B, -v¥, -6]. Antisymetric pairs cannot be exchanged.

+x+ Def Tensor: Defining non-symmetric Ricci tensor Riccicd[-a -p3].

»+x Def CovD: Contractions of R emann automatically replaced by Ricci.

x+x Def Tensor: Defining Ricci scalar RicciScalarcd][].

++ Def CovD: Contractions of Ricci automatically replaced by RicciScal ar.
x+ Def Tensor: Defining non-symetric Einstein tensor Einsteincd[-a -83].

«+ Def Tensor: Defining Wyl tensor
Weylcd[-a, -5, -y, -6]. Antisymretric pairs cannot be exchanged.

+xx Def Tensor: Defining non-synmmetric TFRicci tensor TFRiccicd[-a, -S].
x+ Def Tensor: Defining Kretschmann scal ar Kretschrmanncd[].

++ Def CovD: Conputing R emannToWeyl Rules for dim4

x+« Def CovD: Conputing Ricci ToTFRicci for dim4

x+x Def CovD: Conputing Ricci ToEi nsteinRules for dim4

+x+ Def Tensor: Defining weight +2 density DetG[]. Determ nant.

Definition of the spin structure
In[63]:= DefSpinStructure[G SpinT, {# 8, C, D, F G H M, & =, cde, SpinorPrefix -> 8]
x+ DefVBundl e: Defining vbundl e SpinT.

x»x Def VBundl e: Defining conjugated vbundl e Spi nTt.
Assunmi ng fixed anti -i sonor phi sm between Spi nT and Spi nTt

+x Def Tensor: Defining soldering formzx[a, -C, -D 1.
+»x Def Tensor: Defining soldering formzx f{a, -Cc T -2].
x+x Def Tensor: Defining spin nmetric (-4, -8].

+x Def Tensor: Defining spin metric s {-#1 -8 1.
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++ Def Tensor: Defining tensor Sigmas[a, B3, -A -3B].

x+ Def Tensor: Defining tensor Sigmas fla, B, -A T -8 1.

+x Def Tensor: Defining spinor S_G# ¢ 1 8 ©1. Equivalent of tensor G
+x+ Def Tensor: Defining spinor S_.Gf[#T ¢, 81 »]. Equivalent of tensor G

+xx Def Tensor: Defining spinor
S epsilonGa #1 8 81 ¢, ¢t o, 1. Equivalent of tensor epsilonG

+x+ Def Tensor: Defining spinor
S epsilonGt[at & 81 8 ¢t ¢, ot D). Equivalent of tensor epsilonG

x+ Def CovD: Defining covariant derivative cde[-a].

+x+ Def Tensor: Defining
nonsymretri ¢ AChristoffel tensor AChristoffelcde[s -3, -C].

=+ Def Tensor: Defining
nonsymetric AChristoffel tensor AChristoffelcdet[#a T -3, -C 1.

+xx Def Tensor: Defining FRi emann tensor
FRi emanncde[-a, -3, -C, D]. Antisymetric only in the first pair.

+x+ Def Tensor: Defining FR emann tensor
FRi emanncdet[-a, -3, -¢c T o 1. Antisymetric only in the first pair.

x+ Def Tensor: Defining spinor
S_FR emanncde[-4&, -A1 -8, -81 -¢, -D]. Equivalent of tensor FR emanncde

+xx Def Tensor: Defining spinor
S_FR emanncdetf[-#1 -4 -81 -8, -¢c T -2 1. Equivalent of tensor FRi emanncdet

+»x Def Tensor: Defining curvature spinor Chicde[-4& -3 -C, -D].

x+ Def Tensor: Defining curvature spinor Chicdetf[-#t -81T -¢cT -0 1.
+x Def Tensor: Defining curvature spinor Phicde[-& -8 -c1 -D1.

+»x Def Tensor: Defining curvature spinor Phicdet[-#1 -81 -¢, -2].

+xx Def Tensor: Defining spinor
S _Torsioncd[-#, -AT -8 -81 -C, -c 1. Equivalent of tensor Torsioncd

+x+ Def Tensor: Defining spinor
S _.Torsioncdt[-#t -A -81%1 -8 -c 1t -c]. Equival ent of tensor Torsioncd

+x Def Tensor: Defining torsion spinor Onegacde[-AT -4 -8, -C].
+x+ Def Tensor: Defining torsion spinor Oregacdet[-# -#T -81 -¢ 1.

% Def Tensor: Defining spinor S_Riemanncd[-# -#%1 -8 -8%1 -¢, -¢ 1 -0, -2 1
Equi val ent of tensor Ri emanncd

+»x Def Tensor: Defining spinor S_Riemanncdf[-#1 -4 -81 -8 -c1 -¢, -1 -D]
Equi val ent of tensor Ri emanncd

+x+ Def Tensor: Defining spinor
S Riccicd(-& -#1 -8, -81. Equivalent of tensor Riccicd

+xx Def Tensor: Defining spinor
S _Riccicdt[-Aa1T -& -81 -8]. Equivalent of tensor Riccicd
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Thisisthe torsion tensor.

In[64] := Torsioncd[a, -B, -¥]

aut[e4 = T[V]%,

We compute next the spinor equivalent of the torsion.

In[65]:= PutSol deri ngFor m[%, |ndexList [a, -8, -¥], =]
aut[es] = T[V]%, 2,7 5P o7 -
In[66]:= Contract Sol deri ngFor me%

aut[e6]= = Tv]™ 1 ¢ o

This can be decomposed as follows.

In[67]:= Deconposition[%]
Qut[67] = R AR CINg Top t518st + QV]pt0s€ Bt ot
In[68]:= ContractMetrice%

Qut[68]= Q[V] Tﬂﬂ;TC‘%BC+Q[V1ﬂTgCS Lio

The spinor Q[v]7 Tzfc is called the "torsion spinor" of the covariant derivative. It is symmetric in the last pair of indices.
In[69]:= SymmetryG oupOf Tensor eOregacde

Qut[69] = StrongGenSet [{3, 4}, GenSet [Cycles[{3, 4}]]]

That spinor appearsin all standard expressions involving the torsion. Let us see an example:
In[70]: = Def Spinor [T[#A], MI]
++ Def Tensor: Defining tensor T[#A].

+»x Def Tensor: Defining tensor Tt[#& 1.

This is the spinor form of the Ricci identity associated to the covariant derivative cde. As is well known this spinor form
contains the "box operator" whose expansion contains explicitly the torsion spinor.

In[71]: = Boxcde[-& -8]e@T[C]
Qut[71]= O[V]gs T°

In[72]:= BoxToCurvature[% Boxcde]
Qut[72]= X[V as TP - Q[V]" T 2 (Vg )
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We remove all the symbols used in this subsection.

In[73]:= Undef /eVisitorsh ex;
x»% Undef Tensor: Undefined spinor S_.Gf
x+ Undef Tensor: Undefined spinor S_.G
+»x Undef Tensor: Undefined spinor S_epsilonGt
xx Undef Tensor: Undefined spinor S_epsilonG
+x Undef Tensor: Undefined spinor S_FR emanncdet
x+ Undef Tensor: Undefined spinor S_FRi emanncde
x+ Undef Tensor: Undefined spinor S _.Torsioncdf
% Undef Tensor: Undefined spinor S_.Torsioncd
+»x Undef Tensor: Undefined spinor S_Ri emanncdt
xx Undef Tensor: Undefined spinor S_Ri emanncd
+»% Undef Tensor: Undefined spinor S_Riccicdf
x+ Undef Tensor: Undefined spinor S_Riccicd

In[74]:= Undef /@VisitorsO eSpinT,
xx Undef Tensor: Undefined tensor Tt

=+ Undef Tensor: Undefined tensor T
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In[75]: = Undef Spi nStructureexs

* %

* *

* %

* *

* %

* *

* *

* %

* *

* %

* *

* %

* *

Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :
Undef Tensor :
Undef Tensor:
Undef Tensor :
Undef Tensor:
Undef Tensor:

Undef Tensor:

Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i

Undefi

ned
ned
ned
ned
ned
ned
ned
ned
ned

ned

nonsymretric AChristoffel tensor AChristoffelcdet

nonsymetric AChristoffel tensor AChristoffelcde

curvat ure spinor Chicdeft
curvature spinor Chicde
FRi emann tensor FRi emanncdet
FRi emann tensor FRi emanncde
torsion spinor Oregacdet
torsion spinor Oregacde
curvat ure spinor Phicdeft

curvature spinor Phicde

Undef CovD: Undefined covariant derivative cde

Undef Tensor:
Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :

Undef Tensor:

Undefined tensor Signmas t

Undef i
Undef i
Undef i
Undef i

Undef i

ned
ned
ned
ned

ned

tensor Signmaxz
spin metric st
spin netric &

sol dering formz 1

sol dering formx

+xx Undef VBundl e: Undefined conjugated vbundl e SpinTt

x+ Undef VBundl e: Undefi ned vbundl e SpinT
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In[76]:= Undef MetriceG

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

In[77]:= Undef Mani f ol deMr

=+ Undef VBundl e:

Undef Tensor :
Undef Tensor:
Undef Tensor:
Undef Tensor :
Undef Tensor :
Undef Tensor:
Undef Tensor :
Undef Tensor:
Undef Tensor:

Undef Tensor:

Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i
Undef i

Undef i

ned
ned
ned
ned
ned
ned
ned
ned
ned

ned

wei ght +2 density DetG

non-symmetric Christoffel tensor Christoffelcd
non-symmetric Einstein tensor Einsteincd

Kret schmann scal ar Kretschmanncd

non-symetric Ricci tensor Riccicd

Ri cci scal ar Ricci Scal arcd

Ri emann tensor Ri emanncd

non-symmetric TFRicci tensor TFRi ccicd

torsion tensor Torsioncd

Weyl tensor Wyl cd

Undef CovD: Undefined covariant derivative cd

Undef Tensor:
Undef Tensor :
Undef Tensor:

Undef Tensor:

Undefi ned tensor TetraGt

Undefined tensor TetraG

Undefi ned anti symmetric tensor epsilonG

Undefined symetric netric tensor G

Undef i ned vbundl e Tangent M

% Undef Mani fol d: Undefined manifold MI

In[78]:= $Manifolds

ut[78]= {M4}

m 3. Transformation between spinor and tensor expressions

Being able to transform spinor expressions into tensor ones and back is an important issue. Sometimes this is a trivia
task but there are cases in which more efforts are required. Spi nors” has a complete suite of commands which enable
us to handle any case as we show below.

3.1. Insertion and removal of soldering forms in an expression

When transforming a spinor expression into atensor one (or vice-versa) we may need to insert or eliminate a number of
soldering forms. Spi nors™ provides commands to perform thistask in an efficient fashion.
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Put Sol deri ngFor m Contraction of spinor/tensor indices with a suitable number of soldering forms
Cont ract Sol deri ngForm Transformation of contracted products of soldering formsinto tensor/spinor
expressions

Separ at eSol der i ngFor m Extraction of spinor/tensor indices by means of soldering forms

Simple application: we start with the Riemann tensor and finish with its spinor counterpart
In[79]:= RiemannCD[-a, -b, -c, -d]
Qut[79]= R[V]apeg
In[80]:= Put Sol deri ngFor me%
Qut[80] = RIV]apeq 0%an 088 e o

In[81]:= Contract Sol deri ngFor me%

Qut[81] = SR[V]ax BB cc DD

We can now follow previous procedure backwards and end up in the spacetime Riemann tensor.

In[82]:= SeparateSol deri ngFor m[o] [%]

b d
Qut[82] = R[V]apeq 0°mn 0’88 O°cc O'pp

In[83]:= PutSol deri ngFor mes

Qut[83] = RV] abcd

Sometimes intermediate objects need to be created in acomputation like the one just shown. Thisis done by the systemin an
automatic way.

In[84]:= DefTensor [M[-a, -b], M4]
x+ Def Tensor: Defining tensor M -a, -b].

In[85]:= Put Sol deringFormeM[-a, -b]

Cut [ 85] = NLb OaAA' ObBB'

Here, the contraction of the soldering forms results in the spinor counterpart of the tensor M - a, - b] . The former has not been
defined previously and thus the system must introduce this new object (a message informing about this is issued). The
definition of spinor counterparts of tensor objects can be performed by the user independently (see next section).

In[86]:= Contract Sol deri ngFor me%

Spi nor O Tensor: : nane: Spinor of M not defined. Prepending SP.
+x Def Tensor: Defining spinor SPL_M-A -Af, -B, -Bf]. Equival ent of tensor M

x+ Def Tensor: Defining spinor SP_Mf[-Af, -A -Bf, -B]. Equivalent of tensor M

Qut[86]= SMw sp
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The separation of the soldering form gets us back to the original tensor M, ;.

In[87]:= Separ at eSol deri ngForm[] @%

Qut [ 87] M:lb UaAA' ObBB'

In[88]:= PutSol deri ngFor me%

ut[88]= My

The spinors SP_Mand SP_Mt arevisitors of M Therefore if we wish to remove M we need to remove first its visitors.
In[89]:= Undef /eVisitorsOf eM
+»» Undef Tensor: Undefined spinor SP_Mf

*x Undef Tensor: Undefined spinor SP_N

In[90]: = Undef Tensor eM

=+ Undef Tensor: Undefined tensor M

There are cases in which we need to tell explicitly how the indices of the soldering forms should be contracted when
they act on an expression. Thisis achieved by means of extra optionsin the commands just ilustrated.

Consider an expression containing spacetime and spinor indices.
In[91]:= expr =CDe[-A, -At]eFRi emannCDe[-a, -b, -C, -D]
Qut[91] = Van FCDeypep

By default Separ at eSol der i ngFor m will extract soldering forms from all the tensor indices and all the complex
conjugated pairs of spinor indices.

In[92]: = SeparateSol deri ngFor m[o] [expr ]

Qut[92]= 0™ 0,7 o (Ve SFCDegg rc o)

We may control with extra options the vector bundles whose indices will be pulled out by Separ at eSol deri ngFor m

In[93]:= Separat eSol deri ngFor m[o] [expr, Spin]
Qut[93]= o (Ve FCDRycp)

In[94]: = Separ at eSol deri ngFor m[o] [expr, Tangent V4]
aut[94]= 0,2 0,"C (Vax SFCDegs rc o)
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A similar index-selection isalso available for Put Sol deri ngFor m

In[95]: = Put Sol deri ngFor m[expr, Spin]
Qut[95]= o™ (Vax FCDeyyep)
In[96]:= PutSol deri ngFor m[expr, Tangent V4]

Qut[96] = O°gg o (VAA' FCDeabco)

The following expression is the spinor form of atensor (Bel-Robinson tensor). If we wish to use Put Sol deri ng-
For m to find its tensor equivalent we need to pass an argument stating how the spinor indices are grouped into tensor
ones asthere is not a unique way of doing it. Thisisachieved by means of the head Pai r which represents conju-
gated pairs of spinor indices.

In[97]:= PsiCDe[-A, -B, -C, -D] Dagger [Psi CDe[-A, -B, -C, -D]]
ut[97]= C[V]aep 2[V] ta g c D

In[98]:= PutSol deri ngForm[%, {Pair[-A, -Af], Pair[-B, -Bf], Pair[-C, -Ct], Pair [-D, -Df]1}]

Qit[98]= [V V] ta s c o 9™ 0% 0cF g™

3.2. Relations between spinors and tensors

There are spinors which can be put into relation with tensors and tensors which can be put into relation with spinors. In
both cases the relation is carried out by means of the soldering form. Whenever one of these relations apply, Spi nors®
enables the user to define the spinor (resp. tensor) counterpart of atensor (resp. spinor).

Def Spi nor Of Tensor Defines the spinor counterpart of atensor (when applicable)
Def Tensor O Spi nor Defines the tensor counterpart of a spinor (when applicable)

Let us define a spinor.
In[99]:= DefSpinor [x[-A -AT], Mi]
x+ Def Tensor: Defining tensor x[-A -At].

+»x Def Tensor: Defining tensor x f{-Af, -A].

This spinor has atensor counterpart. To introduce it into the session we use the command Def Tensor Of Spi nor in
the following way:

InL100]: =
Def Tensor O Spi nor [KT[a], x[A, Af]l, o]
x+ Def Tensor: Defining tensor KT[a]. Equivalent of spinor x

x+ Def Tensor: Defining tensor KTt[a]. Equivalent of spinor xt
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The output form of the tensor is actually constructed from that of the spinor:
InL101): =
KT [a]
Qut| 101] =
Sk

The symbol KT represents the tensor counterpart of the spinor x. This must be a symbol which does not correspond to
any object defined previously in the session. From this point on, the system stores KT as the tensor counterpart of x.
Any of the commands which relate spinors to tensors are now aware of this binding between x and KT. Let us see some
examples:

In[102]: =
Tensor O Spi nor [k, o]

Qut | 102] =
KT

We start from the spinor xa. transform it into a tensor and then back to the same spinor al by using
Put Sol deri ngFor mCont r act Sol deri ngFor m

In[103]: =
x[-A, -AT]

Qut [ 103] =

Kaar
In 104]: =

Put Sol der i ngFor m[%]
Qut| 104| =

Kaa oaAA'

In|105]: =
Cont r act Sol deri ngFor m[%]

Qut [ 105) =
Sk,

In[ 106] : =
Put Sol der i ngFor m[%]

Qut | 106] =

a
Ska 0 an

InL10/7]: =
Cont r act Sol der i ngFor m[%]

Qut| 107] =
Kpar
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Similarly we can introduce the spinor counterpart of any tensor already defined in the sesssion. For example:

In 108]: =

Def Tensor [T[-a, -b], M4, Dagger - Conpl ex]

+x+ Def Tensor: Defining tensor

+xx Def Tensor: Defining tensor

In109]: =

Def Spi nor O Tensor [ST[-A, -Af, -B,
x+ Def Tensor: Defining spinor

+x+ Def Tensor: Defining spinor

T[-a, -b].

Tt[-a, -b].

-Bt1, T[-a, -b], o]
ST[-A -Af, -B, -Bt]. Equivalent of tensor T

STt [-Af, -A, -Bf, -B]. Equivalent of tensor Tt

As above the symbol ST should not correspond to any of the symbols defined previoudly in the session. Note carefully
the index arrangement in the spinor ST. Thisis fixed by convention and cannot be altered by the user. We will come
back to thisimportant point below. For now we present some manipulation examples.

Inp110]: =
T[-a, -b] // Put Sol deri ngFor m

Qut| 110| =

Tap o pn obBB'
In[111]:=

Cont r act Sol deri ngFor m[%]
Qut| 111] =

STan Be
In[112]: =

Tt[-a, -b] // Put Sol deri ngForm
Qut| 112] =

TTab OaAA' ObBB'
In[113]:=

Cont r act Sol deri ngFor m[%]
Qut| 113| =
In[114]:=

Put Sol der i ngFor m[%]

Qut | 114] =

AN BB
STta Az BTa" Op

In[115]: =
Cont r act Sol deri ngFor m[%]

Qut | 115] =
TTab

The above examples can be generalized to tensors and spinors with a higher number of indices with the following
provision: in the commands Def Spi nor Of Tensor and Def Tensor Of Spi nor spinor indices must be always arranged
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according to the pattern index-Dagger[index]. Otherwise an error message is thrown.
InL116]: =
Def Spi nor Of Tensor [TST[-At, -A, -Bt, -B], T[-a, -b], o]

Def Spi nor O Tensor: : i nconp:
I ndi ces {-Af, -A, -Bf, -B} and {-a, -b} are inconpati bl e.

Inl117]:=
Def Spi nor [8[-A, -B, -Af, -Bf], M4]

+x Def Tensor: Defining tensor &[-A -B, -Af, -Bf].
+x+ Def Tensor: Defining tensor & f{-Af, -Bf, -A -B].

Inl 118 : =
Def Tensor Of Spi nor [& TT-a, -b], &8[-A, -B, -Af, -Bf1, o]

Def Tensor O Spi nor: : i nconp:
Indices {-a, -b} and {-A, -B, -Af, -Bf} are inconpati bl e.

We undefine the objects used in this subsection. Note that whenever we wish to undefine a spinor (tensor) quantity
with atensor (spinor) counterpart we must erase first the latter, which is avisitor of the former.

InL119): =
Undef Spi nor [&]

=% Undef Tensor: Undefined tensor @ 1
=+ Undef Tensor: Undefined tensor &

In[120]: =
Undef /eVisitorsOf eT;

+»x Undef Tensor: Undefined spinor STt

x+ Undef Tensor: Undefined spinor ST

InQ121]: =
Undef [T]
x»x Undef Tensor: Undefined tensor Tt
xx Undef Tensor: Undefined tensor T
InQ122]: =

Undef /e VisitorsOf ex;
=+ Undef Tensor: Undefined tensor KTt
=% Undef Tensor: Undefined tensor KT

In[123]: =
Undef [x]

=+ Undef Tensor: Undefined tensor x 1

=% Undef Tensor: Undefined tensor x
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3.3. Products of soldering forms

Contracted products of soldering forms appear in a natural way when transforming spinor expressions into tensor ones
and back. Therefore it is important to be able to work with such products. In this subsection we show how Spi nor s®
dealswith such quantities.

The simplest case is the product of 2 soldering forms which givesrise to an auxiliary quantity which is needed when going from
spinor expressions to tensor expressions.

In|124]: =
o[a, -A, -Af] o[b, -B, At] // Contract Sol deri ngFor m

Qut | 124] =
ZoabAB

The agebraic properties of ZOabAB are stored as automatic rules.
Inp125]: =
Sigma[o]

Qut| 125| =
Si gmao

In|126]: =
? Si gmao

A obal " Si gmac

Dagger [Si gmac] *: = Signao T

Dependenci esOf Tensor [Si gmao] ~: = (M4}

Host sOF [Si gnmao] " = {M4, Tangent M4}

Info[Sigmao] ": = Fal se

MasterOf [Sigmaoc] *: =0

PrintAs[Sigmao] N = So

ServantsOf [Sigmaoc] *: = {Sigmao 1

Sl ot sOF Tensor [Si gmaoc] : = {Tangent M4, Tangent VA, -Spin, -Spin}

Synmet r yG oupOf Tensor [Si gmao] : =
StrongGenSet [{1}, GenSet [-Cycles[{1, 2}, {3, 4}]1]]

Tensor | D[Si gmac] ": = {}
xTensor Q[Si gmac] ": = True

abAB _ ¢dC
B

Tom- Zo g "= Mdule[{s$2724}, nosS27acAC gyl 2]
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A= Modul e[ (s$2724), -5os%2T24cAC gl ) @]

So g "= Mdul e[ (s$2724), -5oSST2AeAC P 2]

Si gmao /: zothElgedalb . o

-ga @ /: (PairQfc, f]&PairQ[d, h]) || (PairQfc, h] &PairQ[d, f])

xAct " Spinors” Private’ a$ xAct " Spinors’ Private’ b$ C$
2o s -

- ngct " Spinors’ Private a$xAct  Spinors Private' b$

xAct * Spinors” Private’ a$ xAct” Spinors'Private b$ C$

o s _ ngct " Spinors’ Private a$xAct Spinors’ Private b$

xAct * Spi nors’ Private' a$

|2

D= -2 OB

2o XAct * Spi nors’ Private’ a$

xAct "~ Spi nors’ Private’ a$ Cs D§

C$D$
Z“OxAt:t *Spinors’Private a$ 2¢e

One of the previous properties is that the "square" of ZOabAB gives rise to the "tetra-metric". The latter is a four rank spacetime
tensor which is defined in eq. (3.4.57) of vol. 1 of Penrose & Rindler (note that they use the name Ufor it).
Inp127]: =
Sigmaoc[-a, -b, -A, -B] Sigmaoc[-c, -d, A B] // | nput Form

Qut | 127]/ /| nput For me
-Tetrag|-d, -b, -a, -c]

This is the explicit definition of the tetra-metric (note that there is a sign difference between formula (3.4.57) of Vol. 1of Penrose
& Rindler and our formula).

In 128]:=
Tetrag[-a, -b, -c, -d] /. TetraRul e[g]

Qut | 128] =
1€ Qpea 1 1 1
T - E Gad Joc * E Gac 9bd - E 9ab 9ed
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As we can see the tetra-metric only depends on spacetime quantities. Therefore the tetra-metric is always automatically defined
whenever a Lorentzian four dimensional metric is introduced regardless to whether a spin structure has been defined. Also auto-
matic rules implementing the algebraic properties of the tetra-metric are stored.

In[129]:=
? Tetrag

G obal " Tetrag

Dagger [Tetrag] ~= Tetrag?t

Dependenci esOf Tensor [Tetrag] = {M4}

Host sOf [Tetrag] ~= {M4, Tangent M4}

Info[Tetrag] "= {tensor, }

Master Of [Tetrag] =g

PrintAs[Tetrag] "= &g

ServantsOf [Tetrag] = {Tetragt}

Sl ot sO Tensor [Tetrag] *= {-Tangent M4, -Tangent M4, -Tangent M4, -Tangent M4}

Symmet ryG oupOf Tensor [Tetrag] *=
StrongGenSet [ {1}, GenSet [Cycles[{1, 2}, {3, 4}], Cycles[{1, 3}, {2, 4}]]]

Tensor| D[Tetrag] "= {}

xTensor Q[Tetrag] *= True

A typical problem isthe computation of a product of soldering forms with no free spinor indices. These always give rise to con-
tracted products of tetra metrics. Let us see some examples.
In130]: =
o[a, -A -Bf] o[b, -C, Bf] o[c, C, -Df] o[d, A Dft]

Qut | 130 =
OaAB' obCB' OCCD OdAD
In[131]:=
% // Contract Sol deri ngForm// Contract Metric

Qut [ 131] =
ngabc
Inp 132]: =

o[a, -A, -Bf] o[b, -C, Bt] o[c, C, -Dt] o[d, -P, Dt]1 o[f, P, -Qf] o[p, A Qf]

Qut | 132] =

OaAB' ObCB OCCD OdpD Of PQ OpAQ
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In|133]: =
% // Contract Sol deri ngForm// Contract Metric

Qut|133] =
b hdf
C\g cha C\gp

Expressions of the sort just found are frequent in computations involving the transformation of spinor expressions into
tensor ones. Let us see an example

Transformation of the Weyl tensor into its spinor counterpart

In134): =
weyl =Wyl CD[-a, -b, -c, -d]

Qut| 134] =
\N[v}abcd
Inp 135]: =

Separ at eSol deri ngFor m[] [%]

Qut| 135] =

SWV]an g8 oc oo Ta " 0 0cF og™®
Inl136]: =

Deconposi tion[%, Wyl ]
Qut| 136 =

— — AN BB _CC _ DD
(CVlta g o c €nseoc+2[Viasc €Ea g € c ) O™ Gp 0. F o4

This spinor expression can be transformed back into the Wey! tensor
Inl137]: =
weyl == ToCanoni cal [Contract Metric[%]]

Qut|137] =

AN B _ BC D A _ B B D
WV]aped = -2Vl Ta g c D %% Oba Oc~ Oag ~CI[VlagcDOa Op & Oc~ Od B

We use this expression to write the Weyl spinor & [V] agep in terms of the Weyl tensor W V] 4

InL 138 : =
Expand /e Put Sol deri ngForm/e %

Qut | 138 =
WY ] apca O°an o’y o°cc 'op = -T[V] ta g c o €macoc-T[Viam € 4 €D C
In[139]:=
% /. -Bf ->Af /. -Dt -> Cf
Qut | 139] =
W V] gped O%aa 0%8~ e 0% = -4 3[V]pgep-2[V] Ta¥ ¢ € epnenc
In[ 140] : =

ToCanoni cal /@%

Qut | 140] =

a A b c C d
WV]aped A OBa Oc Opc = -4 2[V]am
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Inp141): =
Weyl Spi nor ToWeyl Tensor = | ndexSol ve[%, T[V]ascp]

Qut | 141] =

ABCD
)

1 . .
{Hol dPattern|z[v] = Modul e[ {a, At, b, ¢, Bf, dj}, 74—W[V]abcd M g%y otF o0 |}

Now we can use previous rule to find the tensor expression of any invariant written in terms of the Wey!l spinor. For example
consider

In142]: =
expr = Psi CDe[-A, -B, -C, -D] Psi CDe[A, B, C, D] /. Wyl Spi nor ToWeyl Tensor
Qut| 142| =

a A _bAB _C B8 f C _hoD | ID
RVWV]aC” \MVdem oA O Opy O g O¢c O OJDC O b

A direct use of Cont r act Sol der i ngFor m would contract the soldering forms with the Weyl tensor, yielding an
undesired result:

InL 143 : =
Cont r act Sol deri ngFor me%

Qut| 143] =
1 , ,
T WA ga & e SWVIAE & P B

Instead we specify contraction of the indices on the soldering form which are dummies, generating a product of “tetra-metrics'.

In|144]: =
Cont r act Sol deri ngFor m[expr, | ndi cesOf [Dunmy] [expr 1]

Qut | 144| =

1 i

1 0 g"M G, Gg ) WLV ¢ o WL i
In|145]: =

ToCanoni cal @eContract Metrice%
Qut| 145] =

1 )
6 Gy Gy W] g WLV ] ey

Finally we expand the tetra-metrics into ordinary metrics and volume elements. The simplification of the resulting expression
provides the final answer.

I n| 146]: =
% /. TetraRul e[g]

Qut| 146] =
; bed
i ied™ 7igadgbc+£gacgbd7£gabgcd
16 2 2 2 2
ieghit 1 1 1 _
?—59” gh +59” g" —nghgjl WV agr1 WEV] pehy
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In[147]:=
ToCanoni cal @eContract Metrice%

Qut | 147] =

1 1
g \Mv}abcd va]abcd _ E ie Qath va]abfh va}abcd

Cleanup:

In|148]: =
Renove [expr ]

m 4. Decomposition of a spinor into irreducible parts

A classical result of the spinor algebra is the posibility of decomposing any spinor into a sum which consists of atotally
symmetric spinor of the same rank as the given spinor plus other terms which are outer products of the antisymmetric
metric with totally symmetric spinors of lower rank (see proposition 3.3.54 of Penrose & Rindler vol. | for full details).
In Spi nor s” thereisan automated procedure to find such a decomposition as we explain below.

I rreduci bl eDeconposi tion Finds the decomposition of any spinor into irreducible
parts

We show how | r r educi bl eDeconposi ti on works by means of some simple examples. Let us start by defining a spinor
In[14Y]: =
Def Spi nor [Kh[-A, -B, -C, -D], M4,
GenSet [Cycl es[{-A, -B}], Cycles[{-C, -D}1], PrintAs » "K"]

x+ Def Tensor: Defining tensor Kh[-A, -B, -C, -D].

x»x Def Tensor: Defining tensor Kht[-Af, -Bf, -Ct, -Dt].

The decomposition of the spinor just introduced into irreducible partsis given by
In| 150]: =
exprA = lrreduci bl eDeconposition[Kh[-A, B, -C, -D]]

+xx Def Tensor: Defining tensor
TFKh[LI [TF], Anylndi ces[Spin], Anyl ndi ces[Spint]].

+x+ Def Tensor: Defining tensor
TFKht [LI [TF], Anyl ndi ces [Spint], Anylndices[Spin]].
Qut | 150 =
SBTFKh (G 2V + 8B TRKhAE 2 + B TRKh & ) + TRKh A & +
S8y TFKh (L 3% 2 41y ¢ L TRKh (G 3B ¢, s 8B TRKh (L 41 (2 310 ¢,y
TRKh' (@ *B epn+ 6B TRKR 20 304 e TRRh Y ) Begy

The command | r r educi bl eDeconposi ti on definesfirst the totally symmetric spinors intervening in the decompo
sition (irreducible spinors). The actual decomposition is found in a second step and displayed in the output. In order to
represent the irreducible spinors, we introduce an indexed quantity with a variable number of slots (see the documenta-
tion of the package xTensor * for further details about this). Note the labels on each of the totally symmetric spinors:
these are label indices which are used to distinguish each of the irreducible spinors. The pairs of numbers which appear

inside the list indicate which slots of the tensor being decomposed have been picked to "pull out” factors of the antisym-
metric metric.
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Thisisthelist of al theirreducible spinors resulting from the decomposition of Kh[ - A, -B, -C, -D].
Inl151]: =

Cases[exprA, _TFKh, Infinity]
Qut| 151] =

[TRKh'& 20, TRKhE 2 TRKh & 4 TRKhA &, TRKh( 30 20 4

TRKh (G 7B | TRKh (4 2080 TRkh Ui 408 TRRh (L 20 G340 TRRh (S 40 B

The symbol TF (trace free) is prepended to the symbol Kh. All the quantities of the previous list which are not scalars are totally
symmetric.

In[152]: =
Synmet r yG oupOf Tensor /@ %

Qut| 152] =

{StrongGenSet [ {2, 3}, GenSet [Cycles[{2, 3}]]1,

StrongGenSet [{2, 3}, GenSet [Cycles[{2, 3}]1]],

StrongGenSet [ {2, 3}, GenSet [Cycles[{2, 3}]1]],

StrongGenSet [{2, 3, 4, 5}, GenSet [Cycles[{2, 3}], Cycles[{3, 4}], Cycles[{4, 5}]1]17,
StrongGenSet [{}, GenSet []], StrongGenSet [{2, 3}, GenSet [Cycles[{2, 3}]1]],
StrongGenSet [{}, GenSet []], StrongGenSet [{2, 3}, GenSet [Cycles[{2, 3}]1]],
StrongGenSet [{}, GenSet []], StrongGenSet [{2, 3}, GenSet [Cycles[{2, 3}]1]]}

Theirreducible spinors are servants of the spinor they decompose. Therefore they are removed if the latter is erased.
In153]: =
Undef Spi nor @Kh
+»» Undef Tensor: Undefined tensor TFKht
+»» Undef Tensor: Undefined tensor TFKh
x»x Undef Tensor: Undefined tensor Kht

=% Undef Tensor: Undefined tensor Kh

Example of the decomposition of a mixed spinor.

In|154] : =
I rreduci bl eDeconposi ti on[SP_.Ri cci CD[A, -Af, -B, -Bf1]

+x+ Def Tensor: Defining tensor
TFSP__Ri cci CD[LI [TF], Anyl ndi ces [Spin], Anyl ndi ces[Spint]].

+x+ Def Tensor: Defining tensor
TFSP__Ri cci CDf[LI [TF], Anyl ndi ces[Spint], Anyl ndices[Spin]].
Qut | 154] =
" TFSP_Ri cci CDgMg®!! + TFSP_Ricci CD'4 pg +
5" TFSP_Ri cci CDL 31 (2 4 &, o + TFSP_Ricci cD'3 A =4 5
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m 5. Spin-compatible covariant derivatives

Spi nors™ includes the concept of spin-compatible covariant derivative. A covariant derivative is spin-compatible if it
yields zero when acting upon a soldering form. The spin covariant derivative which extends the Levi-Civita covariant
derivative is an example of it.

Def Spi nCovD Definesa spin-compatible covariant derivative
Undef Spi nCovD Undefines a spin-compatible covariant derivative

We define a covariant derivative which is spin-compatible with the soldering form o. Note that the syntax of Def Spi nCovD is
similar to the xAct ©° command Def CovD used to define covariant derivatives. We use non-standard symbols to dencte the
derivative:

In155]: =
Def Spi nCovD[nb[-a], o, Synbol Of CovD-> {"|", "D"}, Torsion -> True]

+x+ Def CovD: Defining covariant derivative nb[-a].
x+ Def Tensor: Defining torsion tensor Torsionnb[a, -b, -c].

+xx Def Tensor: Defining
non-symetric Christoffel tensor Christoffelnb[a, -b, -c].

+xx Def Tensor: Defining R emann tensor
Ri emannnb[-a, -b, -c, d]. Antisymetric only in the first pair.

+x+ Def Tensor: Defining non-symetric Ricci tensor Riccinb[-a, -b].
»+x Def CovD: Contractions of R emann automatically replaced by Ricci.

+xx Def Tensor: Defining
nonsymetric AChristoffel tensor AChristoffelnb[A -b, -CJ.

xx Def Tensor: Defining
nonsymetric AChristoffel tensor AChristoffelnbt[Af, -b, -Ct].

+x+ Def Tensor: Defining FR emann tensor
FRi emannnb[-a, -b, -C, D]. Antisymetric only in the first pair.

+x Def Tensor: Defining FRi emann tensor
FRi emannnbt[-a, -b, -Cf, Df]. Antisymetric only in the first pair.

+xx Def Tensor: Defining spinor
SP_FRi emannnb[-A, -At, -B, -Bf, -C, -D]. Equival ent of tensor FR emannnb

+x+ Def Tensor: Defining spinor
SP_FRi emannnbtf[-Af, -A, -Bf, -B, -Cf, -Df]. Equivalent of tensor FRi emannnbf

x+ Def Tensor: Defining curvature spinor Chinb[-A -B, -C, -Dj.

xx Def Tensor: Defining curvature spinor Chinbt[-Af, -Bt, -Ct, -Dt].
+»x Def Tensor: Defining curvature spinor Phinb[-A, -B, -Cf, -Df].

+»» Def Tensor: Defining curvature spinor Phinbt[-Af, -Bf, -C, -DJ.

+x+ Def Tensor: Defining spinor
SP_.Torsi onnb[-A, -Af, -B, -Btf, -C, -Ct]. Equival ent of tensor Torsionnb
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+x+ Def Tensor: Defining spinor
SP_Torsi onnbtf[-At, -A, -Bt, -B, -Ct, -C]. Equival ent of tensor Torsionnb

+x Def Tensor: Defining torsion spinor Oneganb[-Af, -A -B, -C].
+x+ Def Tensor: Defining torsion spinor Oreganbt[-A, -At, -Bt, -Cf].

x+ Def Tensor: Defining spinor SP_R emannnb[-A, -Af, -B, -Bt, -C, -Ct, -D, -Dt]
. Equival ent of tensor R emannnb

+x+ Def Tensor: Defining spinor SP_R emannnbt[-Af, -A -Bf, -B, -Ct, -C, -Dt, -D]
. Equi val ent of tensor R emannnb

x+ Def Tensor: Defining spinor
SP_.Riccinb[-A, -Af, -B, -Bt]. Equivalent of tensor Riccinb

+xx Def Tensor: Defining spinor
SP_Ri cci nbt[-Af, -A, -Bf, -B]. Equivalent of tensor Riccinb

Severa new objects are defined along with the covariant derivative. These are the same which are introduced by Def Cov D plus the
spinor equivalents of al the curvature quantities. By definition the compatibility of the covariant derivative nb with the spin
structure associated to o means that

In| 156] : =

nb[-a]eo[b, -A -Af]
Qut | 156] =

0

Rules to decompose the curvature spinors into irreducible parts are also available. For example, et us compute the full decomposi-
tion of the spinor counterpart of the Riemann tensor of the covariant derivative nb in irreducible parts.

In[157]: =
Put Sol deri ngFor m@Ri emannnb[-a, -b, -c, -d]
Qut| 157 =
R[D] apeq 0°m 0%88 0°cc 0o
In| 158 : =
Cont r act Sol deri ngFor me%
Qut| 158 =
SR[D]aa B8 cc DO
In159): =
Deconposi ti on[SP—_Ri emannnb[-A, -At, -B, -Bt, -C, -Ct, -D, -Dt1]
Qut | 159 =
SFnbta ag BD ¢ €cp+ SFNbaa B8 ¢ € D
In[160] : =
Deconposi tion[%]
Qut | 160 =

€p (XDl tpcapm €as+2[Dl tpcas€ne )+ (2[Dlpca g €ns+X[Dlpas €n & ) €c
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In[161]:=
ToCanoni cal @%

Qut | 161] =

X[Dltpcap €asen+® Dl T cas€n€anp +2[Dlpa g € €c b +X[Dlpcas €a B €c D

Note that the curvature spinors associated to a generic spin-compatible covariant derivative do not have the same symmetries as
those of the spin covariant derivative.
In[162]: =
{{Symet r yG oupOf Tensor @Chi nb, SymetryG oupOF Tensor @Chi CDe},
{Symmet r yG oupOf Tensor @Phi nb, Synmet ryG oupOf Tensor @Phi CDe} }

Qut| 162] =
{{StrongGenSet [{3, 4}, GenSet [Cycles[{3, 4}]]], StrongGenSet [{1, 3},
GenSet [Cycles[{1, 2}], Cycles[{3, 4}], Cycles[{1, 3}, {2, 4}111},
{StrongGenSet [ {3, 4}, GenSet [Cycles[{3, 4}]]1],
StrongGenSet [ {1, 3}, GenSet [Cycles[{1, 2}], Cycles[{3, 4}111}}

There are also decomposition rules for the torsion spinor.
InL163]: =
Torsionnb[a, -b, -c] == Separ at eSol deri ngForm[]@Tor si onnb[a, -b, -c]
Qut | 163 =
TID%,. = STIDI™ g c O°an 0, o0&

In|164]: =
Put Sol deri ngForm/e %

Qut| 164 =
T[D]%. 0a™ 0% 0°cc = STIDI™ g5 o
In|165]: =

Deconposition /e%

Qut | 165] =
: _AD _
T[D)% 0™ 0°%ss 0°cc = €?PE (@[D] top & ¢ €ac+Q[Dlp pec €r ¢ )
In|166]: =

Contract Metric /@%

Qut | 166] =

T[DI%,, o™ 0%ss 0°cc = Q[D] ™ g ¢ epc+ QDX ¢ Tp

The covariant derivative nb can be manipulated in 2-index or in single index notation.

In|167]: =
nb[-A -Af]eChinb[-C, -D, -F, -P]

Qut| 167] =
Dax X [D] corp

In|168]: =
Separ at eSol deri ngFor m[]1 [%, nb]

Qut [ 168] =
0% (Da X[D] cpep)
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In| 169 : =
Put Sol der i ngFor me%

Qut| 169] =
Da X [D] corp

In postfix notation :
In170]: =
$CovDFor mat = "Postfix";
In[171]:=
nb[-A -Af]jeChinb[-C -D, -F, -P]
Qut| 171 =
X [D] corp aat

Inl172]:=
$CovDFor mat = "Prefix";

The spinor expression of the Ricci identities of any spin-compatible covariant derivative is neatly rendered in terms of
the box operator. This is a linear differential operator and Spi nors” is able to work with it. The box operator is
represented by the head BoxCovDnane where the symbol CovDnane represents the spin-compatible covariant
derivative.

Action of the box operator on a spinor and some simple manipulations involving it.

In[173]:=
Def Spi nor [§[-A], M4]

x+ Def Tensor: Defining tensor £[-A].
x+ Def Tensor: Defining tensor & f{-Af].

In|174]: =
BoxCDe[-A, -B]e&[-C]
Qut] 174] =
O[V]Iae éc
In 175]: =
e[A, B] BoxCDe[-A, -Bleg[-C]
Qut] 175 =

e (O[V] a8 &)

Inl176]: =
Contract Metrice%

Qut | 176] =

O[v]IA® &c

In[177]: =
ToCanoni cal @%

Qut]177] =
0

The box operator can be expanded into spin covariant derivatives or into curvature spinors plus the torsion, according to
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known formulae (see egs. (4.9.8)-(4.9.17) of Penrose & Rindler Vol. 2). Spinors has built-in rules to perform these
expansions.

BoxToCovD Expand the box operator into covariant derivatives
BoxToCurvature Expand the box operator into curvature spinors

Examples of the expansion of the Box operator.

In[178]: =
BoxCDe[-A, -Ble&[-C]
Qut]178] =
O[V]as e

In[179]: =
BoxToCovD[%, BoxCDe]

Qut| 179] =
1 , .
> (Van V&Y Ec+ Vea VA &)

In 180]: =
BoxToCur vat ur e [%%, BoxCDe]

Qut [ 180] =
-X[V]pcag €°

Similar computations for the box operator arising from the covariant derivative nb. Note the presence of an extraterm due to the
fact that the covariant derivative nb hastorsion.

In[181]: =
Boxnb[-A, -Ble&[-C]

Qut| 181 =
O[D]ag &c

In[182]: =
BoxToCovD[%, Boxnb]

Qut|182] =

1 . ,
5 (Dax D5 Ec+Dea DAY &)

In[183]: =
BoxToCur vat ur e [%%, Boxnb]

Qut| 183 =
~X[D]pcag €° - [D1* B (Doa Ec)

Other computations involving the box operator.
In|184]: =
BoxCDe[-Atf, -Bt]e&[-C]
Qut| 184] =
OvVlix e ¢c
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In] 185] : =
BoxToCovD[%, BoxCDe]
Qut] 185] =
1 A A
> (Van Vg Ec+Vap Va &)
In| 186] : =
BoxToCur vat ur e [%%, BoxCDe]
Qut| 186] =
~2[Viaw g &
In187]: =
BoxCDe[-A, -B]ePhi CDe[-C, -D, -Ct, -Dt]
Qut] 187] =
OVl 2[Vliee o
In| 188]: =
BoxToCovD[%, BoxCDe]
Qut| 188] =
1 A A
> (Vaxr V8" @[Viec b+ Vea VA" @[V]eoe o)
InL189]: =
BoxToCur vat ur e [%%, BoxCDe]
Qut] 189] =

o[Vipa c @[V o +2[Visea o @[V ?

-X[Veoas 2[VIcc b - X[V]pcap E[V]

F

DC

D
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We no longer need the spin-compatible covariant derivative nb :

InL190]: =
Undef Spi nCovD[nb]

x»x Undef Tensor: Undefined spinor SP_Torsionnbt

xx Undef Tensor: Undefined spinor SP_Torsionnb

+xx Undef Tensor: Undefined spinor SP_R enannnbt

+x+ Undef Tensor: Undefined spi nor SP_Ri emannnb

xx Undef Tensor: Undefined spinor SP_Ri ccinbft

x+ Undef Tensor: Undefined spinor SP_Riccinb

xx Undef Tensor: Undefined spinor SP_FR emannnbt

xx Undef Tensor: Undefined spinor SP_FR emannnb

+xx Undef Tensor: Undefined nonsymetric AChristoffel tensor AChristoffelnbt
x+ Undef Tensor: Undefined nonsymretric AChristoffel tensor AChristoffelnb
xx Undef Tensor: Undefined curvature spinor Chinbf

% Undef Tensor: Undefined curvature spinor Chinb

x+ Undef Tensor: Undefined non-symetric Christoffel tensor Christoffelnb
x»» Undef Tensor: Undefined FRi emann tensor FR emannnbt

*»» Undef Tensor: Undefined FRi emann tensor FR emannnb

x»x Undef Tensor: Undefined torsion spinor Oreganbf

+xx Undef Tensor: Undefined torsion spinor Qreganb

+xx Undef Tensor: Undefined curvature spinor Phinbf

x+ Undef Tensor: Undefined curvature spinor Phinb

xx Undef Tensor: Undefined non-symmetric Ricci tensor Riccinb

*»» Undef Tensor: Undefined R emann tensor R emannnb

+»x Undef Tensor: Undefined torsion tensor Torsionnb

=+ Undef CovD: Undefined covari ant derivative nb
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m 6. Example: Killing spinors

Let usintroduce a symmetric valence-2 spinor:

In191]:=
Def Spi nor [x[-A, -B], M4, Symmetric[{-A, -B}1]; PrintAsex t"="x";

++ Def Tensor: Defining tensor x[-A -B].

x+ Def Tensor: Defining tensor x f-At, -Bf].

We will say that the spinor x5 isaKilling spinor if the following differential condition is fulfilled.

In 192 : =
ToCanoni cal @eSynmetrize[3CDe[-C, -Ct]ex[-A, -B], {-A -B, -C}] ==

Qut] 192 =
Vac Kec+ Vec Kac+ Voo Kag = 0

InL 193] : =
Ki I'li ngSpi nor Condi tion = %;

Killing spinors have a number of applications. For example whenever a Killing spinor exists then automatically one can
construct a conformal Killing-Yano tensor and a conformal Killing spinor in the spacetime which in turn lead to the
existence of integration constants for the geodesic equations. These results were presented by M. Walker and R. Penrose
in "On Quadratic First Integrals of the Geodesic Equations in {2,2} Spacetimes' Comm. Math. Phys. 18 265-274
(1970) and we will re-derive them with the aid of Spi nors".

6.2. Existence of a Killing spinor

The existence of a Killing spinor imposes restrictions on the Weyl spinor. To find them, we start by taking the derivative of the
Killing spinor condition.

In|194]: =
CDe[-F, Ct] /@KillingSpinorCondition

Qut | 194] =
c c c
VE~ Vac Kec+ Ve~ Vec Kac+ Ve~ Voo Kag =0

We decompose each term of this sum into irreducible parts by making use of the "box operator”.

InL195]: =
% /. CDe[-F_, Ct ]eCDe[-A , -C ]ex[-B_, -C_ 1+~
~BoxCDe[-F, -A]@x[-B, -C] -172e[-F, -A] CDe[-P, -Cf]eCDe[P, Ct]ex[-B, -C]
Qut | 195] =
- (O[V]raxec) ~DOIV]es Kac - OIV]Fc Kag -
1 , 1 , 1 !
> erc (Voa V¥ xpg) - Py ers (Voa v xac) - Py era (Vo v xgc) =0
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The action of the box operator is computed next.
InL196): =
BoxToCur vat ure[#, BoxCDe] &/@%

Qut | 196] =

D D D D D
X[V]perc KA~ + X [V]pcre Ka~ + X [V]pcra K8~ + X [V]parc KB + X [V]par K¢ +

1 ) 1 , 1 .
X[V] pgra <5c - > €rc (VDA' v KAB) ) €rB (VDA' ol KAC) ) EFA (VDA' v KBC) =

We decompose the curvature spinor into irreducible parts.
InL197]: =
Deconposition[%, Chi]

Qut] 197 =
(@[V]DBFC-FA[V] <€BF €pc + €EBC eu:)) KAD+ (‘JQ[VJw:B+A[VJ (e(]: €pB + EcB GDF)> KAD+
(T[V]pra + ALV]  (€cr €pa+ €ca€pr)) Ke+ (2[Viparc + A[V]  (Ear €pc+ Enc€pr) ) Kp +
(T[VIpars + ALV]  (Ear €pp + €ag EpF) ) Koc+ (B[ V]pgra + ALV]  (Epr Epa+ Epa€nF) ) K¢ -
1 . 1 . 1 i
Py erc (Vou VoA Kag) - Py ers (Vou vV Kac) - Py era (Vou V™ xgc) =

In| 198 : =
ToCanoni cal /e (ContractMetric /@%)
Qut | 198 =
2A[V] e rag+2A[V] €prKac+2T[V]gerp Kal + 2 A[V] €ar Kac + 2 T[V] acep Ke2 +

1 ! 1 : 1 .
2 2[V] pgrp K+ Y ccr (Vow VoA Kag) + > cer (Vou vPA Kac) + > enr (Von VA xpc) =

We are only interested in the symmetric part of this expression.
Inp199): =
Synmetrize[#, {-B, -F, -A -C}] &/@%;
I'n| 200] : =
ToCanoni cal /e (Tinmes[#, 2/3] &/@%)
Qut | 200] =

D D D D
P[V]gerp Ka~ + P[V]acrp KB + ©[V]pgro Kc” + ©[V]agp Kp~ = 0

We will refer to this condition as the Killing spinor integrability condition.
In| 201]: =
KSIntegrability = %;
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This algebraic condition implies that the algebraic type of the Weyl spinor can be only D or N.

6.3. Conformal Killing-Yano tensors

We are going to find the tensor representation of the Killing spinor condition. To that end we define an antisymmetric tensor and its
spinor counterpart.

In| 202]: =
Def Tensor [DF[-a, -b], M4, Antisynmmetric[{-a, -b}], PrintAs »"D"]

x« Def Tensor: Defining tensor DF[-a, -b].

In|203]: =
Def Spi nor Of Tensor [DFs[-A, -At, -B, -Bf], DF[-a, -b], o, PrintAs ->"D"]

xx Def Tensor: Defining spinor DFs[-A, -Af, -B, -Bt]. Equivalent of tensor DF

x+ Def Tensor: Defining spinor DFst[-Af, -A -Bf, -B]. Equival ent of tensor DF

The spinor Dya gg 1S defined by the condition:

In| 204] : =
DFs[-A, -At, -B, -Bf] = x[-A, -B] e -At, -Bf] + Dagger [x[-A, -B] e f{-Af, -Bt1]]

Qut | 204] =

Dm BB = €Ea B KaB+E€Em KA B

Thisentails:

1IN 205]: =
Separ at eSol deri ngFor m[o] /@ %

Qut | 205 =
a b — —
Dy o'ax OBB == €Ea B KA+t E€EMB KA B
I n[ 206] : =

% /. -Af -> Bt

Qut | 206] =
aB b _B
Dy 0°a OB = -2Xpg+€aK B
InL207): =

ToCanoni cal /e@%

Qut | 207] =
Dab UaAB' ObBB' == —2 KaB
In|208): =

I ndexSol ve[%, x[-A, -B]]
Qut | 208] =
1
{Hol dPat tern [Kég] = Modul e[ {a, Af, b}, - 5 Da oM DB, ]}

InL209]: =
Ki I'li ngSpi nor ToTensor = %;
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We need to compute the complex conjugate of thisrule

In 210 : =
Dagger /@ %%%

Qut | 210] =
B b _
Dap o? A Opg = -2Kp
In[211]:=

I ndexSol ve[%, x f[-At, -Bt]]

Qut | 211] =

{Hol dPat t ern =

1 , ,
] > Mdul e[ {a, A b}, - Dyp 0* 0% |}
In212]: =
Ki | I i ngSpi nor ToTensor t = %;

We can now proceed to the computation of the spinor form of the Killing spinor condition. First of all, we need to have as many
primed indices as unprimed ones and we achieve this by multiplying by €, g on both sides of the Killing spinor condition.

In|213]: =
Tinmes[#, e [-Af, -Bf]] &/@KillingSpi norCondition
Qut | 213] =

€a e (Vac Kec+ Vae Kac+ Voo Kag) =0

This can be now transformed into a tensor expression.
Inp214]: =
Put Sol deri ngFor m[#, {Pair [-A, -At], Pair [-B, -Bt], Pair [-C, -Ct]}, o] &/@%

Qut| 214] =
BB'

— AN cc

Eapr Oa  Op Oc (Vac Kec* Vec Xac+ Voo kas) = 0
In|215]: =

ToCanoni cal /e (Contract Metric /@%)

Qut | 215] =

AN B fo:] AN B B AN B cB
-0 Opoa Oc (Vag Ksc) —Oa' ' Opoa Oc (Veg Kac) —Oa' ' Opa Oc (Veg Kag) =0

Wereplace xpg by the expression in terms of D; found above.

InL216): =
% /. KillingSpinorToTensor

Qut | 216] =

1

AB B cc d A f
an Op B Oc og O ca (VAC Ddf>+
1 AB B cc d A f Vor D 1 AB B cc dA f D _
EOa % B Yc O A OCA'(BC df)+50a % B Cc OA OopBa (Voc df ) =
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We get rid of spinor indices in the covariant derivatives.
In[217]:=
% /. CDe[-A_, -At ]eDF[-a_, -b_]
Separ at eSol deri ngFor m[o] [CDe[-A, -Af]l@eDF[-a, -b], I ndexList [-A -At]]
Qut | 217] =
1 ! :
5 0" 0,85 0% ofga (Ve Dy ) +

1
B B cc dA f h AB B cc dA f h
an OpbB %% OB Oca Oac (thdf)+EOa Op B Oc OA Oca Osc (VhDdf>:0

Finally, we replace the product of soldering form by products of "tetra-metrics'. This eliminates al the spinor indices.
InL218]: =
MapAt [Cont ract Sol deri ngFor m[#, Spin] & %, 1]

Qut| 218 =

1 . 1 .
S 9%" G, 4y (Ve D) - EGgaJdb Q' (Vi Dry) + ngngahdb Gy (v Dy) =0

All the quantities appearing in previous expression are tensorial, so we may replace the spin covariant derivative by the Levi-Civita
covariant derivative.

In[219)]:=
% /. CDe -» CD

Qut [ 219] =

1 . 1 .
5 9%" &g, 4y (Ve D) - EGgaJdb Q' (Vi Dry) + ngngahdb Gy (v Dy) =0

In| 220 : =
% /. TetraRul eeg
Qut | 220] =
- Lgfdb 16’9 5y g s gp | 9" (Ve Drp)
_ _ = L _ = _
2 2 2 d ab 2 b ad 2 a db c ™h
; i . dh
Lliedgagp 1 1 ,- ied9 1 1
- s + 5 s s o s5fqgih_ T shgfd_ T 5dgfh
2 2 2dgabzbgad2¢’=1gdb 2 ZCg 209 2cg
1 (iegy 1 1 1
v. o 2 s g+ =610, - — 8 g gfd
(Jth> 2 2 2 d ab 2 b ad 2 a db
. il
7250' éfj—iécj 5f'+i+£gcfgi' (% Dy ) =0
2 2 2 2
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Inp221): =
ToCanoni cal /e (Contract Metric /@%)
Qut | 221 =
1 1 1 1
5 (Va Dye) +gje Gear (Va D) v (Vp Dac) 7gje Qear (Vo D) +

3 1 1 1
Ve Dab_gjegbdf (ve D) _Egbc (va DY) "'Egac (Vg DY) +§]'16chf (va D) -

1 1 3
gie Goar (7' Do) + Py ie Qoo (VD) Py i€ gpor (VD) =0

In[222]:=
Sinplification/e%
Qut | 222 =
1
s (-4 (VaDy) +1 (-4 1 (V5 Dac) - € Qegr (Vo D) -8 (Ve Dyp) -
3€ Qpar (Ve D) +4igp (VaD) ~41i0ac (VaD?) +€ Qoo (Vo D) +
€ Gear (Va D" ~ V' D) +€ Qogr (V' DY) +3€ Qpor (v D0))) =0
In[223]:=
ScreenDol | arl ndi ces /@%
Qut | 223 =
1

s (-4 (VaDy) +1 (-4 1 (V5 Dac) - € Qegr (Vo D) -8 (Ve Dyp) -

3¢€ Qoar (Ve D) +4igp (VaD) ~41i0ac (VaD) v € Qoo (Vo D) +
€ Qedt (Va D - Dad) + € Qedf (Vf Dbd) +3 € Qpgf (Vf Dcd))) =

We split this expression into real and imaginary parts.

In| 224|: =
Re /@%
Qut| 224| =

1
Py (~tm[-€ Gear (Vo D) -3 € Quar (Ve D) € Gper (Va D) +

€ Gear (Va D' ~ V' D) +e gogr (V' DY) +3€ Qpor (V' D) ] -4 Re[vaDy ] +
4Re [V, Dy ] +8Re[Ve D) ~4Re[0ye (Va D) ] +4Re[ga (va D)) =
In|225]:=
Conpl exExpand /@ %
Qut | 225) =

1 1 3
—gegcdfIm[val)"f]+§egcdfIm[vbD“}+§egbdfIm[vCD‘“}_

1 1 1 3
— € Quer | M[vg D] + ge Gear | MV D] - ge Qear | MV Dbd] - ge Qpar | MV D] -

=

1 1 1
—Re[vaDy |+ 5 Re [V, Dy ] + Re[ve Dy - 5 Obe Re[vg D] + 5 O Re[v4D,%] =0

N
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In|226): =
% /. Im_]1-0/. Re>ldentity

Qut | 226] =
1

1
R <vaq)c>+,

5 b Dac) + Ve D

ab
In|227]:=

ToCanoni cal /@%
Qut | 227] =

_E (VanC> +

A

In|228]: =
Synmetrize[#, {-c, -a}] &/@%

Qut | 228] =
1 1 1
5173 (vaDDc) +vaD b+5 (Vp Dye
1 1 g
~ (VC Dba) = — Opc (vd Da )
2 2
In| 229]: =

ToCanoni cal /e@%

Qut| 229] =
3

In[230] =
imes[#, 2/3] &/@%

Qut | 230] =

2 3 3 1

3l 2 (Va Dye) +Z (Ve Dap) *Zgbc (
In|231]:=

ToCanoni cal /e@%

Qut | 231] =

In|232]:=
Conformal Ki |l i ngYano = %;

In|233]:=

CDDF = | ndexSol ve [Conf ormal Ki | | i ngYano, CD[-c]eDF[-a,

Qut | 233] =

7=

{Hol dPattern|v

(Vp Da¢) + Ve Dy -

1 g 1
*Egbc (VdDa)JrEgac (VdDb>“0

1 p 1 d
Egbc (VdDa)*'Egac (VdDb ) ==

1
) + E (Vb Dca) +vc Dab_

1 1 1
+Egac(dDb)Jr*gca( dq;.)ffgba (vchd)

3 1 1 1
_Z (vaq)(:)-#—( Dab>_ZgbC (vdDad)Jngac ( dDb>__gab (vchd> ::O

d 1 d 1 d
vdDa)+Egac (vdDb>’Zgab (Vch)

1 1 d
"'ggac (vdDb>__gab (vch>

-b]] // Flatten

1 2 1
D*%] - Modul e[ (d}, v DF° S 0% (70 D) - 0 (v D) g (v D) ]
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6.3. Conformal Killing tensors
In|234)]: =
Def Tensor [PK[-a, -b], M4, Symmetric[{-a, -b}], PrintAs -»"P"]
x+ Def Tensor: Defining tensor PK[-a, -b].

In|235]: =
Def Spi nor Of Tensor [PKS[-A, -At, -B, -Bt], PK[-a, -b], o, PrintAs - "P"]

+x Def Tensor: Defining spinor PKS[-A -At, -B, -Bt]. Equival ent of tensor PK

+x+ Def Tensor: Defining spinor PKSt[-Af, -A -Bf, -B]. Equivalent of tensor PK

Consider the following quantity

In|236): =
PKS[-A, -Af, -B, -Bf] == 2x[-A, -B] Dagger ex[-A, -B]
Qut | 236] =
P g = 2K Xa B
Inp237): =
Separ at eSol deri ngFor m[o] /@ %
Qut | 237| =

a b —
P 0°an O BB = 2Kpg Ka B

We compute the tensor equivalent of this

In|238]: =

Put Sol deri ngFor m[#, {Pair [-A, -Af], Pair[-B, -Bf1}, o] &/@%
Qut | 238] =

Pap = 2 Kpg K B Oa* Op°
In239):=

% /. KillingSpinorToTensor

Qut | 239] =
_ AB' BC c¢c A d
Py = -Deg X ¢ Oa Op O'A Opa
In| 240] : =

% /. KillingSpinorToTensort
Qut | 240] =

BB _CC cA d fA h
Pab:EDcdehOa Op og Oca O'g O'ac

In[241]: =
Cont r act Sol deri ngFor m[#, o] &/@%

Qut | 241] =

P ,,i D, gdc f hl
ab”szh b 97 Ga ¢ GOy g
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In|242]: =
% /. TetraRul eeg

Qut| 242] =
. f
1 1 . 1 : 1€ @c 1 )
P =—D,D, g% |-—6d 6 - -6, 66 + ———— + — gae gf!
ab 2 fh ™l 2 a c 2 a c 2 > ac
15|5h 16h5| ieg'y 1g gh
_ = _ - . .
5 %0 %4 =5 % O > 5 Jod

In[243]: =
ToCanoni cal /e (ContractMetric /@%)

Qut | 243] =
1
Pap = ~Da° Dy + Z Deg D 9ab

In|244] : =
ExpandKi | | i ngTensor = %;

We check next that P, isindeed aconformal Killing tensor.

In|245]: =
CD[-f ] /@ ExpandKi | | i ngTensor

Qut | 245] =
1
Yt Pap = ~Dhe (Vr D,°) - D,° (V5 D) + n (D° 9ap (Vs Deg) + Deg 9an (V¢ DY)

I N[ 246] : =
ToCanoni cal /e (Symmetri ze[#, {-a, -b, -f}] &/@%)

Qut | 246] =
1 1 1
3 (Va be) + 3 (Vb Paf) + 3 (Vs Pab) =
1 c 1 d 1 c 1 c
*ng (Vanc>+gDc Ot (VaDg) - =D, (Vanc)*ng (Vb Dac) +
1 d 1 c 1 c 1 c 1 d
ED: Gat (vchd>_§Da (vb ch)‘EDb (Vs Dac)‘gDa (vf Dbc)*'gDC Jab (vf Dcd)

InL24/): =
Sinplification/e%

Qut | 247] =

1
— (va Pyt + Vb Py + V4 Pab) =

(Dcd Upr (VaDig) -2 D° (Va Dy + Vp Dyg) + DP9 gy (Vb Deg) -2 D,° (Vp Dy ) -

w
o~

2D,° (VaDye+ 9 Do) -2D,° (v Dy ) + DF¥ gy (V4 Dg) )
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In|248]: =
Full Simplify /@%

Qut | 248] =
1
— (va Put + Vb Py + V4 Pab) =

w
o~

(-2D,° (VaDye + V5 Dac) =2 D,° (VaDye + Vs Dag) -2 D, (Vp Dy + v Dy ) +
DFe (gbf (Va Dcd) + Oaf (Vb Dcd) +0ap (Vf Dcd)))

In|249]: =
ScreenDol | arl ndices /@%

Qut | 249] =

1
E (Va be +Vb Paf +Vf Pab) ==

1
N (-2D,° (VaDye + V5 Dag) =2 D,° (VaDye + Vs Dac) -2 Ds° (Vp Dy + v Dy ) +
DY (9t (VaDea) +Gar (Vb Dea) + Gap (Vi Deg) ) )
Inp250]: =
% /. CD[-a]@DF[-b, -c] -» (CD[-a]@DF[-b, -c] /. CDDF)
Qut| 250] =
1

— (Va Pyt +Vp Py + V¢ Py ) = —
3(3 bf af ab) 6

{—2 D,° (VaDye + Vs Dac) -2 D,° (v Dy + V¢ D) + DA (G (va Dcd) +9ar (Vb Deg) + Gap (Vs Dcd)) -

1 1 2
2ch Vb Dac + Vp Dea + gng (vh Dah) + ggac (vh Dbh> - ggab (vh Dch>]]
InL251): =
% /. CD[-a]eDF[-f, -c] » (CD[-a]eDF[-f, -c] /. CDDF)
Qut | 251) =
1

3 (va Pyt + Vb Py + V4 Pab) =

-2D,° (Vp D¢ + V5 Dye) + D (9ot (VaDeg) +9ar (Vb Deg) +Yap (Vs Dea) ) -

6

c 1 h 1 h 2 h
2D vbDac+vcha+§gcb (tha)*'ggac <thD>_§gab (thc )]—

2Dbc Vi Dae + Vs Dca+%gcf (vj Daj)*ggaf (vj DCj)*%gac (vj Dfl)]]
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In|252]: =
% /. CD[-b]@DF[-f, -c] » (CD[-b]@DF[-f, -c] /. CDDF)

Qut | 252] =
1 1
g(vaﬂﬁ+vbpm+vam)::E[Dm(gm(vaqm)+ga(vde)+Qm(m[%”)f

1 1 2
2ch vbDac+vcha+§gcb (thah)*'ggac (thbh>_§gab th ]
L iy 2 iy, 1t )
2Db Dac + Vs Dca+§gcf (ija)‘ggaf (VJDC)*'ggac V D
1 | 2 | 1
2DS |v; D, + 4 ch+§ng (v B, 7§gbf (v D )+§gbc v D! ]]

In[253]: =
ToCanoni cal /e (ContractMetric /@%)

Qut | 253] =

1 1 1 1 g 1 q
3 (Va Py ) + 3 (Vo Par ) + 3 (Vi Pay) = gDC Obt (Va D) + gDc Jar (Vb Deg) +

2 2 2 1
9 D¢ Gap (Va D) + 9 Dy Gar (Va D) + 5 Da° Oyt (Va DY) + 5 D! gap (Vs Dea)

In|254]: =
Sinplification/e%

Qut | 254] =

1
E (Va be +Vb Paf +Vf Pab) ==

1
oy (4 (ch Oap + Q;C Oar + D,° Ot ) (Vd Dcd) +3 D (gbf (Va Dcd> + Oaf (Vb Dcd) +Gap <vf Dcd) ) >

18
In| 255]: =
Col l ect [#, g[-a_, -b_], Simplify] &/@%
Qut| 255 =
1 1 g 2 d
§M%HW%+W%)gmkﬁ(%%MEQWWQW+
d 2 ¢ d 2 . d 1 d
Gat 6Dc ( cd>+§Db (vch) +0ap §Df (vdD(:)*gDc (vf Dcd)
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By looking at this expression we redize that X,g X g isthetracefree part of aKilling tensor if and only if

m 7. Example: the Dirac equation
7.1. The Dirac Bundle

We define the vector bundle which will contain the Dirac spinors. Thisisadirect sum of the vector bundles Spi n and Spi nt.

In| 256]: =
Def VBundl e [Spi nD, M4, {Spin, Spint}, {a, B, & p, A, u, v}, Dagger -> Conpl ex]

x+ DefVBundl e: Defini ng vbundl e Spi nD.

+xx Def VBundl e: Defining conjugated vbundl e Spi nDf.
Assum ng fixed anti -i sonor phi sm bet ween Spi nD and Spi nDf

Extension of the Levi-Civita covariant derivative to the bundle Spi nD.

In|257]: =
Def CovD[CDd[-a], Spi nD, Ext endedFrom- CD]

x+ Def CovD: Defining covariant derivative CDd[-a].

+xx Def Tensor: Defining
nonsymetric AChristoffel tensor AChristoffel CDd[a, -b, -6&].

x+ Def Tensor: Defining
nonsymmetric AChristoffel tensor AChristoffel CDdt[at -b, -5 1.

x+ Def Tensor: Defining FR emann tensor
FRi emannCDd [-a, -b, -85, A]. Antisymetric only in the first pair.

+xx Def Tensor: Defining FRi emann tensor
FR emannCDdt [-a, -b, -6 T A 1. Antisymetric only in the first pair.

Definition of the Clifford algebra elements (gamma matrices)
In|258]: =
Def Tensor [y[-a, -a, B], M4, Dagger -> Conpl ex]
+»+ Def Tensor: Defining tensor y[-a, -a, B].

x+ Def Tensor: Defining tensor y f{-a, -at B3 1.

The Clifford relation is

In|259): =
CliffordRelation =
¥[-a, -p, Al ¥[-b, -, 8] +¥[-b, -p, A1 ¥[-a, -2, 8] =-29g[-a, -bldelta[-p, &]

Qut | 259] =

A S S A S5
Yap" You *Yar Vb = ~20, Gap
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The representation of of the Clifford algebraon Spi nDisreducible, Spi n and Spi nt being invariant subspaces. This entails the

relations
I n| 260]: =
Aut omati cRul es [y, MakeRul e[{y[-a, -A, B], 0}]11]

Rul es {1} have been decl ared as DownVal ues for .

In|261]: =
Aut omati cRul es[y, MakeRul e[{y[-a, -Af, Bf], 0}1]

Rul es {1} have been decl ared as DownVal ues for .

In|262]: =
Unpr ot ect @del t a;

In[263]: =
Aut onmati cRul es[del ta, MakeRul e[{delta[-A, Bf], 0}, Metri cOn -» None]]

Rul es {1} have been decl ared as DownVal ues for delta.

In[264]: =
Aut omati cRul es[del ta, MakeRul e[{del ta[-Af, B], 0}, MetricOn -» None]]

Rul es {1} have been decl ared as DownVal ues for delta.

In|265]: =
Pr ot ect edel t a;

Using previous relations, the Clifford relation can be split in two equations in the following way
In| 266] : =
TraceProduct Dummy /@ d i ffordRel ati on

Qut | 266] =
A 9 A 19 9] A 9) A
Yap ¥pa T VYap Vpa t+¥aA VYpp T VaA VYpp = _25/35 Yab
In|267]:=

Flatten@eSplitlndex[%, -p - |ndexList[-C, -Cf]]

Qut | 267] =
A 5 5 A 5 A 5 5 A 5
{Yac Yoa ot Y¥ar " Yoo = —20¢ Gaps Yac Ypa * YaA Ve = -2 OS¢ gab}
In| 268 :=

Uni oneFl atteneSplitlndex[%, & - | ndexList [D, Dt]]

Qut | 268 =

{Tr ue, Yac AYbAD + Yan© Ybe Ae=-26c° Qab: Yac VoA Ot Yan DchA = -26¢° gab}
In|269): =

CliffordSplit = Rest [%]
Qut | 269 =

{vac " Yba” +van® b = -26c® Gaps Yad Yoa P+ van " ¥pd = -2 c° Gap |
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We compare these equations with the following algebraic properties fulfilled by the soldering form

In|270]: =
{o[-b, -A Dt] o 1-a, -Cf, Al + o[-a, -A Dt] o i[-b, -Cf, A] =
-delta[-Ct, Dt]1g[-a, -b],
Dagger /@ (o[-b, -A Dt] o i-a, -Cf, Al + o[-a, -A Dt] o i-b, -Cf, A] =
-delta[-Ct, Dt]g[-a, -b])}

Qut | 270] =

A D D _A D D A A D D
{Oac Opa t0aa Op'c = -6c "~ Oapy Oa A Opc +0ac Opa = —Oc gab}

Therefore, we conclude the rules

In| 271 : =
{y[-a, -Cf, Al »Sqrt @2 o f{-a, -Ct, Al], y[-b, -A, Df] » Sqrt @2 o[-b, -A, Dt]}

Qut|271] =

{YacA% V2 OaACv YbAD ->V2 ObAD}

We turn these relations into automatic rules.

In|272]:=
Aut omati cRul es[y, MakeRul e[{y[-a, -Ct, A], Sgrt @2 o ff-a, -Cf, Al}1]

Rul es {1} have been decl ared as DownVal ues for .

In273|: =
Aut omati cRul es[y, MakeRul e[{¥[-b, -A Dt], Sgrt @2 o[-b, -A, DF1}1]

Rul es {1} have been decl ared as DownVal ues for .

7.2. The Dirac equation

We define the Dirac spinor (fermion).

In[274]: =
Def Tensor [E[-a], M4, Dagger -> Conpl ex]

+»x Def Tensor: Defining tensor T[-a].

+x Def Tensor: Defining tensor o f-o 1.

We define the fermion mass

Inp275): =
Def Const ant Synmbol [M]

+»x Def Const ant Synbol : Defining constant synbol M
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Thisisthe Dirac equation asit is usually presented in textbooks.

In|276): =
DiracEquation =1 y[a, -a, B] CDd[-a]e&[-B] = -Sqrt @2 MZ[-a]

Qut | 276] =
132 (Vagg) = -V2 Mg,

We wish to write this equation in terms of spinors definedin Spi n and Spi nt.

Inp2r7): =
TracePr oduct Dummy /e Di r acEquat i on

Qut|277]=
Y3 A (VaTp) +1 Y3 (Valpa) = -2 Mg,
In[278]:=

Fl atteneSplitlndex[%, |ndexList[-a] -»IndexList[-C, -Ct]]

Qut| 278] =

{jx/foac’x (Va@p ) = -V2 Mgg, iV2 0¥ (Vagy) =-V2 M;pc}

The covariant derivative CDd acts now on quantities belonging to Spi n and Spi nt. Therefore it must be replaced by CDe.
Inp279): =
% /. CDd » CDe
Qut|279] =
{j\/?oac’*' (VaBpx ) = -V2 Mg, i V2 o®c (Va@a) =-V2 M@C}
In[ 280]: =
Map [Contract Sol deri ngForm %, {2}]

Qut | 280] =

{jx/? (v Ta ) = -V2 Mz, iV2 (VA za) = -V2 M@C}

We cancel the factor /2 on each side.
In|281): =
Map[Times[#, 1/Sqrt [2]] & %, {2}]

Qut | 281] =
{i (v op ) = -Mag, 1 (VA Ta) = -Mec |
In[282]: =

Spi nDi racEquati on = %;
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It is convenient to introduce two new spinors to represent T and T

In|283): =
Def Spi nor [¢[-A], M4]

+x+ Def Tensor: Defining tensor ¢[-A].
x+ Def Tensor: Defining tensor ¢ f-Af].

In|284]:=
PrintAs[¢ 1 *="9";

In|285]:=
Def Spi nor [x[-A], M4]

=+ Def Tensor: Defining tensor x[-A].
+x+ Def Tensor: Defining tensor x H-At].

In| 286 :=
PrintAs[x 1 *="%":

By definition

In|287]:=
{Z[-A] = ¢[-A], T[-AT] = x T-AT]}

Qut| 287 =
{2a=¢a Ta = Xn |

We turn these definitions into automatic rules.

In|288]: =
Aut onmati cRul es[Z, MakeRul e[{Z[-A], ¢[-Al}]]

Rul es {1} have been decl ared as DownVal ues for o.

In|289|:=
Aut omat i cRul es[@, MakeRul e[{&[-Af], x {-Af]1}]1]

Rul es {1} have been decl ared as DownVal ues for o.

Hence

InL290]: =
Spi nDi racEquat i on

Qut [ 290] =
{jl (vCAI YA> = -Mg¢, 1 (VAC @A) - ’MYC}
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Compare this with eq. (4.4.66) of Penrose & Rindler Val. 1.

7.3. Traces of products of gamma matrices

Traces of an odd number of gamma's are zero:

In[291]: =
7[a1 -Q, /3] Y[b! _/3! 6] Y[Cl _61 a]

Qut| 291 =
YaaB Ybﬁé Ycéa
InL292): =
Tr acePr oduct Dumrmy @%

Qut | 292] =
0

But not traces of an even number :

In[293]: =

Y[ai -Q, /3] Y[ba _/31 6] Y[C, _61 p] Y[dv -pP, a]

Qut | 293| =

Yaa/i Ybﬁé Ycép dea
InL294]: =

Tr acePr oduct Dummy @%

Qut | 294] =

Inp295): =
Cont r act Sol deri ngFor me%

Qut | 295 =
74gfc Ggabfd 74gfc Ggadfb

I n|296] : =
% /. TetraRul e[g]

Qut | 296] =
: b d
ie § 1 1
_4 7f—7éfdgab—76fbgad+75f
2 2 2 2
: db
ied 1 1 1
4 7f—7éfdgab—76fbgad+75f
2 2 2 2
In 29/7]:=

ToCanoni cal eContract Metrice%

Qut | 297] =
4 gad gbc _4 gac gbd L4 gab gcd

4 OaAA ObBA- OcBB OdAB‘ 44 OaAA' obAB OCBB' OdBA

a ~bd

g

a ~db

g

gfc_

gfc
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Notes
In| 298| : =
MaxMenor yUsed [ ]

Qut | 298] =
77124896

In[299]: =
Ti meUsed[]

Qut | 299] =
11.1393

Note: For further information about Spi nors™, and to be kept informed about new releases, you may contact the
authors electronicaly at algar@mai.liu.se, garcia@iap.fr. This is Spi hor sDoc. nb, the docfile of Spi nors™,

currently in version 0.9.2.
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