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In this notebook we derive al the equations of the Newman-Penrose formalism from scratch, by using spinor calculus. We use
the equations obtained to introduce the essentials of the GHP formalism (GHP operators, weighted quantities, etc) and then we
obtain the set of GHP equations. This notebook can be used as starting point for any computation involving the N.P. and G.H.P.
formalisms.

For a quick start, execute sections 1, 2 and 3 and then proceed to section 4 where the essential explanations about how to use this
notebook are provided.

m 1. Spin structure on the spacetime manifold

We start by loading Spi nors”.
In[1):= << XAct " Spi nors’
Package xAct xPerm version 1.0.3, {2009, 9, 9}
CopyRi ght (C) 2003-2008, Jose M Martin-Garcia, under the General Public License.
Connecting to external |inux executable...
Connection established.
Package xAct xTensor™ version 0.9.9, {2009, 9, 14}
CopyRi ght (C) 2002-2008, Jose M Martin-Garcia, under the General Public License.
Package xAct Spinors’ version 0.9.2, {2009, 9, 9}

CopyRi ght (C) 2006-2008, Al fonso Garci a-Parrado
Gonez-Lobo and Jose M Martin-Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclainmer []. This is free software, and you are wel cone to redistribute
it under certain conditions. See the General Public License for details.

Definition of afour dimensional manifold M4:

in= Def Manifold[M4, 4, {a, b, c, d, f, p, g, r, mI, h j, n t, s}]
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x+ Def Mani fol d: Defining manifold M.

x»x Def VBundl e: Defining vbundl e Tangent M4.

Definition of a Lorentzian metric on the manifold M4:

n@= DefMetric[{3, 1, 0}, g[-a, -b], CD]

»x Def Tensor: Defining symmetric netric tensor g[-a, -b].

x+ Def Tensor: Def

x+ Def Tensor: Def

=« Def Tensor: Def

ning antisynmetric tensor epsilongfa, b, ¢, dJ.
ning tensor Tetrag[-a, -b, -c, -dJ.

ning tensor Tetragt[-a, -b, -c, -d].

x+ Def CovD: Defining covariant derivative CD[-a].

x+ Def Tensor: Def

=« Def Tensor: Def

ni ng vani shing torsion tensor TorsionCD[a, -b, -c].

ning symretric Christoffel tensor Christoffel CD[a, -b, -c].

x+ Def Tensor: Defining R emann tensor R emannCD[-a, -b, -c, -d].

x+ Def Tensor: Defining symetric Ricci tensor RicciCD[-a, -b].

»x Def CovD: Contractions of Riemann automatically replaced by Ricci.

+x+ Def Tensor: Defining Ricci

scal ar Ricci Scal arCD[].

x+x Def CovD: Contractions of Ricci automatically replaced by Ricci Scal ar.

x+ Def Tensor: Defini
+»x Def Tensor: Defini
+»x Def Tensor: Defini
x+ Def Tensor: Defini
x+ Def CovD:  Conputi
x+ Def CovD:  Conputi
»x Def CovD:  Conputi

=+ Def Tensor: Defini

We define a spin structure comprising the complex vector bundle Spi n whose abstract indicesare{A, B, C, D, F, H, L,
P, Q. We need to supply as arguments the name of the metric tensor of the background Lorentzian manifold g - a, - b] , the
name of the antisymmetric spin metric <[ - A - B], the name of the soldering form of a, - A, - At] and the name of the spin
covariant derivative CDe[ - a] . The option Spi nor Prefi x is used to introduce a tag which will be prepended automatically to
any spinor related to a spacetime tensor and the option Spi nor Mar k introduces a formatting of the tag SP different to the default
one. The long output of Def Spi nStruct ure can be suppressed by adding the option | nf o- >Fal se which deactivates the

ng
ng
ng
ng
ng
ng
ng
ng

synmetric Einstein tensor EinsteinCD[-a, -b].

tensor Wyl CD[-a, -b, -c, -d]J.

symmetric TFRicci tensor TFRicci CD[-a, -b].
Kret schmann scal ar KretschmannCDJ[].

Ri emannToWeyl Rul es for dim4

Ri cci ToTFRi cci for dim4

Ri cci ToEi nstei nRules for dim4

wei ght +2 density Detg[]. Determ nant.

information of the definition commands.

4= Def SpinStructure[g, Spin, {A, B, C D F, H L, P, Q,
e, o, CDe, SpinorPrefix ->SP, SpinorMark ->"S", Info -> Fal se]

Val i dat eSynbol : : capital : Systemname C is overloaded as an abstract

Val i dat eSynbol : : capital : Systemname D is overloaded as an abstract

i ndex.

i ndex.
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Pretty printing options for the spinor indices and the spin metric.
= {(PrintAs[At] ~="A", PrintAs[Bf] ~="B ", PrintAs[Cf] "="C",

PrintAs[Dt] A="D", PrintAs[Ft] A="F ", PrintAs[Ht] ~="H ", PrintAs[Lt] ~="L"",
PrintAs[Mr] ~="M", PrintAs[Pt] ~="P' ", PrintAs[Qf] ~="Q", PrintAs[e ] ="&"};

m 2. The Newman-Penrose formalism

The Newman-Penrose formalism can be regarded as an application of the spinor calculus. In this section we show how all the
equations of this formalism can be derived sytematically and efficiently using Spi nors® in conjuntion with the package
xCoba’ . Full explanations about the usage of xCoba® can be found in the package documentation.

Weload xCoba’ .
infe:= << XAct * xCoba’
Package xAct xCoba" version 0.7.0, {2009, 9, 9}

CopyRi ght (C) 2005-2009, David Yllanes
and Jose M Martin-Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer []. This is free software, and you are wel come to redistribute
it under certain conditions. See the General Public License for details.

We turn off the verbose messages issued by Conponent Val ue.

7= $CWer bose = Fal se;

In the following subsections we introduce the spin dyad and its associated null tetrad. We will use xCoba’™ to introduce two
frames (basis), called Dyad and NP and we shall create a parallel set of vectors for the elements in each basis. See the corre-
sponding subsections for full details.

= Spin dyad

First of al, we define the elements of a spin dyad.
ing:= Def Spi nor [#, MAd] & /@ {0[A], L[Al};
PrintAs[of] ~="T";
PrintAs[c ] "="T";
x+x Def Tensor: Defining tensor o[A].
xx Def Tensor: Defining tensor of[Af].
x+ Def Tensor: Defining tensor ([A].

=% Def Tensor: Defining tensor . fAT].

These spinors belong to a spin basis which we define next.

1= Def Basi s [Dyad, Spin, {0, 1}, Basi sCol or - RGBCol or [1, 0, 0], Dagger - Conpl ex]
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x+ Def Basi s: Defining basis Dyad.

»x Def CovD: Defining parallel derivative PDDyad[-a].

x+ Def Tensor: Defining torsion tensor Torsi onPDDyad[a, -b, -c].

x+x Def Tensor: Defining non-symetric Christoffel tensor Christoffel PDDyad[a, -b, -c].

x+ Def Tensor: Defining vani shing R emann tensor R emannPDDyad[-a, -b, -c, d].

x+ Def Tensor: Defining vanishing Ricci tensor Ricci PDDyad[-a, -b].

x+ Def Tensor: Defining nonsymretric AChristoffel tensor AChristoffel PDDyad[A, -b, -C].

+x+ Def Tensor: Defining nonsymretric AChristoffel tensor AChristoffel PDDyadt [Af, -b, -Cf].

x+ Def Tensor: Defining vani shing FR emann tensor FRi emannPDDyad[-a, -b, -C, D].

+»+ Def Tensor: Defining vani shing FR emann tensor FR emannPDDyadt[-a, -b, -Cf, Df].

x»» DefBasis: Defining basis Dyadt.

x«x Def Tensor: Defining antisymetric +1 density etaUpDyad[A, B].

=% Def Tensor: Defining antisymmetric +1 density etaUpDyadt [Af, Bt].

+»x Def Tensor: Defining antisymretric -1 density etaDownDyad[-A, -B].

»x Def Tensor: Defining antisymetric -1 density etaDownDyadt[-Af, -Bf].

In[12]:=

In[13]:=

Out[13]=

In[14]:=

out[14]=

In[15]:=

Out[15]=

In[16]:=

out[16]=

In[17]:=

Component indices in the conjugated basis will be aso primed :

Dyadt /: ClndexForm[i _I nteger, Dyadt] : = StringJoin[ToString[i], "'"1;

By definition, these are the equations relating both sets of objects:
eqs = {0[A] == Basi s[{0, -Dyad}, A], c[A] == Basis[{1, -Dyad}, Al}

{OA — et A elA}

From them, we read and store the components of the spinorso?, (A .
Map [ToBasi s [Dyad], eqs, {2}]

{OA — el A elA}

We now do the same for the conjugated equations:
Map [ToBasi s [Dyadt], Dagger [eqs], {2}]
o

{‘o‘ =e = = e }

Conponent Array @Joi n[%%, %]
({0 =1, ot =0}, {2 =0, !=1}, {©° =1, o¥ =0}, {T° =0, TV =1}}

% /. Equal -> Conponent Val ue;



In[18]:=

Out[18]=

In[19]:=

Out[19]=

In[20]:=

Out[20]=

In[21]:=

out[21]=

In[22]:=

In[23]:=

out[23]=

In[24]:=

Out[24]=

In[25]:=

In[27]:=

out[27]=

In[28]:=

Out[28]=

In[29]:=

out[29]=

In[30]:=

out[30]=

In[31]:=

out[31]=
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Since {o*, LA} isaspin dyad, the spin metric can be written in the form
eqs = {e[A, B] = 0[A] [B] -0[B] L[A]}

{eAB =-08 (As0” LB}

The components of the spin metric and its complex conjugate can now be computed and stored.
Map [ToBasi s [Dyad], eqs, {2}]

{e"B = -0® A4 0h (P}

Map [ToBasi s [Dyadt], Dagger [eqs], {2}]

("% = o "+ oM %)

ToVal ues@Conponent Array @Joi n[%%, %]

[{{e°° =0, ¥t =1}, {20 =-1, et =0}}, {{e¥° =0, e =1}, ("% =-1, e ! =0}}}

% /. Equal -> Conmponent Val ue;

We deduce from here the components of e,z by means of the relation e,z €@ = 5,°. To that end we need to find the
inverse of the transposed of the matrix representation of the components of <A8.

EP = ToVal ues@Tabl eOf Conponent s[e[A, B], Dyad]
{{0, 1}, {-1, 0}}
I nverse@Transpose@EP

{{01 1}1 {_1! 0}}

Storage of the components of €8 and its complex conjugate.

Metricl nBasi s[e, -Dyad, %];
MetriclnBasi s[e T -Dyadt, %%];

We now compute and store the components of o,, . and their complex conjugate.

eqs = {0[-A] = €[-B, -A] 0[B], ¢[-A] == €[-B, -A] ¢[B]}

{OA = 0%cpp Lp = €pa LB}

Map [ToBasi s [Dyad], eqs, {2}]

{OA =0%¢epa, La = €Epa LB}

Map [ToBasi s [Dyadt], Dagger [eqs], {2}]

{on = % g a, T =€ a T }

Map [Tr aceBasi sDunmmy, Joi n[%%, %], {2}]

{oa=0€a+0 €1p ta=ecoatl+eintt, Op =T Egp +0 Cpa, Ta =Coa T +Cra T}
ToVal ues @Conponent Arr ay @%

{{0g =0, 0, =1}, {tp=-1, t; =0}, {Op =0, O =1}, {Tog =-1, T, =0}}

|5
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n321:= % /. Equal -> Conponent Val ue;

We change the Rul e assignment to the Set assignment in each Fol dedRul e storing the components computed so far

in331= Rul eToSet /e {e, e 1 o, of, ¢, ¢ 1;

= Null tetrad

We define now four vectors which will represent the null tetrad basis elements.
in34):= Def Tensor [I NP[a], M4, PrintAs »"I"]
x+ Def Tensor: Defining tensor | NP[a].
in3s):= Def Tensor [nNP[a], M4, PrintAs -» "n"]
x+ Def Tensor: Defining tensor nNP[a].
in36):= Def Tensor [mMNP[a], M4, Dagger - Conplex, PrintAs -» "ni']
+x+ Def Tensor: Defining tensor m\P[a].
x+ Def Tensor: Defining tensor n\NPf[a].
nE7;= PrintAsenNPt A= "1l;

These vectors belong to abasis (null tetrad) which we define next.

in38):= Def Basi s[NP, Tangent M4, {1, 2, 3, 4}, Basi sCol or -> RGBCol or [0, O, 1]]

x+ Def Basis: Defining basis NP.

»x Def CovD: Defining parallel derivative PDNP[-a].

+x+ Def Tensor: Defining torsion tensor Torsi onPDNP[a, -b, -c].

x+x Def Tensor: Defining non-symetric Christoffel tensor Christoffel PDNP[a, -b, -c].
x»x Def Tensor: Defining vani shing R emann tensor Ri emannPDNP[-a, -b, -c, d].

x+ Def Tensor: Defining vanishing Ricci tensor Ricci PDNP[-a, -b].

x+x Def Tensor: Defining antisymetric +1 density etaUpNP[a, b, c, d].

»x Def Tensor: Defining antisymretric -1 density etabDownNP[-a, -b, -c, -d].

We specify the behaviour of the elements of this basis under complex conjugation. Thisis achieved with the command
Set Dagger Matri x.

in3o):= Set Dagger Matri x [NP, {{1, O, O, 0}, {O, 1, O, 0}, {O, O, O, 1}, {O, O, 1, 0}}]

We format a number of objects according to standard conventions. Due to the new way of sorting definitions in Mathematica
6.0, we need to stop the formatting engine and start it again after defining these new rules.

Stop formatting engine.

inpoj= xTensor For mSt op[];
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Formatting of the directional derivatives with the standard NP symbols.
inj41):= Format Basi s [PDNP[{1, -NP}], "D'];

For mat Basi s [PDNP[ {2, -NP}], "A"];
For mat Basi s [PDNP[ {3, -NP}], "é&"

]
For mat Basi s [PDNP[{4, -NP}], "&"];

The Newman-Penrose directional derivatives can also act on spinors. For that case we need to use the covariant deriva-
tive CDe rather than PDNP. Therefore we need to set a formatting for the directional derivatives taken with respect to CDe
(note that when CDe and PDNP act on scalars or tensors they coincide).

in[4s:= Format Basi s[CDe[{1, -NP}], "D'1];
For mat Basi s[CDe[{2, -NP}], "A"1;
For mat Basi s [CDe[{3, -NP}], "é&"

1;
For mat Basi s [CDe[{4, -NP}], "&"];

Restart formatting engine:

in49]:= XxTensor FornStart [1;

These are the relations between the el ements of the null tetrad and the elements of the basis NP.

nsol:= {I NP[a] == Basi s[a, {1, -NP}], nNP[a] = Basis[a, {2, -NP}],
m\P[a] == Basi s[a, {3, -NP}], nNPf[a] == Basis[a, {4, -NP}1}

ouso= {1® =e% n? =ef, nf =ey?, i =e,*}

From this relation we compute the components of | 2, n2, n?, @t inthebasisNP .
ins1:= Map[ToBasi s [NP], %, {2}]

ousi= {1® =e,% n? =e)f, nf =eg?, f =e,}
ins21:= Fl att en@Conponent Array @%

ousz= {11=1,12=0,1%=0, 1*=0,n" =0, n?=1, n®=0,

n*=0, m=0 nf=0 nf=1 nf=0 m=0 Af=0 A =0 nf-=1}

ins3):= % /. Equal - Conmponent Val ue;

Asiswell known, in the null tetrad the metric takes the form

in[s4):= g[a, bl =1NP[a] nNP[b] +| NP[b] nNP[a] - (mNP[a] mNPT [b] + nNP[b] n\Ptf [a])

oursa= 920 = —nPAf - AP + 1P n2 41 2Rk

We compute and store the components of g2® in the basis NP.
in[s5):= ToBasi s [NP] /@ %

ouss= 93P = -nP AR -nf AP +1Pn2s12nd
in[s6):= ToVal ues@Conponent Arr ay @%

out[56]= {{gll =0, gt? =1, ¢g*® =0, g'* = O}, {921 =1, g?2 =0, g2% =0, g?* = 0},
{931 =0, 32 =0, g3% =0, g3 - —l}, {941 =0, g*?2 =0, g*% = -1, g*% = 0}}
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We store the components of the metric tensor
ins71:= % /. Equal -> Component Val ue

out[57]= {{gllao, gt?-51, gt¥->o0, glA%O}, {ng%l, g2 50, g2% >0, g”»O},
{931%0, 932%0, g33»0, 934%—1}, {941%0, g4290, g43»71, g44a0}}

We compute the components of g,,, and store their values.

in[ssl:= Matri xFor meToVal ueseTabl eOf Conponents[g[a, b], NP]

Out[58]//MatrixForm=

01 0 O
10 0 O
00 0 -1
00 -1 0

in[s9l:= Matri xFor mel nver see%

Out[59]//MatrixForm=

01 0 O
10 0 O
00 0 -1
00 -1 0

ineol:= MetriclnBasis[g, -NP, %]
oueo)= {{911 >0, 912> 1, 9130, 914 >0}, {021 ~>1, U220, 0230, g4~ 0},
{9310, 932 >0, 9330, 934> -1}, {9410, 9220, 943> -1, 94> 0}}

Finally we change the Rul e assignment to the Set assignment in the Fol dedRul e storing al the components of the
metric tensor.

ine1:= Rul eToSet eg

We also need the components for the elements of the null tetrad with the indices downstairs. They are computed from
those with the indices upstairs.

ne21= {I NP[-a] ==g[-a, -b] I NP[b], nNP[-a] =g[-a, -b] nNP[b],
mM\P[-a] ==g[-a, -b] mM\P[b], nNPf[-a] ==g[-a, -b] NPT [b]}

ouezl= {la = Gap 1% Ng = Gap N°, My = Gap NP, M, = g NP}
ine3):= Map[ToBasi s [NP], %, {2}]

outeal= {la = 0ap!® Na=0apn®, M =gapnP, M =ga, M}
in[e4l:= Map[TraceBasi sDunmmy, %, {2}]

1 2 3 4 1 2 3 4
Out[64]= {Ia:gall +0a2! “+0as!”+0asal™ Ng=0a1 N +0a2N"+0a3N° +dasn”,

My = Qa1 M +Gap M+ Qag M+ Gag M, My == Qay M+ Qap M+ Gag M +Gag )
ines):= ToVal ues @Fl at t en@Conponent Array @%

out[65]= {Il::O7 |2::j|_7 |3::O7 |4::O7 n, =1 n, =0, ny =0,
ng=0 m=0, m=0, m=0, m=-1, m=0, Mm=0, m=-1, m =0}

ineel:= % /. Equal - Conmponent Val ue;
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Automatic replacement of the values of the components of the elements of the null tetrad.

671~ Rul eToSet /@ {I NP, nNP, n\P, miNPt};

Itisconvenient to have arulewhichrelates |1 2, n2, n, nf and the elements of the basis NP. We compute such arule
next.

nesl= {I NP[a] == Separ at eBasi s [NP] @l NP[a], nNP[a] == Separ at eBasi s [NP] @nNP[a],
m\P[a] == Separ at eBasi s [NP] @nNP[a], nNPt[a] == Separ at eBasi s [NP] @emNPt [a] }

ougeel= {12 =€, 1%, n? = e nP, nf = el nb, if = e, P}

in[eol:= Map [TraceBasi sDummy, %, {2}]

oueel= {1? = e;%, n* =&, nf = ey M =e,*}

in7op= Sol ve[%, Cases[%, Basis[{__}, a_1, Infinity]] // Flatten

ourol= {e:% > 12, e, > n?, e 5 nf, e, - nf}

in711:= % /. Hol dPatterneRul e[X_, Y_] :» MakeRul e[{X, Y}] // Flatten // Union

oui71= {Hol dPat tern [elg] = Modul e[ {}, 123], Hol dPattern [ezaﬂ - Modul e[ {3}, n?],
Hol dPat t er n [e}] - Modul e[ {}, nf'], Hol dPattern[e4a:} = Modul e[ {}, ]}

in[721= Basi sToVectors = %;

We need the same rule with the indices downstairs.

in7al= {I NP[-a] == Separ at eBasi s[NP] el NP[-a], nNP[-a] == Separ at eBasi s [NP] @nNP[-a],
mM\P[-a] == Separ at eBasi s[NP]en\NP[-a], mNPf[-a] == Separ at eBasi s[NP]@enNPt[-a]}

ou7sl= {la =€y, Ny =e"ny, m =e"m, M =em}

in[74]:= Map[TraceBasi sDummy, %, {2}]

ourar {1a = €2 Ny = el my = —e%, m = e,

in7s)= Sol ve[%, Cases[%, Basis[__1, Infinity]] // Flatten

ourzsl= {€a2 = lar €21 5Ny, €% 5 -my, €% 5 -my )

in[76l:= % /. Hol dPatterneRul e[X_, Y_] :» MakeRul e[{X, Y}] // Flatten // Union

ouizel= {Hol dPattern[eazl} - Modul e[ {}, n?], Hol dPattern[eazz} = Modul e[ {3}, 137,
Hol dPattern[eazs} ~ Modul e[ {}, -mf], HoIdPattern[ea:4] = Module[{}, -nf]}

We combine these relations with the relations found above for the indices upstairs.

in[771:= AppendTo [Basi sToVectors, %]

ouf77= {Hol dPattern[ela:] - Modul e[ {}, 127, HoIdPattern[eza:} - Modul e[ {3}, n?],
Hol dPattern[e;;] - Modul e[ {}, nf], HoIdPattern[e}} - Mdul e[ {}, ],
{I—loldPattern[egl] = Modul e[ {}, n?], I—loIdPattern[egz} = Modul e[ {3}, 137,

23]

Hol dPat tern[e2’] > Modul e[ {}, -], Hol dPattern[e®’] « Mdule[(}, -nf]}}
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Relation between the spin dyad and the null tetrad

The relation between the elements of the spinor dyad and the elements of the null tetrad is as follows
in[7el:= Spi nDyadToNul | Tetrad =
{o[a, -A -At] o[A] Dagger @o[A] == | NP[a], o[a, -A, -AT] c[A] Dagger @.[A] == nNP[a],
ola, -A, -Af]o0[A] Dagger @ [A] == m\P[a], o[a, -A, -Af] Dagger [0[A] Dagger @ . [A]] == mN\PT[a]}

A _A _A A
out[78]= {OA‘O' Ay =13, ATH Ppn =03, AT Pan =P, T AP = ﬁ’f‘}

Using this relation we find and store the components of the soldering form o®,, .
in[7o]:= Map[ToBasi s [Dyad], %, {2}]

A a —A _a —A _a A a
oure)= {0A 0" oPan =13, AT o®up =n?, AT oy =nf, TF Aoty =0T

ingoj= Map[ToBasi s [Dyadt], %, {2}]

out[80]= {OAUA‘ oPan =12 AT % =n3 oA TN o®up =nf, O Ao = nt }

ins1:= Map[ToBasi s[NP], %, {2}]

out[81]= {OA'O'AV Pan =12 ATN Py =nd AT ofup =nf, O (Ao = ﬁ?}

in[s2):= Map [TraceBasi sDummy, %, {2}]

Out[82]= {0300' =18, Oall' = nd, C’aor = nf, OalO‘ = ﬁf‘}

in[s3= Conponent Array @%

Out[83]= {{Uloo' =1, C7200' =0, 0300' =0, 0400‘ = 0}: {0111' =0, 0211' =1, 0311' =0, 0411' = 0}-

{0101' =0, 0201' =0, 0301' =1, o401’ = 0}: {0110' =0, 0210' =0, 0310' =0, 0410' == 1}}
in[s41:= % /. Equal - Component Val ue

1

3 3
out[84]= {{oloo- 51, 0%y -0, 0%y >0, o 90}, {o 11 >0, 0% 51, 0% 50, 0%y 90},

1 2 3 4 1 2 3 4
{001' -0, 0%y -0, 0°%1 -1, oy »0}, {010- -0, 009 20, 0% ¢ =0, 0% ¢ 91}}

We also need the components of the soldering form with the spacetime index downstairs and the spin indices upstairs.

inssl:= Nul | Tet radToSpi nDyad = Map [Put Sol deri ngFor m Spi nDyadToNul | Tetrad, {23}] /. B->A /. Bf -> At
out[85]= {OA of = |a oM, A ™ = na o™, of ™ = nf oM, of A=t oM }

in[sel:= Map[ToBasi s [Dyad], %, {2}]

out[86]= {OA o =12 oaAA' , A ™ =n? OaAA' , o? ™ =nf OaAAI , ot A=t oaAA' }

ng7:= Map[ToBasi s [Dyadt], %, {2}]

out[87]= {OA ot =12 oaAA' , LA " = na oaAA‘ , o* ™ = nt oaAA' , ot A= OaAA. }

in[ssl:= Map[ToBasi s [NP], %, {2}]

out[88]= {OA—O-A — |2 oaAA' , I_ATA - n? OaAA' , OATA - nf OaAA‘ , —O-A I_A - W? OaAA' }



in[sol:= Map [TraceBasi sDummy, %, {2}]
Oout[89]= {OA o = OlAAI, AT = OZAAI, oA Th = chA' ot A= 04AA' }
injoo:= Fl att en@Conponent Array @%

00 or 10 - 0o 01 10 '
ouol {1=0,"", 0=0,"", 0=0;", 0=0;"", 0=0,"", 0=0,"", 0=0,", 1 =0""

0 = 0300', 1-=- 0301', 0 = 0310', 0=03'%, 0= 0400', 0 = 0401' 1= 0410' 0= og,t?t }
ino1:= Sol ve[%, Cases[%, _o, Infinity]]

00 01 10 ' 00 01 10 '
out[91]= {{01 -1, o1 -0, o -0, 0111 -0, o, -0, o -0, oy - 0, 0211 -1,

0300 -0, 0301 -1, 0310 -0, 0311' - 0, 0400 -0, 0401 -0, 0410 -1, 0411' %0}}

We store these values.

ino2):= % /. Rul e » Conponent Val ue

00 or 10
oufezl= {{o1"° -1, o

0300 -0, 0301

-0, 0111 -0, 0200 -0, 0201 -0, 0210 -0, 6211 -1,

- 0, 0311' -0, 0400 - 0, 0401 - 0, 0410 -1, 0411' —>0}}

xd 0, o1
o

d l, 031
Change of the Rul e assignment to the Set assignment in the folded rule.

ino3:= Rul eToSet eo

= Newman-Penrose spin coefficients

We define the 12 Newmann-Penrose spin coefficients, and their complex conjugates:

injo4].= Def Spi nor [x Dyad], Mi];
PrintAs[x Dyad "= "x";
Print As [x Dyadf] ~="x";

xx Def Tensor: Defining tensor x Dyad].

+x+x Def Tensor: Defining tensor x Dyadil].

injo71:= Def Spi nor [e Dyad ], MA1;
PrintAs[e Dyad "= "¢€";
PrintAs[e Dyadf] ~="€";

x+ Def Tensor: Defining tensor e Dyad].

+x+x Def Tensor: Defining tensor e Dyadil].

infr00):= Def Spi nor [x Dyad ], M41;
PrintAs[sx Dyad "= "n";
Print As [s Dyadf] "="7";

x+ Def Tensor: Defining tensor s Dyad].

+»+ Def Tensor: Defining tensor s Dyadff].

in[103):= Def Spi nor [t Dyad ], M41;
PrintAs[tz Dyad "="<t";
PrintAs[t Dyadf] "="T";

x+ Def Tensor: Defining tensor t Dyad].

+»+ Def Tensor: Defining tensor t Dyadff].

PublicNPGHP.nb
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inf106):= Def Spi nor [y Dyad], M4];
PrintAs[y Dyad "= "¥";
PrintAs[y Dyadf] "="¥";

xx Def Tensor: Defining tensor

+x+ Def Tensor: Defining tensor

in[109:= Def Spi nor [v Dyad ], M41;
PrintAs[v Dyad "= "v";
PrintAs[v Dyadf] *="V";

xx Def Tensor: Defining tensor

x+ Def Tensor: Defining tensor

inp112):= Def Spi nor [o Dyad ], M41;
PrintAs[o Dyad "= "o";
PrintAs[oc Dyadfl *="0";

xx Def Tensor: Defining tensor

x+ Def Tensor: Defining tensor

inL1s):= Def Spi nor [8 Dyad ], MA];
PrintAs[B Dyad "= "8";
PrintAs[B Dyadf ~="g";

x»x Def Tensor: Defining tensor

x+ Def Tensor: Defining tensor

in11g):= Def Spi nor [u Dyad], M4];
PrintAs[u Dyad "= "u";
PrintAs[u Dyadf] "="u";

+xx Def Tensor: Defining tensor

x+ Def Tensor: Defining tensor

in[121:= Def Spi nor [p Dyad], M41;
PrintAs[p Dyad "= "p";
PrintAs[p Dyadf] "="p";

xx Def Tensor: Defining tensor

x+ Def Tensor: Defining tensor

in[1241= Def Spi nor [a Dyad], MA4];
PrintAs[a Dyad "="a";
PrintAs[a Dyadf] "="a";

x+ Def Tensor: Defining tensor

x+ Def Tensor: Defining tensor

inp127):= Def Spi nor [x Dyad ], M4];
PrintAs[a Dyad *="2";
Print As [ Dyadf ~="2X";

x»x Def Tensor: Defining tensor

x+ Def Tensor: Defining tensor

v Dyad ].
v Dyadt{].

v Dyad ].
v Dyadf{].

o Dyad].
o Dyadf{].

A Dyad ].
A Dyadf(].

n Dyad].
p Dyadt{].

o Dyad].
p Dyadt{].

o Dyad ].
o Dyadt[].

A Dyad].
A Dyadt[].



Thisisfull thelist of Newman-Penrose spin coefficients.

in1301:= NPSpi nCoefficients = {a Dyad], B Dyad], ¥ Dyad], e Dyad],
x Dyad], a Dyad], u Dyad], v Dyad], = Dyad], p Dyad], o

ouf30)= {a, B, ¥, €, K, A, U, VvV, T,p, 0, T}
in[131]= % // Length

out131]= 12

Dyad], t

Dyad]}
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The spin coefficients are defined through the derivations of the elements of the spin tetrad by means of the following

relations.

n1321= DyadDerivatives = {
CDe[{1, -NP}1[0[-A]] == o[-A] e Dyad] - [-A] x Dyad],
CDe[{1, -NP}1[t[-Al]l = -c[-A] e Dyad] +0[-A] = Dyad 1,
CDe[{2, -NP}][0[-A]] == o[-A] ¥y Dyad] - ¢[-A] = Dyad],
CDe[{2, -NP}1[c[-A]] = -c[-A] ¥ Dyad] +o[-A] v Dyad],
CDe[{3, -NP}1[0[-Al] == o[-A] B Dyad] - ¢[-A] o Dyad],
CDe[{3, -NP}][c[-A]] = -c[-A] B Dyad] +o[-A] u Dyad],
CDe[{4, -NP}1[0[-A]] == o[-A] a Dyad] - t[-A] p Dyad],
CDe[{4, -NP}1[t[-Al]l = -¢[-A] a Dyad] +0[-A] A Dyad ]

}
Out[132]= {DOA:: Oa€ -—tak, Dip=~-€ LpA+0a7T, AOpA=0aY - (AT, Dlpa=-Y LaA+0aYV,
O0p=0pB -Lpa0 , OLp=-B Lpa+0pl , EOA:: OpA O — LAD , gLA:: - Lp+0pA }

From this expression we compute and store the components of the spin covariant derivative "intrinsic" connection (these
are the components of the "inner" Christoffel symbols of the covariant derivative CDe).

in[133:= Map[ToBasi s [Dyad], %, {2}]

out[133]= {eAB (DOg) = 0p€ -tak , €8 (Dig) = -€ (p+0,7T,
el (A0g) =04y -LpT, eA (Dig) = - La+0av , €8 (50p) =
el (61g) =-B ta+0au, €2 (650g) =0p0a —Lan, €2 (6p)

in[134:= Map[ToBasi s [Dyad], %, {2}]

xx Def Tensor: Defining tensor AChristoffel CDePDDyad[A, -b, -C].

+»+ Def Tensor: Defining tensor AChristoffel CDePDDyadt [At, -b, -Ct].

out[134]= { - B

OAB - Ltpa 0O,
= -0 La+Oa N}

AV, D)8 A0 +DO0Op = 0p€ —tpx, -A[V, D18 A tg+Dip=-€ Lp+07,
AV, D] 2AOB+A0A:0AY - LA T, —A[V,ZJ}BZALBAfALA::—Y Lpa+0pV ,
AV, D]1B5,05+60x =048 -tpa0, -A[V, D180 g +6Lpa=-B La+0al,
[V,D]B4AOB+50A:: 0p0 —tpap, -A[V, DB A tg+6Lp=-a LA+0A)L}
n[135):= Map [TraceBasi sDumy, %, {2}]
Out[135]= {—A[V, @}11A+DOA = 0p€E —-tLaxk, A[Y, Z)]OlA+DLA = —€ LpA+0pTT,
AV, D] a+A0p = 0py - LaT , AV, D)% A+0 Lp= Y LA+0aV , 7A[v,7)}13A+50A =0,B -La0,

ALV, D)% a+S ta= -B La+O0al , AV, D]Ya+850s =040 - tap , ALV, D]°

in[136:= Fl att en@Conponent Array @%

0

Out[136]= {—A[V, D1'o =x, -A[V, D', =€, A[V, 21”10 =€, A[Y, @]011 =7, -A

0

“A[v, @]121 =y, ALY, @]0 =v, A[v,01%,; =v, -A[v,D]%, =0
A[v, 01° 30 = B, ALY, 0]° 31 =4, AV, D1Y =0, -A[V,D]Y, =,

, —A[v, D]t

[V, Z)J:LZO =T,

31 —
A[V, 91040 =a, A[V, 61041 = A }

an+OLa=-a La+OpR }
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n[1371= Sol ve[%, Cases[%, _AChristoffel CDePDDyad, Infinity]] // Flatten

oursz= {A[V,D1Y 0 » -x , A[V, D)4 > e, AV, D]° 0

1° 1°

10-€, AV, D171 >, AV, Dl > -T,

[V, D1% 1 > -y, AV, D1% 0>y, AV, 01% 1 > v, A[V, D150 > -0, A[V, D)%, > -5,

> >

(v, 01%0 = B, AV, D1%1 >, AV, D10~ -p , AV, D)% » —a, A[V,D]%, »a, AV, D]%; > A }
n[138= % /. Rul e -> Conponent Val ue

out[138]= {A[V, D}lloa—K , Alv, D]llla—e , AlV, @}010%6 , Alv, @]Oll%ﬂ, A[V, D]lzoa—t ,
AV, D% 5 -y, AV, D1%0 5y, AV, D1% 5 v, AV, D] > -0, A[Y,D]%, > -8,
A[V,@}anﬁﬁ ) A[V,Iﬂon S, AV, D) 5 -0, ALY, D], 5 —a, A[V,@}Ozto*a ) A[V,Z?}OM - A }

We need the complex conjugate of all these relations.
inf139}= Map [Dagger, %, {2}]

oursgl {A[V, D] Yo » K, AV, D] T4y » €, A[v, D] 1% ¢ » &, AV, D] t%, 7T,
AV, D] tYo » -T, AV, 0] 151 » -7, A%, D] 1% ¥, AV, 0] 1% >V,
AlY, 0] tho » -G, AV, D] T4 » -8B, AV, 0] t%¢ - B, AV, 0] 1% >,
AlY, 0] tY30 » B, AV, D] t551 » -&, AV, 0] 1% »a, AV, 0] 1% >}

in[140:= % /. Rul e -> Conponent Val ue

oufao= {A[v, D] th o - -k, A[v,D] t111 > -E, A[V, D] 1% > &, A[v,D] 1%, > 7T,
AV, D] Tl »-T, AV, 0] 14 » -, AV, 2] 1% -5, AV, 0] 1%, >V,
ALY, D] tHho » -G, AV, D] T4y = -B, AV, 0] 1% =B, AV, D] 1% -0,
AV, D] T30 » -5, AV, D] T30 » @, AV, D] 1%¢ » @, A[V, D] T%; » 2 }

Automatic replacement of the componentsof A[v, D]Acand A[v, D] T4 ¢ .
inf141):= Rul eToSet @ AChr i st of f el CDePDDyad;

in[142:= Rul eToSet @AChr i st of f el CDePDDyadt;

= Components of the Levi-Civita connection in the null tetrad

We need to obtain the components of the Levi-Civita connection (Ricci rotation coefficients) in the null tetrad. This is done by
taking the covariant derivative of the set of equations relating the null tetrad elements and the spin dyad elements and using the
expressions for the derivatives of the latter in terms of the Newman-Penrose spin coefficients.

Aswe know the relation between the spinor dyad and the null tetrad is
in[143:= Spi nDyadToNul | Tetrad
ouraz= {0ATH o =12, ATN o%an =03, AT Py =, O Aot = iF)
We take now the derivative of each of these equations and expand them in components.
inf1441= Map [CDe[-Db]1, %, {2}]
o

Out[144]= {UA' o an (Vb OA) + 0" 0% (Vb o ) =vpl?d T

i o an (Vb OA> + 0P % (Vb A ) =vpnf, AP (Vb of ) +oh o an (Vb LA) = Vb ﬁ?}

o an (Vb LA> + LA 0% (Vb i ) = Vp N3,



inf145):= Map[ToBasi s [NP], %, {2}]
A _a A A _a A
ouasi= {07 o®an (Vb 07) + 0" o®ps

T 0% (Vb 04) + 0P 0¥

(oo™ ) =el (p1°), T

M) = el (o), Aot

(v T Ao
in[1461:= Map[ToBasi s [NP], %, {2}]

x+ Def Tensor: Defining tensor Christoffel COePDNP[a, -b, -c].

ourtasl= {T% 0% (V6 04) +0hPan (Vo O ) =TV, D1% 1°+ 17,
T o%an (Vb LA> + 1A 0% (Vb ynd ) = T[v,D]% . N°+vpn?,
T % (W 04) +0h 0% (Wb TV ) =TV, D)% nf + v 0,
Aot (Vo) + TN o (Vb LA) =TV, D)% T 4 vp T}

B

ou147)= {A[V, D]%0° 0" ofap + T o%an (W6 0%) +0%0%un (Vo7 ) =T[V,D]% ¢ +vpl?,
AV, 1% 5 LBT" o®an +T° an (Vb LA) + A 0P ( p TN ) =T[V,D]% . N° +vpnd,
ALY, D145 0% TN o%an + T o%an (Vb 0%) A) = v, 1% nf + vy nf,

[V, D] ) ) =T[v, D]

A
b 0O L oaAA- + L

in[148:= Map[ToBasi s [Dyadt], %, {2}]

ouriagl= {A[Y, D% 508 TN 0%an +A[V, D] A g 02 T® 0%p + T o%a (Vb OR) +0%0%n (W TY) =

L[V, D)% 1S+ vp 13 ALY, D145 BTN o%a +AV, D] 1A pe A TS o®an +

™ o®an (Vb LA) + A AP an (Vb e ) =

A[v, D%, g 08 TH

Pan +A[V, D] TApg 02T o%a + TN 0%an (W 0%) +0h0Pn (VTN =
(v, D)% . +vynt, A[v,D] 1 g O° (A oin +A[V,D]A 0" (P

A ®an (Vb o~ ) L oh P p (Vb LA> = T[v, Dlabc Af + vy ﬁf}

a
Oapn +

an (Vb L) + Ao (Vb ™ ) =ed

(vo o) + T ofan (Vb LA) = e
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All the ocurrences of the spin covariant derivative are now acting on scalar functions. Therefore we may replace them by

any other covariant derivative, in particular PDNP.
in[149)= % /. CDe —» PDNP

out[149]= {A[V, Z)]AbBOB_O_AI OaAA- +A[V, D] TAVbB- o*o® OaAAv + o OaAA~ (Db OA) +o” GaAA- (Z)b _O_A') =

TV, D% 1S +Dp 12, ALV, D15 (BT o®an + AV, D] 1A pg AT® oPpp +

T 0% (Do LA) + A oPan (Do TY) = T[V, D)% N® + Dp N2,
Alv, D}AbBOBTA' Pan +AV, D] TA g oA TP o*an + TN oA (@b OA) + 0% A n (Db TAV) .
TV, D)% nf + Dy i, ALV, D] 4 5 O° (A oPan + AV, D174, 0" (Bo®an +

A oaAA- (@b o’ ) + o oaAA. (Z)b LA> =TV, Z)]abc it + oy ﬁf‘}

inis0:= Map [TraceBasi sDumy, %, {2}1;
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npis1):= Fl atteneConponent Array @%

ouisi= {€ +& =T[v, DYy, ¥ +¥ =T[V, DY, @ +B =T[V, D]y, a +B =T[7, D], 0="T[V,D]%,,
0=T[V,D]%,, 0=T[V,D]%,, 0=T[V,D]%,, -k =T[v,0]%,, -T =T[V,D0]%,, -6 =T[v,0]1%,,
-0 ::F[vaJ34l! -x =T[V,D]%1, -t =T[V,D]%,, -0 =T[V,D]%4, -p =T[v, D%,
0=T[7v,D]Y, 0=T[v,D]%, 0=T[v,D]%,, 0=T[v,DlY, -€ - =T[Vv,D]%,,
-Y -Y =T[V,0]%, -& -B =T[v,D]%,, -a -B =T[V,D]%,, 5 =T[v,0]%,,
v =T[V,D1%, 4 =T[V D%, A =T[V,D]%, T =T[V,D]1%, V =T[v,D]%,,
X =T[V,D]%, T =T[V,D]%, T =T[v,D]Y3s Vv =T[V,D]Ls A =T[v,Dls,
0 =T[v,D]%3 -x =T[V,D]%3 -t =T[V,D]%s -0 =T[V,D]%3, -p =T[7, D%,
€ -8 =T[v,0]%3 v -¥ =T[V,D]%3 -a@ +B =T[V,D]%3 a -B =T[V,D]%,
0=T[V,D]%3 0=T[V,D]%; 0=T[V,D]%; 0=T[V,D]%; 7 =T[V,D]'4 v =TIV, D]y,
uo =TV, DY A =T[V,DlYs -K =T[V,D1%,, -T =TI[v,D]l%, -0 =TIV, D%y,
-5 =T[V,D1%4 0=T[v,01%,, 0=T[v,0]1%, 0=T[v,D]1%, 0=T[v,D]%,,
—e +€ =T[V,D1%4 -v +¥ =T[V.D1%4 & -B =T[V,Dl%,4 -a +B =T[V,0]%,}

in[1521:= Sol ve[%, Uni oneCases[%, _Christoffel CDePDNP, Infinityl] // Flatten // Sinplify

oupsz= {T[V,D1Y 1 >e +€, TV, D] >y +¥, T[V,Dl, @ +B, T[V,Dl%, >a +B, T'[v,D]%, >0,
r[v,0]%, 50, T[V,D]%, 50, T[V,D]%,, -0, I'[v,0]%,>-K, I'[v,0]%,>-T, °[v,0]%, > -0,
r(v,01%1 -0, I'[v,0)4 1> -x, T[V,D]%, 5 -1, T[V,D]%, > -0, T[V,D]%% 1> -p,
T(v,0]Y, -0, T[Vv,D]Y%,, 50, T'[Vv,D]%, >0, T'[Vv,D]Y, >0, T'[V,D]%, > - -€,
TV,01%, > -y -¥, T[V,\D]%, > - -8B, T'[V,D]%,5-a -B, T[v,D]%, 571, T[v,01%, > v,
rv,01%, 50, TV, D]%,52, T[V,D]4,>7, TV, D)%, >V, T[V,D]%, 5 X, T[V,0]%, >,
TV, -7, T[V,0]h% >V, TV, Dl >4, T[V,D]Ys >0, T[V,D]% 3> -x, T[V,D]%3> -1,
T[V,D)%3 -0, T[V,D]%3>-p, T[V,D]%35€ -€, T[V,0]1%3>y -7, T[V,0]%;3>-a +58,
TIv,D1%s>a -B, T[V,0]% 350, T[V,D]%3-50, T'[V,D]%3-50, T[V,D]%3-0, T[v,D]Y, >,
TIV,D]% >V, T[V,D) %4>, T[V,Dl%a> A, T[V,D1% 4> -K, T[V,D]%, > -T,
T(V,01%4 > -0, T[V,D]%4> -0, T[v,01%,-0, T[v,0]%,-50, T[v,0]%,-0, T[v,0]%, -0,
T[V,D]%4>-€ +€, T[V,D]%4>-v +7, TIV,Dl%4>T -8B, TV, D%, >-a +B }

These are the components of the Levi-Civita connection in the null tetrad written in terms of the spin coefficients. We
store them.

n1s3:= % /. Rul e - Conponent Val ue;
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We show thelist of Ricci rotation coefficients.

in[1541:= Tensor Val ues@Chr i st of f el CDePDNP

oufisa- Fol dedRule[{}, {T[v,D1Y 1 >¢e +&, T[V, 0] >y +¥, TV, D], >a +B, T[V,D]Y »a +B,

r[(v,0]%, -0, T[v,0]%, >0, T[V,D]%, 50, T[v,D]%, -0, T'[v,0]%,>-K, I'[v,D]%,>-T,
r(v,0)%1> -5, TV, D)% > -5, T[V,D]*1 > -x, T[V,D]%; > -t , T[V,D]%; > -0,
rv,0]%.1->-0, T'[V,D1Y, -0, T[v,D]Y,, 50, T[v,D]Y3, -0, T[v,D]Y, >0,

I'[V,D]%,>-€ -€, T'[V,D]%,>-Y -¥, I'[V,D]%,> -0 -B, T'[V,D]%,> -a -8,
T(V,D]1%, 57, TIV,D]1%, >v, TIV,D]1%, > u, TIV,D]%, > A, T[V,D]%, > 7T, T[V, D%, > v,
T[V,D]%, > A, T[V,D]%, >0, T[V,D]Y3>7, T[V,D]5%3 >V, T[V,D]%3 > A,

TVv,D]Y%s >0, T[V,D]% 3> -x, T[V,D]%3 > -T, T'[V,D]%3 > -0, T'[V,D]%3 > -p,
r(v,0%35€ -, TV,01%s5y -V, TIV,D1%3 > - +8, T[V,D]%3>a -8,
r'[v,D]%3-0, T[V,D]%3-50, T'[V,D]%3-50, T'[v,D]%3-0, T(Vv,D]Y ,»n, T[v,D]h, >V,
TIv,DlY% s> u, TVv,D]Y%s >, T[V,D]% 4> -K, T[V,D]%4->-T, T[V,D]%, > -0,
T(V,D0]%4> -5, T[V,D]3,-0, T[v,0]%, 50, T[v,0]%,-50, I[v,D]%, >0,

Tv,01% 4> -€ +€, T[V,D]%s > -y +¥, T[V,D]%, > -8, T[V,D]%s->-a +8 }]

From now on, each Ricci rotation coefficient will be automatically replaced by its value in terms of the Newman-Penrose
spin coefficients.

in[155):= Rul eToSet @Chri st of f el CDePDNP;

= Commutation relations

In this subsection we calculate the commutation coefficients of the elements of the null tetrad in terms of the spin coefficients.
Thisis achieved by calculating the brackets of the elements of the null tetrad which in turn requires the commutation coefficients
of the null tetrad elements. These coeffients are the components of the tensor Tor si onPDNP.

Thefirst step isthe creation of afolded rule containing the independent components of Tor si onPDNP in the null tetrad.

in[1s6:= Al | Conponent Val ues @ToBasi s [NP] @Tor si onPDNP[a, -b, -c]

oufisel= Fol dedRul e [{T'1 1 50, Ty > -Th,, Thy 50, Thy » -Thyg, Ty, 5 -Thg, T30,
T141 - —T114, T142 - —T124, T143 - —T134, Tl44 -0, T211 -0, T221 - —T212, T222 -0,
T231 - —T213, T232 - *T223: T233 -0, T241 - *T214: T242 - *T2241 T243 - *T234:
T2,50, T3, 50, T3, 5 -T%,, T35,-50, T, 5 -T, T, o -T%,, T30,
1= T T Ty Tha o T, T 50, T4 50, Ty 5 -T4,, T, 50,
T431 - *T413: T432 - *T423: T433 -0, T441 - *T414: T442 - *T4241 T443 - *T434: T444 - 0}1
{T112 > Tho Tha - Ths Tha > Thy Thas o Ths, Thy > Thy Ty > Tha Too > Th,, T2 - T,
T24 = T2 T2s - T2a, T2 » T2y, Ty - Ty, Ty > Top, Ths - Tos, Ty » T4, T » T,

3 3 3 3 4 4 4 4 4 4 4 4 4 4 4 4
T4 > Tou T34 Ts Tho > Tha Ths > Ths Tha > Tha Ths > Tha Thy > Tha Ty > Tl

Next we compute the explicit expression for the bracket of each pair of e ements of the null tetrad.

n1s7):= Bracket [b] [Basis[{-c, -NP}, a], Basis[{-d, -NP}, a]] ==
ChangeTor si on[Bracket [b] [Basis[{-c, -NP}, a], Basis[{-d, -NP}, a]], PDNP, CDe]

out[157]= 7Tbcd =T[V, @]bcd -T[V, D]bdC
in[1s8):= ToBasi S[NP] /@ %

ouisgl= ~T’cq = T [V, D1% 4 - T [V, D1°¢
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Finally we compute and store the components of Tor si onPDNP in the null tetrad.

nis9)= Fl atteneConponent Array @%

ouisos {-T'1 =0, -Tho=-y -, -Thg=-a -B +7, -Thg=-a -B +n, -Thy =y +7, -Th, =0,

“Ths =V, -Thy=v, -Thay=a +B -7, -Thap=-V, -Tha3 =0, -Tlyy =u -1,

Ty =o +B -, -Thy=-v, -Thyg=-pu +@, T4y =0, -T?; =0, -T?,=-e -€,
T2 3= -k, T, =-K, -T% =€ +€, -T%, =0, -Tz=0a +8 -t , -Ty=0a +B -T,
T2 =k, Ty = - -B +T, ~T253=0, -T2, =p -0, -T2y, =K, T4, =-a -B +T,
T2 =—p +08, -T2, =0, -T3, =0, -T*,=n +T, -Ty3=€¢ -€ +p, -T, =0,

ST = e T, mT, =0, —Tha =y -¥ —u, -Tha=-1, -T%,=-¢ +€ -7,

ST, =y 47 +u, -TPh3 =0, —Th, = —a +B, -T=-5, T, =21, -T%;=a -8,
—T344 =0, —T411:: 0, —T412 =7 +T, —T413::o, —T414 = -€ +€ +p0, —T421:: -7 -T,
ST =0, -Thg=-X, -Thy=-y +v¥ -0, -Tyy=-0, -T, =2, -Th;3 =0,
“Thyy=a -B, -Thi=€ -8 -p, -Tho=v -¥ +I0, -Tha=-a +B, -T%, =0}

in[160:= Uni on@ToVal uese@%

out[160]= {True, —T112:: -y -Y, Tllz =Y +Y, —T113 =-a -fB +7T, Tlls =o +B -7,

—T114 =0 -B +7, T114 =a +B -7, —Tl23 =V, Tl23 = -V, _Tl24 = v, Tl24 = v,

T =u -0, Thy=-u +0, T ,=-€ -€, T? =€ +&, -T?3=-x, T3 =x,

ST =K, TPy =k, -Tha=a +8 -t, Thy=-a -B +t, -Tha=a +8 -T,

T224 =-a -B +T, —T234 =0 -p, T234 =-p +0, —T312 =7 +T, T312 =-71 -T,
“T3s=€ - +5, TPg=-€ 8 -5, -T} =0, T4=-0, -Tha=v -¥ -u,
Tha=-y +7 +u, -Thy=-1, Thu=x, -T,=-a +B8, T =a -B, -Th,=7 +t,
T, =-7T -1, -THa=0, THs=-0, -THy=-€ +€ +p, TH,s=€ - -p, -ThH3=-21,

Ths=X, -Thy=-v +¥ -0, Thy=vy -¥ +0, -Thy=a -, Th,=-a +p }
in61):= Sol ve[%, UnioneCases[%, _TorsionPDNP, Infinity]] // Flatten

out[161]= {Tllzey +Y, T113%§ +B8 -7, TH,->a +B -, T123A—V, T -v, T134%—;,1 + I,
T2, 5€ +€, T35k, T2 45K, T -0 -8B +T, Thys-a - +T, T?345-p +p,
3 — 3 — — 3 — 3 — 3 3 ey
THo>-nm -T, Tyg>-€ +€ -p, Toy4>-0, Thg>-v +¥ +u, Ty, Ty>a -8,

Thoo-T -1, Thayo-0, Thuose -8 -p, Thyo, Thyoy -¥ +@, T -a +8 }

We store these values.

n62):= % /. Rul e - Conponent Val ue;

in163):= Rul eToSet @Tor si onPDNP;

We can now write down the equations arising from the commutation relations. First we define a scalar function upon
which the differential operatorswill act.

inpe4):= Def Tensor [¢[], M4]

+x Def Tensor: Defining tensor y[].

By default, x Tensor*  commutes automatically pairs of covariant derivatives when they act on scalars.
in165):= PDNP[-a] @PDNP[-b] ey []

ou16sl= Dp Da ¥ + Toha (Dc ¥ )
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We need to remove this automatic commutation in our calculations. Thisis done by means of the next line of code.

In[166]:= Dyact *xTensor* Privat e’ b$ DxAct* xTensor * Privat e ag XACt “ xTensor " Pri vat e” scal ar $_Synbol ?xTensor Q[] =

Commutation of the operator PDNP on the scalar .

in167:= PDNP[-a]@PDNP[-b]ey[] - PDNP[-b] @PDNP[-a]e@y[] ==
Sort CovDs [PDNP[-a] @PDNP[-b] @y [] - PDNP[-b] @PDNP[-a] @y []]

Ou[167)= Pa Do ¥ -DpDa ¥ = T pa (Dc ¥ )

The components of thisrelation in the null tetrad yield the Newman-Penrose commutation relations.

in[168]:= ToBasi S[NP] /@ %

out168= €p° (DaDc ¥ ) - €.° (Do De ¥ ) = Toha (Dc ¥ )

in[169:= ToBasi s [NP] /@ %

ou169= DaDo ¥ - Do Daty = Tha (Dc ¥ )

in[170]:= TraceBasi sDunmy /@ %

Ouli70)= DaDp ¥ ~DpDath = Tho (DU ) + T2, (AU ) + T, (SU ) + Tha (6 )

n[171:= Uni on@Fl att eneConponent Arr ay @%

oui71= {True, Day -aDy = (-y - ) Dy )+ (-€ -€ ) (BY )+ (n +T ) (8 )+ (T +T ) (64 ),
(DAY ) +aDY = (y +Y ) (DY )+ (e +&) (A )+ (-7 =T ) (8¢ )+ (-T -t ) (6¢ ),
D6y -6Dy = (-a -B +7

) (DY ) -x (D¢ )+ (e - +p ) (8¢ )+o (6¢ ),

G +B -7) (DY) +x (MY )+ (€ +E& -p ) (6¥ ) -0 (6¥ ),
DY -EAY =V (DY )+ (@ +B -t ) (A )+ (¥ =¥ -u) (¥ ) -1 (6¥ ),
—(ASY ) +SNY = -V

-(DSYy )y +6DyY = (
(DY )+ (-0 =B +T ) (DY )+ (= +¥ +u) (84 ) +x (64 ),
D6y -6Dy = (-a =B +7 ) (DY )-K (6y )+T (64 )+ (-€ +€ +p) (64 ),
-(D6w )+6Dy = (a +B -5 ) (Dy ) +K (84 ) -G (64 )+ (e -€ -p ) (6¢ ),
NSy -68Y =v (DY) +(a +B -T ) (¥ )-X (8¢ )+ (-y +¥ -H) (6¥ ),

(oY )+ony =-v DY)+ (-a =B +T ) (Y )+ (¥ )+ (y -¥ +1) (6¢ ),
6y -66Y = (u -H) DY )+(p -5 ) (&Y )+ (- +B ) (58U )+ (& -B) (6¥ ),
-(660 )+66u = (-u +T) (DY )+ (-p +0 ) (BY )+ (o =B ) (¥ )+ (-a@ +B) (6¥ )}

We extract the independent equations from this set.

in172):= Sol ve[%, Uni oneCases[%, PDNP[_]@PDNP[_]ey[], Infinity]] // Flatten

Sol ve: :svars : Equations nay not give solutions for all "solve" variables. >
oufirze {DAY > (=¥ =¥ ) (DY )+ (€ -€) (A¥ ) +aDyY + (n +T) (6¢ )+ (T +t ) (6¥ ),
D6y - (-@ -B +7) (DY )-x (AYy )+(e -€ +p ) (6¥ )+6Dy +0 (6¢ )
D6y > (-a -B +n ) (DY )-K (AYy )+T (5¢ )+ (-€ +€ +p ) (64 )+6Dy
ASY 5V (DY )+ (@ +B -T ) (AU )+ (y =¥ - ) (6 ) +658¢ -x (64 ),
ASY v (DY )+ (o +B =T ) (A ) -X (8¢ )+ (-y +¥ -[) (64 )+60y,
664 » (u ~F) (DY) +(p -0 ) (MY )+ (-a +B ) (64 )+ (@ -B) (6 )+556y }
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These equations come in complex-conjugate pairs. Therefore we only need to consider a subset of them.

n73= Expand //e %,
n[174]:= Union[%, SaneTest - (Dagger /e@#l === #2 &) ];
n17s)= Ful 1 Sinmplify //@9%

ou7s= (DAY > -(y +¥ ) (DY ) -(e +E) (Ay )+ADY + (;m +T ) (64 )+ (T +t ) (6¥ ),

D6y > (@ +B -7 ) (D¥ ) -x (AU )+ (e € +p ) (5¥ ) +6Dy +o (69 ),
D6y >V (DY )+ (@ +B -T) (B¥ )+ (¥ -¥ -u) (86U )+68¥ -x (o4 )
66y = (u ~I) DY)+ (0 -0) (Y )+ (-a +B ) (6¥ )+ (@ -B) (6¥ )+56¥ }
Therefore, the full set of independent commutation relationsis

in176):= NPCommut ators = % /. Rul e -> Equal

oui7el= {DAY =-(y +¥ ) (D¥ )-(e +€) (8¢ ) +ADY + (m +T ) (64 )+ (T +T ) (64 )
D6y =-(T +B -7 ) (DY )-x (AY )+ (e -€ +D ) (64 )+6DY +0 (64 ),
A6y =V (DY )+ (@ +B ~T) (AU )+ (¥ -F ~p) (6 )+60Y - (64
66y = (u -E) DY)+ (p -P) (AU )+ (-a +B ) (Y )+ (T -B) (6u)+66y |

= Components of the Riemann tensor in terms of the components of the curvature spinors

We are going to write the components of the Riemann tensor in the null tetrad in terms of the spinor curvature compo-
nents expressed in the spin dyad. First we compute folded rules containing the independent components of each of the
guantities involved.

in1771:= Al | Conponent Val ues@ToBasi s [Dyad] @ePsi CDe[-A, -B, -C, -D]
ouq1771= Fol dedRul e [{Z[V]o010 = ©[V]ooo01:» P[V]o100 =~ P[V]ooo1s T[V]o101 =~ @[V]Ioo11s PIV]o110 = P[V]oo11s
C[V]io000 2 E[Vlooo1r ®lV]i001 > E[Vloo11s Z[V]io10 2> ®[Vloo11, TIV]io11 2> Z[V]lo111,

[ [ [
2[V]i100 2 @[Vloo11, B[V]1101 2> %[V]o111s E[VI1110 > 2[VIo111}s {Z[V]Iooo0o =~ T[V]oooo:
[ (v v [

v
C[V]ooo1 2 E[Vlooo1r ®lV]oo11 2 ®[Vloo11s T[V]lo111 2> ®[V]o111, ®lV]i111 2> P[V]1111}]

n[17g):= Rul eToSet @Psi CDe

ini1791= Al | Component Val ues@ToBasi s [Dyadt]ePsi CDet [-At, -Bt, -Ct, -Dt]

ouf179)= FoldedRul e [{Z[V] To 010 »C[V]to o o1y ZVIto v 00 »¥V]To oo 1y
Vitoror 22 VltToor 1, ®VIter 0 »2ViToor v, VIt oo »2[VIte oo 1,
Vitroor 2®Vlitoor 1, ®VIitroro 2 2Vitoor v, Vit o »2[VIte 111
Vitrro0o0 28VitToor 1, ®VIitrror 2 2Vite oo, VIt 10 »2[VIite 11 )
(TVlfoooo 22 Viteooo: TVitooor ¥ Vlitooo 1, TVitoo 11 22Vl Te o1 1,
Vitor 11 28Vl Tor v, VIt o 28V T )]

in[180):= Rul eToSet @Psi CDet

in181):= Al | Conponent Val ues@ToBasi s [Dyadt] e@ToBasi s [Dyad] @Phi CDe[-A, -B, -At, -Bt]

Jloor o0 2 2[V]ooo 1
2[Vlg11r 00 2 2[Vlo10 11y ®[Vlioo o0 2 2[Vlg10 0 ®[Vlioo 1+ 2 &[Vlg10 1>
@[V]ior o 2 @[Vlp1io 1 2[V]ior 1 2 @[V]o11r 1y @[Vl o0 2 2[V]t10 1
{2[Vlooo o0 @ 2[Vlooo o+ @[Vlooo 1+ 2 @[Vlooo 11» 2[V]oor 1+ 2> 2[V]oo1 1
2[Vlg10 00 2 2[Vlo10 0y ®[Vlg10 1+ 2 2[Vlg10 11 ®[Vlo11 1+ 2 2[V]lp11 1
@[V]ii0 0 2 @[V]ii0 0 2[V]i10 1 2 @[V]iio 1y @[Vitir v 2 2[V]i1r 1 }]

in182):= Rul eToSet @Phi CDe



We introduce the scalars which will represent the components of the Weyl spinor

inis3)= Def Tensor [#, M4, Dagger - Conpl ex] & /@
{Psi CDeODyad[], Psi CDelDyad[], Psi CDe2Dyad[], Psi CDe3Dyad[], Psi CDe4Dyad[]};

x+ Def Tensor: Defining tensor Psi CDeODyad[].
+»x Def Tensor: Defining tensor Psi CDeODyadt[].
x+ Def Tensor: Defining tensor Psi CDelDyad|].
x»» Def Tensor: Defining tensor PsiCDelDyadt|[].
x+ Def Tensor: Defining tensor Psi CDe2Dyad|].
+»+ Def Tensor: Defining tensor PsiCDe2Dyadt[].
x+ Def Tensor: Defining tensor Psi CDe3Dyad[].
+»+ Def Tensor: Defining tensor Psi CDe3Dyadt|[].
x+ Def Tensor: Defining tensor Psi CDe4Dyad|].

+»x Def Tensor: Defining tensor Psi CDe4Dyadt[].

The different components of the Weyl spinor are formatted with their conventional names.

g4~ Print As@Psi CDeODyad "= "&o";
Print AsePsi CDelDyad "= "&;";
Print AsePsi CDe2Dyad "= "&,";
Print AsePsi CDe3Dyad "= " @3";
Print AsePsi CDe4Dyad "= "&,";
Print AsePsi CDeODyadt "= "g,";
Pri nt AsePsi CDelDyadt "= "&;";
Pri nt AsePsi CDe2Dyadt "= "&,";
Pri nt AsePsi CDe3Dyadt "= "&3";
Print AsePsi CDe4Dyadt "= "&;";

in[194]:= Set ToRul e@Psi CDe

in[195:= Set ToRul ee@Psi CDet

Explicit definition of the components of the Weyl spinor.

In[196]:= {PSICm[{Ox —Wad}, {01 _Dyad}'l {01 _I:)yad}r {01 _I:)yad}] -> Psi CEbO[)yad[]!
Psi CDe[{0, -Dyad}, {0, -Dyad}, {0, -Dyad}, {1, -Dyad}] -> Psi CDelDyad[],
Psi CDe[{0, -Dyad}, {0, -Dyad}, {1, -Dyad}, {1, -Dyad}] -> Psi CDe2Dyad[],
Psi CDe[{0, -Dyad}, {1, -Dyad}, {1, -Dyad}, {1, -Dyad}] -> Psi CDe3Dyad[],
Psi CDe[{1, -Dyad}, {1, -Dyad}, {1, -Dyad}, {1, -Dyad}] -> Psi CDe4Dyad[]}

ouf196]= {Z[V]go00 2> o » 2[V]ooo1 > %1, E[V]po11>T2, T[V]g111>83, 2[V]1111 > T }

n197]:= % /. Rul e - Conponent Val ue
Oout[197]= {@[V]OOOO%‘I'O s @[V]0001%§’1 s &U[V}O()ll%@z s UQ[VJ()lll%@g y [V]i111 > 9 }
inf1o8):= Map [Dagger, %, {2}1]

oupogl= {2[Vlite o oo 2T, 2[Vitg oo >,
eVlto o1 2%, ¥[Viter v %, 2[VItyr g >0 )
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inf199]:= % /. Rul e » Conponent Val ue

oueol= {€[V]lto o oo 2P0 , €Vityo g o1 01,
eVito o1 2%, €Vite oy 28, 2[VIty g >3 )

in2o0):= Rul eToSet @Psi CDe

in201):= Rul eToSet @Psi CDet

We introduce the scalars which will represent the components of the Ricci spinor.
ino2):= Def Tensor [#, M4, Dagger - Conpl ex] & /@

(Phi CDe0ODyad[], Phi CDe0O1Dyad[], Phi CDe02Dyad[], Phi CDel0Dyad[],
Phi CDe11Dyad[], Phi CDel2Dyad[], Phi CDe20Dyad[], Phi CDe21Dyad[], Phi CDe22Dyad[]};

+x+ Def Tensor: Defining tensor Phi CDeOODyad|].
+»x Def Tensor: Defining tensor Phi CDeOODyadt[].
xx Def Tensor: Defining tensor Phi CDeO1Dyad|].
+»x Def Tensor: Defining tensor Phi CDeO1Dyadt[].
+»+ Def Tensor: Defining tensor Phi CDe0O2Dyad|[].
+»+ Def Tensor: Defining tensor Phi CDe02Dyadt[].
+x+ Def Tensor: Defining tensor Phi CDelODyad|].
+»» Def Tensor: Defining tensor Phi CDel0Dyadt|[].
xx Def Tensor: Defining tensor Phi CDellDyad]].
+»x Def Tensor: Defining tensor Phi CDellDyadt[].
+»+ Def Tensor: Defining tensor Phi CDel2Dyad|[].
++ Def Tensor: Defining tensor Phi CDel2Dyadt[].
x+ Def Tensor: Defining tensor Phi CDe20Dyad|].
+»» Def Tensor: Defining tensor Phi CDe20Dyadt[].
xx Def Tensor: Defining tensor Phi CDe21Dyad|].
+»+ Def Tensor: Defining tensor Phi CDe21Dyadt[].
+»x Def Tensor: Defining tensor Phi CDe22Dyad|[].

+»+ Def Tensor: Defining tensor Phi CDe22Dyadt[].

The components of the Ricci spinor are formatted with their conventional names.

in[203]:= Print As [Phi CDeOODyad] "= "&go";
Pri nt As [Phi CDe0O1Dyad] "= " &o1";
Pri nt As [Phi CDe02Dyad] "= "&p,";
Pri nt As [Phi CDe10Dyad] "= "&3,";
Pri nt As [Phi CDel1Dyad] "= "&11";
Pri nt As [Phi CDel2Dyad] "= "&3,";
Pri nt As [Phi CDe20Dyad] "= "&3,";
Pri nt As [Phi CDe21Dyad] "= "&51";
Pri nt As [Phi CDe22Dyad] "= "&5,";

in212):= Set ToRul e @Phi CDe
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Explicit definition of the components of the Ricci spinor.

13- {(Phi CDe[{0, -Dyad}, {0, -Dyad}, {0, -Dyadt}, {0, -Dyadt}] - Phi CDeOODyad[],
Phi CDe[{0, -Dyad}, {0, -Dyad}, {0, -Dyadt}, {1, -Dyadt}] - Phi CDeO1Dyad[],
Phi CDe[{0, -Dyad}, {0, -Dyad}, {1, -Dyadt}, {1, -Dyadt}] - Phi CDe02Dyad[],
Phi CDe[{0, -Dyad}, {1, -Dyad}, {0, -Dyadt}, {0, -Dyadt}] - Phi CDel0Dyad[],
Phi CDe[{1, -Dyad}, {1, -Dyad}, {0, -Dyadt}, {0, -Dyadt}] - Phi CDe20Dyad[],
Phi CDe[{0, -Dyad}, {1, -Dyad}, {0, -Dyadt}, {1, -Dyadt}] - Phi CDellDyad[],
Phi CDe[{1, -Dyad}, {1, -Dyad}, {0, -Dyadt}, {1, -Dyadt}] - Phi CDe21Dyad[],
Phi CDe[{0, -Dyad}, {1, -Dyad}, {1, -Dyadt}, {1, -Dyadt}] - Phi CDe12Dyad[],
Phi CDe[{1, -Dyad}, {1, -Dyad}, {1, -Dyadt}, {1, -Dyadt}] - Phi CDe22Dyad[]}

out213]= {2[V]ooo o0 = oo » &[V]poo 1 = o1 +» [V]po1r 1 = 202 » &[V]p10 o = 210 »
2[V]li10 0 %0 , ®[Vlg1o 1+ > %11, ®[V]li10 10 2 %21, ®[Vlg11 1+ > %12, &[V]l111 10 > %22 }

in214:= % /. Rul e » Conponent Val ue;
in[215):= ToVal ueseMap [Dagger, %, {2}]

out215]= {®00 - Phi CDe00Dyadt , @10 Phi CDe01Dyadt , & - Phi CDe0O2Dyadt ,
®p; - Phi CDelODyadt , &o2 Phi CDe20Dyadt , ®;;7 - Phi CDellDyadt ,
&1, - Phi CDe21Dyadt , @1 - Phi CDel2Dyadt , &, - Phi CDe22Dyadt }

o

in216):= % /. Rul e » Equal

ouf2i6)- {3eo == Phi CDe0ODyadt , @10 == Phi CDeO1Dyadt , @ == Phi CDe02Dyadt ,
@o; == Phi CDelODyadt , &p, = Phi CDe20Dyadt , @11 == Phi CDellDyadt ,
31, == Phi CDe21Dyadt , 3,; = Phi CDel2Dyadt , @, == Phi CDe22Dyadt }

in217):= Sol ve [%,
{Phi CDe00ODyadt[], Phi CDeO1Dyadt[], Phi CDe02Dyadt[], Phi CDelODyad+t[], Phi CDellDyadt[],
Phi CDe12Dyadt[], Phi CDe20Dyadt[], Phi CDe21Dyadt[], Phi CDe22Dyadt[]}] // Flatten

outz17)= {Phi CDe00Dyadt - @ , Phi CDeO1lDyadt - @10 , Phi CDe02Dyadt - @y ,
Phi CDelODyadT - &1 Phi CDe20DyadT - $g2 , Phi CDellDyadT - P11 ,
Phi CDeZlDyadT - P12 Phi CDelZDyadT - $pq , Phi CDeZZDyadT - Pop }

in218]= % /. Rul e » Set;
in219):= Rul eToSet @Phi CDe

in[220]:= Print As[LanmbdaCDe] "= "A";

Computation of the folded rule for the Riemann tensor.

in221]:= Al | Conponent Val ues@ToBasi s [NP] @R emannCD[-a, -b, -c, -dJ;

in222):= Rul eToSet @Ri emannCD

Next we show how to write Riemann tensor components in terms of the components of curvature spinors
in223= Ri emannCD[-a, -b, -c, -d]

out[223]= R[V]apcd

In[224]:= % == Expand@Deconposi ti on[Separ at eSol deri ngForm[] [%], Ri emann]
AA BB' cC DD — AA BB' cC DD
ou224)= R[V]aped = [Vl ta B D c €aBEDCTa Ob Oc~ Od -~ -2[Vlasy ¢ €oc €A B Oa ' Op  Oc ~ Og = -
— — AA' BB' cC DD — — AA' BB' cC DD
2N EppEBCEA D €B C Ta Op~ Oc~ O4~ +2N €xc€pp€ac €D Oa' Op Oc ~ Od -

— AX _ BB _CC _ DD — — AN _ BB _CC _ DD
®[Vlipca B €EAB €D Cc Oa Op  Oc ~ Og +Z[Vlagpc€a B €D c Oa Op  Oc~ Og
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in[225:= ToBasi s [Dyadt] /@ ToBasi s [Dyad] /@ ToBasi s [NP] /@ %

AA _BB . CC DD — AA _BB . CC DD
out225)= R[V]apcd = (V] Ta 8 D c €aBEDC T Op = 0"~ Og - -@[Vlagp c €pc€a B Oa ' Op =~ Oc = Og = -

— — AA _BB _CC _DD — — AA _BB _CC _DD
2N €epp€Rc€a D €B C Od " Op = O~ O ~ +2M\ €Epc€BpD€ac €D T4 Op ~ O = Od ~ -

-~ AA _BB _ CC _ DD - - AA _BB _ CC _ DD
2[Vlipca B €EABE€D Cc Ta Op  Oc ~ Og ~ +¥[Vlagpc€a B €D cC Ta Op O = Og

in[226]:= TraceBasi sDunmmy /@ %;

in227):= Fl att eneConponent Ar r ay @%;

in[22g):= Uni on@%

outz28)= {True, -R[V]ip1, =2A -2311 +@ +3 , R[V]1p1p=-2A +2811 -8 -y,
-R[V]i1z13 = -®1 +®1, R[V]1213 =301 -%1, -R[V]114 = -%10 +%1, R[V]1p14 =310 - %1 ,
-R[V]1203 =%12 - %3, R[V]1p23 = -%12 +¥3, -R[V]1204 =321 -F3, R[V]1p54 = -321 + T3,
-R[V]1234 = -%2 +%2, R[V]1234=T2 -T2, -R[V]1313 =% , R[V]1313=-T0 ,

-R[V]1314 = -®00 » R[V]1314 = @00 » -R[V]1323 = P02 , R[V]1323 = -P02 , -R[V]1324 =24 -T2,
R(V]1324 = -2A +%2, -R[V]1334 = -%01 -P1, R[V]1334 =301 +%1, -R[V]1414 =0 ,
R(V]1414 = -%0o , ~R[V]1423 =22 -T2, R[V]1423 = -2A +T2 , ~R[V]1424 = 20 ,

R[V]1424 = -%20 , ~R[V]1434 =810 +P1, R[V]1434 = -P10 -%1 , -R[V]p323 =34,

R[V]p323 = -T4 , -R[V]p324 = -322 , R[V]2324 =322 , -R[V]p334 =-®%12 -T3 ,

R(V]p334 =812 +33 , ~R[V1gs04 =T, R[V]gsos = -Ta, ~R[V]pszs = 821 + T3 ,
R[V]ss34 = -321 -T3, -R[V]gggs =20 +2811 +8 +Tp, R[V]ggzq =-2A -231 -8 -y |}

in[229:= Sol ve[%, Uni oneCases[%, _RiemannCD, Infinity]] // Flatten

outz29)= { 12122 -2A #2811 -T -T2, R[V]1p13>®01 -¥1, R[V]ip14 >80 -1,

R[V]
R[V]1923 > -B12 +T3 , R[V]1204 > -821 +33, R[V]i234>T2 -T2, R[V]1313~>-Tp ,

R[V]1314 > @0 » R[V]1z2s > -2 , R[V]1324 > -22 +T, R[V]1334 > Bo1 +%1, R[V]1414~> -To ,
R(V]1423>-2A +32 , R[V]1424 > -P20 , R[V]1a34—>-210 -%1 , R[V]s323>-%a, R[V]s324 > B22 ,
R[V]z334 > ®12 +T3 , R[V]pa04 > -®4 , R[Vlpaga > -B21 -3, R[Vlgggs>-2A -2313 -8 -3y |

We add the values just found to the folded rule containg the components of the Riemann tensor.

in[230:= Set ToRul e@Ri emannCD
n[231]:= %% /. Rul e -> Conponent Val ue;

in232):= Rul eToSet @Ri emannCD

From previous computations we can obtain and store the values for the components of the Ricci tensor.
in233:= Al | Conponent Val ues@ToBasi s [NP]@Ri cci CD[-a, -b];
in[234:= Ricci CD[-a, -b] =g[p, q] R emannCD[-a, -p, -b, -q]
out23al= R[V]gp = 9P R[V]appg
in[235:= ToBasi s [NP] /@ %
ouzssl= R[V]ap = 9° 4 R[V]Iacha
in[236]:= TraceBasi sDunmy /@ %

out236)= R[V]ap = R[V]a1p2 + R[V]a2b1 - R[V]azpba ~R[V]aabs
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in2371:= Fl atteneConponent Array @%

ou237)= {R[V]11 = -2®00 , R[V]1, =6A 2811, R[V];3=-2801 , R[V]14 =-230 ,
R[V]zj_ =6A -2 311 , R[V}ZZ = -2 3 , R[V]zs = -2 d15 , R[V]24 = -2 3y ,
R[V]zy = -2&01 , R[V]3p = -2%12 , R[V]z3=-2%02 , R[V]zgg=-6A -2311,
R[V]gq = -2310 , R[V]gp =-231 , R[V]y3=-6A -2311, R[V]gg=-2%0 }

in[23g):= Uni one%

outssl= {R[V]11 = -2%00 , R[V]12 =6A -2211, R[V]13=-2201 , R[V]14=-2210 ,
R[V]zj_ =6A -2311 , R[V}ZZ = -2 3 , R[V]zs = -2 ®10 , R[V]24 = -2 dy1 ,
R[V]31 = -2®01 , R[V]3p = -2%12 , R[V]g3 = -2%02 , R[V]ggy=-6A -2 ,
R[V]41 = -2®10 , R[V]sp = -2%21 , R[V]g3=-6A 2811, R[V]gg = -230 }

in239):= % /. Equal - Conponent Val ue;

in[240):= Rul eToSet @Ri cci CD

The scalar curvature isworked out in a similar fashion.
in241:= Ri cci Scal ar CD[] == ToBasi s[NP]eg[a, b] Ricci CD[-a, -Db]
oueat)= R[V] = g*P R[V]gp
in[242]:= ToBasi s [NP] /@ %
oueazl= R[V] = g?P R[V],y
In[243):= TraceBasi sDunmy /@ %
out243)= R[V] =24 A
in[244):= % /. Equal - Conponent Val ue
out244]= R[V] - 24 A

in245):= Rul eToSet @Ri cci Scal ar CD

We may also need the components of the traceless part of the Ricci tensor.

in246):= Al | Conponent Val ues@ToBasi s [NP]@TFRi cci CD[-a, -b];

in247):= TFRi cci CD[-a, -b] == (TFRi cci CD[-a, -b] // TFRi cci ToRi cci )
out247)= S[V]ap = -6 gpa A +R[V]ap

in[24g]:= ToBasi s [NP] /@ %

ou248)= S[V]ap = -6 Qpa st +R[V]ayp

in[2491= ToVal uese@Fl att en@Conponent Array @%

Out[249]= {S[v]ll = -2 &g , S[V]lz = -2 %11 , S[V]ls = -2 %01 , S[V}l4 = -2 30 ,
S[V]lz = -2 ®11 , S[VJZZ = -2 3y , S[VJ23 = -2 310 , S[VJ24 = -2 3y ,
S[V]13 = -2®01 , S[V]p3 = -2®12 , S[V]gg = -2802 , S[V]zs = -2811 ,
S[V]l4 == —2@10 , S[V]24 == —2@21 s S[V]34 == —2@11 s S[V]44 ::—2@20 }
in[250):= Uni one%
Out[250]= {S[v]ll = -2 &g , S[V]lz = -2 %11 , S[V]ls = -2 %01 , S[V}l4 = -2 30 , S[V}ZZ = -2 &y ,

S[V]23 = -2&, , S[V}24 = -2 % , S[VJ33 = -2% , S[VJ34 = -2 &1 , S[V]44 = -23y }
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ins1):= % /. Equal -> Component Val ue

Out[251]= {S[V]llé—z P00 S[V}12—>—2§11 , S[V]lg'%—z P01 S[V}14%—2@10 s S[V]zzé—z Poo ,
S[V]p3 > -2&12 , S[V]og > -2321 , S[V]z3 > -2802 , S[V]za > -2311 , S[V]ss > -2F }

inf252):= Rul eToSet @ TFRi cci CD

Thisisthe complete list of the components of the Riemann tensor.

in[253):= NPCVConponents = {Psi CDeODyad[], Psi CDelDyad[], Psi CDe2Dyad[], Psi CDe3Dyad[], Psi CDe4Dyad[],
Phi CDe00ODyad[], Phi CDeO1Dyad[], Phi CDe02Dyad[], Phi CDelODyad[], Phi CDellDyad[]1,
Phi CDel12Dyad[], Phi CDe20Dyad[], Phi CDe21Dyad[], Phi CDe22Dyad[], LanbdaCDe[]}

out253)= {%o , 1, T2, B3, P4, Boo , Por , Po2 , P10 ,» P11 , P12, P20 , P21 , D22 , A}

= TheNewman-Penrose equations

We now calculate the Riemann tensor with respect to the null tetrad
in254]:= Ri emannCD[-a, -b, -c, -d] = ChangeCurvature[R emannCD[-a, -b, -c, -d], CD, PDNP]
+x Def Tensor: Defining tensor Christoffel COPDNP[a, -b, -c].
ouzs4= R[V]abed = ot (TLV, D1 pn TV, D1"ae =TIV, D1 an T 19, D1Me = T[V, D1 he TMap = Da TV, D] b + D TV, D17 5c )
in[2s5):= % /. Chri stof fel COPDNP -> Chri st of f el CDePDNP
outzssl= R[V]abed = Qar (T[V, D] pn T [V, D1 "ae = T[V, D] an T [V, D1 "he = D[V, D] 1 Tap - Da T [V, D1 e + Do T [V, D] ¢ )
in[256):= ToBasi s [NP] /@ %

ousel= R[Vlapea = TV, D1 on TV, D1 ¢ Gt - TV, D) 0 TV, D1 ¢ Qar -
L9 D) heGar Thab - €p" € Gar (PaT[7, D)7y ) +e"edd gar (Db D[, D)y )

in[257:= ToBasi s [NP] /@ %

ou257)= R[V]aped = TV, D1 oh TV, D1"ac Gat - TV, D1 o TV, D1y ¢ Qar -
U9 D] he Gar Thab - Gat (PaT [V, D] pc) +dar (Do TIV, D17 4¢)

in[258]:= TraceBasi sDunmy /@ %;

in2s9):= Fl att ene@Conponent Ar r ay @%;

From here we obtain directly the Newman-Penrose equations
in260):= Union[Sinplify //@Union[%]];

in261:= NPRicci =%
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K +K XA +x u +D& +DB =

out[261]= {True, Bgy +20 € +2PB € +y K +Y
@1+eF+€ﬁ+§5+b’5+fﬁ+aO+EO+7TO+66+6€,
B19g +20 € +2B € +¥Y K +¥Y K +k A +x 0t +Da +DB =
Ty +€ T +E T +0 p +B 0 +7T p +X T +B T +T O +6€ +6€,
2317 +2 (y +Y ) (e +€)+x v +K Vv +Dy +Dy =
2A +Ty + 3y +7Tt+(a +E)(ﬁ+t)+ﬁf+(a+[3)(n +T ) +Ae +AE,
Pop +3€ A +K VvV + 7 +DX =€ A +aﬂ+n2+Ap+u5+gﬂ,

B
oy +3€ A +x V +B T +DA =€ A +A T +T24A D 4+ O +67,

N
2N +€ U +E +K v +a m +Du =3y +B 1+ T +u

u 0o +X o +67m,
2N +€ T +€ O +K V +a 7 +DI =Ty +B T +71 T +L p +A & +670,
By +3€ v +€ v +y m +Dv =3 +y U +u T +X T +A T +U T +AT,
P10 +€ V +3E V +y 7T +DV = T3 YA +Y T +U T O+U T YA T +AT,
Tog +30 K +Bf Kk +K T +Dp =x 7m +e p +€ p +p%+0 T +65kK ,

Tgo +37 K +B K T +Dp =K T +€ D +€ P +D2+0 G +6K,

Po1 +3Y K +Y K Tt +Dt =01 +7T p +71 O +€ T +p T +0 T +AK ,
P19 +Y K +3Y K +€ T +DT =0y +7 0 +7T O +0 T +€E T +p T +AK,
o +2Y € +K V +B3 1 +aa 7 +aa T +1 T +B T +DYy +Ae =

Tp) +2y € +K Vv +A 7T +B T +B T +a T +7 T +Dy +AE,

2N +3p +Tp +T T +(O< +/§>(f +T)+T T +(a +B ) (;t +T ) +A€ +AE =
2317 +2(y +¥Y ) (e +€ )+x v +x v +Dy +D¥y,

Tg +3Y A +A U +A U +V T +AX =% A +V (30< + B +7T)+g\/,

Ty +3Y X +A U + A + T +AN = A +v (3 +B +W)+6V,

v
+Y 0 +Y P +U p +A O +65a +6B =

= E

Py +2a B +€ O +€
Tp +20 B +€ U +E U + +Y D +U O +A T +6Q +6fB,

Do +3 +2B ¥y +B A+

-
+ O

ev+vo+?t+Xf+A§+éy ==

2B ¥ +a A +B U +€

Y T +U T +AB +0Y,
B1p +20 ¥ +2B y +¢€ v 0

0O +Vv 0 +0y +6Yy =
+

<«

Y T +uU T YA T AT +Af3,

+a o +n1 o +Da +6€ =
20 € +Y K +K U +E T +a p +7 D +B o +DB +6€,

Tg +K T +3€ 0 +p 0 +p 0 +6K =a kK +3B K +€ 0 +x t +Do,
Bpp +T3 +3B A + T 7T +V P +6AX =0 A +a U +B [ +U 7T +V p +6 4,

24v T +Au,

Bpp +0 vV +3B VY +V T +EV =A A +Y U +Y U +U
Y A +V (37T +B +7T)+6EYV =Ty +3Y X +A U +X T +Y T +LA,

Pgr +P1 +K U +3a 0 +p T +6p0 ::Ku+ap+/3p+/§o+pt+go,

Bop +K V +3Y 0 +A T +6T =A p +Y 0 +4 0 +B T +T2+A0,

2A +X YV +Y D +Y D +B T +6T =Tp +U4 p +A O +0X T +T T +APD,

2N +2®11 +Tp +Tp +2a B +20 B +E U +€ T +Y 0 +Y P +A O +A O +6a +650 =
20 @ +2B B +€ U +E T +Y 0 +U 0D +Y D +L D +6B +68,

Byp +T3 +2B Y +B A +a T +E YV +V O +A T +Y T +AQ +6Y =
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Tg +Kk 7 +3€ 0 +p 0 +D 0 +6K =o K +3B K +e 0 +x T +Dg7,
Tip +T3 +3B A +U T +V p +6X =0 A +0 U +B L +H T +V p +60 ,
Y A +vV (30( +E+7T)+gv =3y +3¥Y A + A U +AX U +V T +AA,

Bpp 4+ V +3B YV +V T 46V = A A +Y T +Y 0 +02+V T +AI,

1o +Ty +X U +37 T +p T +6p =K UL +a p +B P +B T +Pp T +60,
2A+KV+}(,O+}7,O+EI+5T,::@2+/T,O+)LO+O(I+I7+AD,
Tog +K VvV +3Y G +a T +6T = p +Y 3+;78+Ef+?2+A8}

Not all the equations in this bunch are independent. To extract the independent set of equations we just eliminate a certain
set of variables. The variables which we are going to eliminate are
inz62:= Dagger /@
FlatteneQut er [PDNP[#l]e#2 & {{1, -NP}, {2, -NP}, {3, -NP}, {4, -NP}}, NPSpi nCoefficients, 1]

out[262]= {DJ, D3, by, be, bx, bx, Dg, Dv, bxr, Dg, D6, DT, aa, AB, AY , AE ,
AKX, AX, AL, AV, AT, AD, AT, AT, 6, 68, 6y, 6€, 6K, 6A, 6L, 6V ,
57 ,6p, 66, 6t, 6a, 6B, 6Y, 6, 6K, 64, 6, 6V, 67, 6p, 65, 6T }
inz63)= Elimnate[NPRi cci, %] // Sinplify;
in[264]:= Li st ee %;
inj265)= Sol ve[%, UnioneCases[% PDNP[_]Je_, Infinity]] // Flatten // Sinplify
Sol ve: :svars : Equations nay not give solutions for all "solve" variables. >

Out[265]= {Da 5 -Bjp -20 € -B € +A E -¥Y K K X +€ 7T +0 0 +7T p +B T +6¢€ ,
DR ¥ - € -B E -¥Y K -K U +€ T +3 p +a 0 +7m 0 +65€ ,
Dy - A -311 +3p -2y € -Y € -y € -K V +3 7T +0 T +a T +70 T +B T +A€ ,

~Bpg -3€ X +E A KV +0 T B T 402+ N p +u T +67,

Dx -

Du - -2A +%p -€ 4 -€ U -K v - 7T +B 7T +70 T +4 p +A 0 +671,
Dv - -3 +33 -3€ Vv -€ VvV +Yy 7T -y 7T +U 7T +A 7T +A T +U T +A7,
Do - -&go —SQK—/J_’K +K 7T +€ p +E€ p +02+05—ft+5}<,

Do -3 -oa x -38 x +x T +3€ 0 -€ 0 +p 0 +p 0 -K T +6K ,

Dt - -3 +3; -3¥ K -¥Y K +7T 0 +7T 0 +€ T -€ T +p T +0 T +AK,
Ao - -T3 +EY +a Y -B A -a g +€ V +V p -A T -Y ?+57{,

AB =310 +a ¥ +2B v -B ¥ -« X - U +€ V +v 0 -y T -U T +6Y,
AX 5 -Tg -3%Y X Y X A U -A T +3a v +B YV +Vv T -v T +6Vv ,

AU 5Bpp ~A A =Y U -Y U -d2+a v +3B Vv +V 71 -v T +6V ,

Ap 2N -3y +K V +yY 0 +Y P - p -A O - T +B T -T T +6T ,
Ao - 8gp +K Y A p +3y 0 - Y 0 -4 o +at -B T -t2+57T,

Sa 5N -®y -Tp +a A -2a B +B B +€ U —€ L +Y P +U p -¥Y D -A O +68,
SA > By -Tg +A X -3B A +0 U +B U AU T -HL T AV O -V D +OU,
5p - -8y -T3 +K U -K T +ad 0 +B p -3a 0 +B 0 +p T -D T +5o}

6= NPRicci = (% /. Rul e -> Equal );
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ine71:= Map[Ful I Simplify, NPRicci, {2}]

out[267]= {Doc =-F9g -B € -¥Y K -K A +7 (€ +p )+a (-2€ +€ +p )+B T +b¢€ ,
DB =0 -x (v +u)+e (- +7T)+B (-€ +p )+ (a +71 )0 +6€,
Dy =A -3%11 +% -2y +Y)€e -y € -x v +71 (B +T )+ (T +T )+B T +A€,
DA = -3 -K v +7 (@ B +7)+X (-3€ +E +p)+pu T +671,
Du =-2A +3 -k v +7 (-0 +B +7T )-u (€ +E -p )+A 0 +b67,
Dv =-@p1 +¥3 - (8€ +€ )V +(y =¥ +U )70 +A (T +T )+u T +Am,
Do =-®o +x (-3a -B +7 )+p (6 +E +p)+0 T -K T +6K,
Do =% +(3e€ -€ +p +p )0 -x (X +3B -7 +T ) +6x,
Dt =-% +¥1 -(3y +Y )K +7T p +(6 -€ +p )T +0 (0 +T ) +AK,
Ao =-P3 +a (Y -H)+Vv (6 +p)-A (B +T ) +Y (E—?)+g\,{,
AB =®12 +T ¥ +2B ¥ -B Y -« X -B 4 +€ V +V O - (y +u )T +6v,
AX = -Tg -A (B3y -¥ +U +U ) +V (30( +B 4+ —f)+gv,
Al =%y -A A -l (¥ +Y +U

)
Ap =2AN -Ty +K VvV +(y +Y -L)p -X 0 -T (O( -B +T
Ao =By +K V -XA p +3y o - (Y

i
Soa =-A -B11 -% +a (X -2B)+B B +e (U -H )+ (¥ +U)p -¥Y P -X 0 +56B,
6A =By -T3 + (X -3B)A +(a +B ) pu v (4 ~F)T +V (0 D) +ou,

6p =-Bg1 -T1 +x (UL - )+ (ax +B)p +(—3a +/§)o + (0o -p )T +30}

We may need the complex conjugate set in future computations.
inzegl= NPRi cci T = Map [Dagger, NPRicci, {2}]

oufees)- {DA = -30y +T € -20 E -B E -Y K -K A +€ T +A D +7T 0 +B 0 +6€,
B =0 -B € -a € ~-YK -KRIT+E N +B p +A G +7 G +6€ ,
DY =A -®11 +3p -y € -y € -2Y € -K YV +& 7 +B T +B T +ad T +7 T +A€E ,
D = -Bgp +€ XN -3 X -k vV +a T -B F+72+75+;To +67T,
Dii =-2A +3 -€ T -€ 0 -KR YV -a 7T +B T +7 T +H 0 +A & +67,
DV = -®1p +33 -€ V -3 V +A 7T -y T +Y 7T +0 T +0 T +X T +A7,
Do =-®p -3 K -3 K +K 7T +¢€ 5+§5+52+0 O -K T +6K ,
DG =3y -a x -3 K +X m -€ 0 +3€ 0 +p 0 +p 0 -K T +6K ,
DT =-®19 +0; -¥ K -3Y K +7T 0 +7T 0 +0 T -€ T +€ T +p T +AK,
AX =-T3 +A ¥ +B Y -B A - A U +E YV +V D -Y T -A T +6Y,
AR =8y -B ¥ +00 ¥ +2B ¥ - T A -B L +&E YV +V G -Y T - T +67%,
AX =-Tg +Y X -3Y X A U -XA T +3T V +B YV +V T -V T +6V ,
AT =8 ~-A A -y T -YH -T?+a vV +3B YV +v T -V T +6V,
AD =2A -Tp +K VY +Y P +Y P -U P -A G - T T +B T -T T +67T,
AT =@ +K VvV -A 0 -y 0 +3Y 0 -H O +a T -B T -T2+6T,
U =-A -B11 -Tp +a & -20 B +B B -E U +E T -V P +Y D +0L P -A T +68,
SN =-B1p -T3 +a A -3B A +A L +B U ~U T +LT T -V p +V 0 +6W,
6p =-®90 -8 -K 4 +K T +a p +B 0 -3 G +B G -p T +p T +60 }
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in269):= NPRi cci >> " ~/cal cul ati ons/NP5D/NP4D"

OpenW i te:: noopen :
Cannot open /tnp_mmt /net app/users_honme4/garci a/cal cul ati ons/NP5D/NP4D. >

out[269]= {Doc =-®9 -200 € -B € +A E -Y K -K A +€ 7T +a p +7 p +B T +6€ ,
DB =% -a € -B € -y K -K U +€ T +B p +a 0 +71 0 +5€ ,
Dy =A -311 +3p -2y € -Y € -Y € -K V +B3 71 +a T +a T +71 T +3 T +A€,
DA = -8y -3€ X +8 XA -K vV +Q T -B 7T +M 2+ p +4 G +67,
Du =-2A +3 -€ 4 -€ U -K VvV - 7T +B 7T +70 T +U p +X 0 +671,
Dv =-®3 +3¥3 -3€ v -€ Vv +y 7T =Y 7T +4 7T +A 7T +A T +U T +A7T,
Do =-®p -3 Kk -B K +K T +€ 0 +E p +p2+0 0 -K T +6K ,
Do =33 -a Kk -38 kK +x 7T +3€ 0 -€ 0 +p 0 +p 0 -K T +6K ,
Dt =-%7 +¥1 -3y K -¥Y K +7T p +7 O +€ T -€ T +p T +0 T +40K,
Ao =-T3 +B ¥ +0 ¥ -B A - L +€ V +V p A T -¥Y T +67v ,

AB =810 +a ¥ 2B ¥ -B Y -0 A -B U +E V +V O -¥Y T -U T +6Y ,

AN = -0y —3)()&+77)k—)\/4—/\;7+3av+/§v Y T -V T +6v,
AU = B —)X—yu—?u—uer&v +3B vV +V 1 -v T +6vV,

Ap =2N -3y +Kv+yp+?pfﬁp—)0—at+gt—t T +6T,

AO = Bpp YKV A p +3y0—70—uo+§t—6t—t2+6t,

Sa =-N -311 -y +a A -2a B +B B +€ U ~€ T +Y O +1L P -¥Y D -A O +68,
A = -8By -Tg +A A -3B X +a U +B U +U T ~-L T +V p -V D +64 ,

6p =-%91 -P1 +K U -K UL +A p +Bp—3ao+/§0+p t—51+50}>>

~/cal cul ati ons/NP5D/NP4D

= Bianchi identities

We take next the components of the second Bianchi identity in the null tetrad.

n270;= 3 % Anti symmetri ze[CD[-a] @R enannCD[-b, -c, -d, -f], {-a, -b, -c}]1 =0
1
out[270]= > (Va R[V]pear =~ Va R[V]char = Vb R[V]acar + Vb R[V]cadr + Ve R[V]abar =~ Ve R[V]pagr) = 0

in271]:= ToCanoni cal /@%
out271]= Va R[VIpedr = Vo R[V]acdr + Ve R[V]apgr = 0
in2721= ChangeCovD[#, CD, PDNP] &/@%

oue72)= =T [V, 21"t R[V]apah - T [V, D1 cq RIV]abnt + T [V, D1t R[V]acan + T [V, D" bd R[V]acht + T [V, D]"he RIV] angr -
T [V, 01" R[V]andr - T [V, D1"af R[VIpean = T[Vs D1"ag RIV1pont = T [V, D1 ae RIVIphar -~ T [V, D1 ca RIV] ppgr -
L[V, 01" R[VInedr + T [V D1"pa R[VIncat + Da RIV]pedr — Db R[V]acdr + De RIV]apar = O

in[273]:= ToCanoni cal /@%

out273)= =T [V, D1"et R[V]apan + T [V, D1"cq R[V]aptn + T [V, D1 R[V]agan - T [V, D" bd R[V]acth + T [V, D1"se R[V] angr -

(V] ahdt =TIV, D1 R[V]peah + TV D1 ad R[VIpern -~ T 1V, D1"ac R[VIphat + T [V, D1"ca RIV] phar +

[VIcngt — T [7: D]"ba R[V]chat + Da R[V]bedr — Db R[V] acar + Dc R[V]apgr = 0

ine741= % /. Christoffel COPDNP -> Chri st of f el CDePDNP

outz741= ~T [V, D1"et R[V]apdn + TV, D1"cq R[V]apth + T [V, D1 st R[V]acan - T [V, DI" bd R[V]acth + T [V, D] "be RIV] ahat -
L (9, D]"ep R(V]angt = T [V, 01"t R[V]pedn + TV, D1"ag R[V]berh = T [V, D] ac R[VIpngr + T [V, D1"ca RV ] phar +
L[V, 01" R[VIchdr — T [V D1"pa R[V]chat + Da RIV]pedr — Db R[V]acdr + De RIV]apar = O



In[275]:=

out[275]=

In[276]:=

ToBasi s [NP] /@ ToBasi s [NP] /@ %

[v,m“cfm Jabdh + TV, D14 RIV]abtn + TV, D1 ¢ R[V]acan -
riv,o]" bd R(V]acth+ TV, D" ¢ R[V]anat - T [V D1"p RIV]anar - T'[
TV, D" R[V]bcfh—T[V-f)]hac R(Vlphat + TV, D)"ca R[VIpnat + T'[
TV, 01" a R[Vichat +PaR[VIbcdt - Db R[Vlacat + Dc R[VIapar = O

TraceBasi sDunmy /e %;

n2771:= Fl atteneConponent Ar r ay @%;

In[278]:=

In[279]:=

out[279]=

NPBi anchi = Union[Simplify //@%];

Not all the equations here are independent.

Dagger /@Fl atten@CQut er [PDNP[#1] @#2 &,

v, D]haf R[V]pcdn +
7, 01" R[V]char -

{{1, -NP}, {2, -NP}, {3, -NP}, {4, -NP}}, NPCVConponents[[Range[1, 5]11, 1]

{D% , DT , DT, , DTz, DTy , ATy, ATy, AT , ATz,
5

ATy, 5T ,

in[280]:= Joi n[%, {PDNP[{4, -NP}]elLanbdaCDe[]}]

out[280]=

{Dio, D%; , D , DT3 , D&, AT , ATy , AT , AT, AT,
5To, 681 , 6

in[281):= Li st e@ El i m nat e [NPBi anchi, %];

@,553,554,560,5@1,552,653,564,5/\}

1,552,353,354,550,531,552,553,554}
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Thefinal result for the Bianchi identitiesis
in2s2):= NPBi anchi = Map[Ful | Sinplify, %, {2}]

out[282]= {D@m =201 € -2317 Kk -3Ty Kk -Bpga K +Pg (-da +s )+

Bog (-2 (a0 +B )+ ) +4T1 p +2%01 (€6 +p0 ) +2&190 0 -DIT; + 6 Bgo +g‘¥0,

D&gy = -23p1 B +2P1 B -2&15 K - &g ;4’@0 (-4 vy U ) +2B91 T+
By (2€ -2€ +p ) +2311 0 -3 0 +43T; T +ATPyg +6B01 -6P7 ,
D&11 = -(®p1 +2P3 )k -B1p K -Pg A -Bgg U +Bo1 7T +2P7 (-a +71 ) +

B19 (-2 +7T ) +3Ty p +2311 0 +Bpp o -DA -DIy +6 310 +g@1 ,

D&y, = -&y0 X 2317 U +3Tp U -2Ty vV +2B1p T +23p1 (B +7T )+
Bry (-2 (e +€ )+p )-Tg 0 +2T3 (=B +T ) -2 (AN ) +ATp +65By; -65T3 ,
D3y =-23p; a +233 a0 -4Ty € +2317 A -3 Ty A + By (ZY -2y + ) -

2319 v +4Tz T +Ts p —Tpp O +2Bpy T +AByg -6Tp1 +6Ts ,
ABgg =2300 (¥ +¥ ) +2T3 K +Tg A -Bgg U +2T1 (a0 -1 ) +2311 p -
3T, p +Bpp O -2819 T -23p1 (x +T ) -2 (DA ) +DTy +65Bp1 -6 g ,
AB1y =283 B +2B1p B Doy A -3Tp u -2@11 U +Bo1 v +23T1 v +Byp V +
Bpp p +Ty O ~Bpyy T -2T3 T -B12 T -AA ~ATy +5T3 +06 Do ,
ABy1 =28 (a +B ) -2®12 X -2 (Tg (v +2p ) +31 (¥ +H)) +2311 v +

3Ty v +8p9 V +T4 (4B -T )-8y T -AT3 +65T, +6 8y ,

5811 =23y y +281p € +Bpyy K +Bg A +Bog U 2Ty u +Tg v —Bgp 7T -
2317 T -®12 p -8 0 +2¥3 0 -3Ty T +DBp -AD; +SOA +O6Ty ,

S8y = -28o1 ¥ -2T1 ¥y +2T; u +2Bo1 L -Tg vV -Bog V -212 p -2T3 O +
2311 T +33p T + 3o (20( -2B +?>+A§01 +AT; +2 (AN ) -65Tp ,

2 (6311 ) =-6T3 € 334 x -3p K +2301 A -6T3 A -2&9 (2Y +u -L) -
230 VvV +23117 1 +9% 1 +6T3 p -231 (€ +p -p ) -2312 T +

Bpg (20 +2B +7T +2T ) +4311 T -D&y; -3 (DT3z ) +2 (A&19 ) + 6 B0 +3<g@2 )}

m 3. The GHP formalism

The Geroch-Held-Penrose formalism (known as GHP formalism) is a particularisation of the Newman-Penrose formalism in
which the spin coefficients are separated according to their boost and spin weight. Also the direcctional derivatives associated to
the null tetrad are replaced by differential operators which behave well under boost and spin transformations and therefore we
can speak of the boost and spin weight of these operators. This enables us to re-write the basic equations used in the Newman-

Penrose formalism in terms of boost-weighted quantities only. In this section we show how this is accomplished in the frame-
work of Spi nors™ and xCoba™ .

= Boost and spin weights

The GHP formalism only admits weighted quantities. In this subsection we introduce a command, called GHPWi ght OF , which
computes the boost and spin weight of any quantity. These are integers which are kept in alist. The command GHPWei ght Of
aso checks that the GHP weight of the terms of any sum al agree, throwing an error otherwise.

in[283):= CGHPWi ght OF : : usage =
" CGHPWei ght OF [expr] returns the GHP boost and spin wei ght of any expression.
If the expression is not weighted, then an error nessage is returned”;

Welights of integers, rationals and complex numbers.

in[284]:= GHPWei ght OF [num_?IntegerQ] : = {0, 0};
GHPWei ght OF [_Rational 1 : = {0, 0};
GHPWei ght OF [_Conpl ex] : = {0, 0};
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Weights of products.

inf2s7):= GHPWi ght OF [expr _Ti nes] : = Appl y [Pl us, GHPWi ght O /e Level [expr, {1}11;

Weights of sums

in[2ss:= GHPWei ght OF @eexpr _Plus : = | f [Lengt h@Uni on [GHPWei ght OF /@ Level [expr, 1]1] > 1,
Thr oweMessage [GHPWei ght OF : : Error ], First @Uni on[GHPWei ght Of /@ Level [expr, 1111;
GHPWei ght OF: : Error = "I nconsi stent weights on Plus expression”;

Weights of powers

in290]:= GHPWei ght OF [expr_" (n_?IntegerQ)] : = n GHPWei ght OF eexpr;

m  Weightsof the spin coefficients

Some of the spin coefficients are weighted quantities. These are in the following list.
in201]:= GHPSpi nCoef fi ci ents = NPSpi nCoefficients[[#]] &/@Range[5, 12]

ouo1= {x , A, 4, v, T, p, 0, T}

These are the spin and boost weights of these quantities :

in2oz):= {GHPWi ght OFf @x Dyad ] "= {3, 1}, GHPWei ght Of ex Dyad] *= {-3, 1},
GHPWei ght Of e Dyad ] *= {-1, -1}, GHPWei ght Of @v Dyad ] *= {-3, -1},
GHPWei ght Of e Dyad ] ~= {-1, 1}, GHPWei ght Of @p Dyad] "= {1, 1},
GHPWei ght Of @ o Dyad ] *= {3, -1}, GHPWei ght Of @z Dyad ] *= {1, -1}};

From here we compute the weights of the complex conjugate of these quantities

in293):= Dagger /@ GHPSpi nCoef fi ci ents

out[293]= {}?, A, L, YV, T, 0, 0, f}
in2941:= UpSet [GHPWi ght OF e#t, Rever se@CHPWi ght OF eDagger e#t] & /@ %

ouea= {{1, 33}, {1, -3}, {-1, -1}, {-1, -3}, {1, -1}, (1, 1}, (-1, 3}, {-1, 1}}

= Weights of the components of the curvature spinors

Itis easy to deduce the weights of the components of the curvature spinors. These are their values.

in[295]:= {GHPWei ght OFf @Psi CDeODyad[] ~= {4, 0},
GHPWei ght OF @Psi CDelDyad[] *= {2, 0}, GHPWei ght Of @Psi CDe2Dyad[] ~= {0, 0},
GHPWei ght OF @Psi CDe3Dyad[] *= {-2, 0}, GHPWei ght Of @Psi CDe4Dyad[] "= {-4, 0}};

in296:= {CGHPWei ght OF @Psi CDeODyadt[] ~= Reversee {4, 0}, GHPWei ght Of @Psi CDelDyadf[] "= Reversee{2, 0},
GHPWei ght OF @ePsi CDe2Dyadt[] "= Reversee@{0, 0}, GHPWei ght Of @Psi CDe3Dyadt[] "=
Reversee {-2, 0}, GHPWei ght OF @ePsi CDe4Dyadt[] "= Reversee{-4, 0}};

in297]:= {GHPWei ght OF @ Phi CDe00Dyad [] ~= {2, 2},
GHPWei ght OF @Phi CDel0Dyad[] ~= {0, 2}, GHPWei ght OF @Phi CDeO1Dyad[] = {2, 0},
GHPWei ght OF @Phi CDellDyad[] ~= {0, 0}, GHPWei ght Of @Phi CDe20Dyad[] *= {-2, 2},
GHPWei ght OF @Phi CDe21Dyad[] ~= {-2, 0}, GHPWei ght Of @Phi CDe02Dyad[] "= {2, -2},
GHPWei ght OF @Phi CDel2Dyad[] "= {0, -2}, GHPWei ght Of @Phi CDe22Dyad[] "= {-2, -2}};

in[208]:= GHPWi ght OF eLanbdaCDe[] *= {0, 0};

|33
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GHP differential operators

The GHP differential operators are constructed by adding some extra terms to the four NP direccional derivatives. The result isa
set of four differential operators having good transformation properties under spin and boost.

The GHP differential operators can be regarded as the "components’ of a certain differential operator which we define
next. This operator is not atrue covariant derivative but just a differential operator acting on scalars, so we need to use
some primitive xAct * instructionsin order to create it. We use the notation e, as a representation for it.

in[299]:= CovDQ[®] *= True;

xAct * xTensor " Privat e” MakeLi nearDerivative[{®[A_1, ©[A]l}, Truel;

Symet r yG oupOf CovD[e] = StrongCenSet [{}, GenSet []1];

Mani f ol dOF CovD[e] ~= Mani f ol dOf CovD[CDe];

VBund| esOf CovD[e] "= {};

Dagger [@[A_]1[expr_1] ": = e[Dagger | ndex [A]] [Dagger [expr11;
Synbol Of CovD[e] *= {"e"};

Formatting of the GHP operators with their standard symbols.

in[306):= XTensor For nt op [CovD]
Format Basi s[e[{1, -NP}], "p"
Format Basi s[@[{2, -NP}], "p'"1;
Format Basi s[e[{3, -NP}], "&"
Format Basi s[@[{4, -NP}], "&""
xTensor For nSt art [CovD]

The following constants represent respectively generic boost and spin weights.
inz12:= Def Const ant Synbol [w]

x+ Def Const ant Synbol : Defini ng constant synbol w.
inz13:= Def Const ant Synbol [z]

x+ Def Const ant Synbol : Defini ng constant synbol z.

We introduce a complex scalar of weight (p,q).
in314:= Def Spi nor [n[LI @{p, q}], M4]
x+ Def Tensor: Defining tensor n[LlI [{p, q}]].

x+ Def Tensor: Defining tensor n f{LI [{p, q}]].

We specify the weight of the scalar quantity n™ z! (note that the integers w and z are zero weighted).

inz1s= GHPWei ght Of en[Ll @{w, z}] "= {w, z};
GHPWei ght Of ew = {0, 0}; GHPWei ght Of @z "= {0, 0};



PublicNPGHP.nb

The action of the differential operator e, on aweighted scalar n™ 2} is, by definition

nE17:= {@[{1, -NP}1[n[LI [{w, z}11] ->

(-(wxe Dyad]) - z+e Dyadi{]) »n[LlI [{w, z}]]+ PDNP[{1, -NP}]1[n([LI [{w, z}]1]1,

©[{2, -NP}I[n[LI [{w, z}]1] -> (-(Wxy Dyad]) - z +y Dyadi[]) =+ n[LI [{w, z}]]+
PDNP[{2, -NP}1[n[LI [{w, z}111,

e[{3, -NP}I[n[LI [{w, Zz}]1] -> (- (z *a Dyadi{]) -w=*pB Dyad]) »n[Ll [{w, z}]]+
PDNP[{3, -NP}I[n[LI [{w, z}111,

©[{4, -NP}I[n[LI [{w, 2z}]1] -> (-(Wxa Dyad]) - z B Dyadi[]) = n[LI [{w, z}]]+
PDNP[{4, -NP}1[n[LI [{w, Z}111}

>T7{Wv z} +A}7(V\’l Z},
) ntw 2} L 5w Z)}

oupi7)= {pn™ 2 5 (-we —zE )™ 2 D™ 2 Pt gt 2L (cwy -z

| <

On™ 2 5 (—za -wpB ) nt™ szl gy pwoZk (—Woz -z
in[318]:= GHPDer i vati vesToFrane = %,
nE19= % /. Rul e » Equal ;
in[320;:= Sol ve[%, Cases[%, PDNP[_]e_, Infinity]] // Flatten

ouzzo= {Dn™ 2 s we ™ 2 izE M B ap B At 2wy p™ 2z y gt 2l p gt 2,

snW 2l Lz n™ 2 pwp W 2l W 2N s pW 2l L wg ™ 2l iz 3 W 2L v 2>}

in[321]:= FrameToGHPDeri vatives = %,

We transform previous rules in delayed rules with patterns which can be used for any weighted quantity

in[322]:= CGHPDeri vativesToFrane /. Rul e -> Rul eDel ayed /. n[LI @e{w, z}] ->n

Oout[322]= {bUH (-we -z€e )n+Dn, p' ne (-wy -z
Ons= (-za -WB )n+én, 08" n= (—Wa -z

n323)= % /. @[conp__J]len:>e[conplen _

ouz2z= {Pn _» (-We -2& )n+Dn, P’ n_> (-Wy -ZY ) n+an,

0n = (-za -wp )n+én, 0" n_» (_WO( —2/3)774-51’]}

in[z24:= GHPTONP = (% /. w: > First eGHPWei ght Of @n /. z : > Last e GHPWi ght Of en)

outzzal= {Pn _» (-First [GHPVei ght Of [n]] e -Last [GHPWightCf [n]] & ) n+Dn,
p' n = (-First [GHPWei ghtOf [n]] v -Last [GHPWeightOf [n]]Y ) n+An,
dn - (-Last [GHPWei ght OF [n]] o - First [GHPWei ghtOf [n]]1 8 )n+6n,
8 n - (-First [GHPVei ght Of [n]] a - Last [GHPWi ghtOf [n]] 3 ) n+on}

in[325]:= FrameToGHPDeri vatives /. Rul e -> Rul eDel ayed /. n[LI @e{w, z}] ->n

|35

out[325]= {Dr}:»We N+Z€ n+pn AnoWy n+zy n+p' n ne->za n+Wp n+dn, dne->wa n+zp n+d r]}

in[3261= % /. PDNP[conp__]en : > PDNP[conp]en _

out[326]= {Dn_:»We N+Z€ n+pn, An _>Wy n+zy n+p' n,
6n_=Za n+WB n+dn, 5n_sWa n+zp n+d n}
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in327):= NPTOGHP = (% /. w: > First eGHPWei ght Of @en /. z : > Last eGHPWi ght O en)

out[327]= {Dn > First [GHPWi ghtOF [n]] € n +Last [GHPWeightOf [n]1]1€ n+bpn,
AN _> First [GHPWi ghtOf [n]] v n+Last [GHPWeightOf [n]]1 Y n+p' n,
&n _» Last [CHPWei ghtOf [n]] o n+First [GHPWi ghtOf (n]] 3 n+0dn,
&n - First [(GHPWei ght OF [n]] a 7+ Last [GHPWei ght Of [n]] 8 n+8' n}

Each of the quantitiesp n™ 2}, p' n™ 23 §nW 23 &' n™ 2} jsaspin weighted quantity. These are the specific values
for the weights of each of them.

in[z28= GHPWei ght Of ee[{1, -NP}] *= {1, 1};
GHPWei ght OF @@ [ {2, -NP}] "= {-1, -1};
GHPWei ght Of @@ [{3, -NP}] *= {1, -1};
GHPWi ght OF @e[{4, -NP}] "= {-1, 1};
We also need to teach GHPWeightOf how to behave when acting on differential expressions.

in[332]:= GHPWei ght OF [e[i nd_?Cl ndexQ]@esc_] : = {Part [GHPWi ght Of @e[i nd], 1] + Part [GHPWei ght Of esc, 1],
Part [GHPWi ght OF @ee[i nd], 2] + Part [GHPWei ght OFf esc, 2]1};

= Commutation of the GHP differential operators

In this subsection we work out the commutation relations of each of the GHP operators. The commutator of two GHP operators
isanew differential operator which acts on a generic spin weighted scalar n™ 2,

Thisis the commutation between two generic GHP operators.
nE33= O[-{a, NP}l1ee[-{b, NP}len[Ll e{w, z}] -e[-{b, NP}]ee[-{a, NP}]en[Ll e{w, z}]

out[333)= O Op N 2} @y @y n™ 2

We expand this into components in order to obtain the set of commutation relations.

in[334]:= Del ete[Uni one@Fl atten@Conponent Array@%, 1]

ourzza= {pp ™ 2 —p  pnt™ 2 —(pp n™ 2 spt pn™ 2 pant 2 -dpnt 2,
,(panw Z)) +dpn™ 2 pan 2 _gp niw 2, ,(p' & niw Z)) +dp nw 23
b n™ 2 -3 pn™ 2, _(pd n™ 2) .8 pn™ D, py g B _a p g 2,
S (P 3 M ) s g™ 2,38 g P s 3™, (38 g™ P} L8 3™ ]

in[33s;= Union[%, SameTest » (-#l ===#2 &)]

ouzzsi= {pp' n™ 2 -p pn™ 2, pant™ 2 -gpnt™ 2, pan™ 2 -ap ™ 7,
b n™ 2 -3 pp™ 2, p e g g p g T, 38 g™ D g gntn 7))

in[z36:= Uni on[%, SameTest - (Dagger @#l === #2 &) ]

oupzssl= {pp* n™ Z-p" pn™ 2, psnt 2 _spnt™ 2, pan™ 2 -_gp n™ 2,
b & r]{W, zy _ g pr}{W, Z} b & r]“"" 2y b' W{W' 2,89 U{W' zy_ g 677“’"’ 2}}
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in337):= Equal [#, # //. GHPTONP] &/@%
ousz= {pp' nt™ #-p pn™ P =n™ 2 (—w Dy )-z (DY ))+ (-wy -z¥ ) (Dp™ 7)) -
(-(1+wW) y - (1+2)7) ((-we -z& ) n™ 2 4+Dn™ 2} +Dan™ 21 -n™ 21 (—w(re ) -z (AE)) -
(-we -z€) (an™ P+ (-(-1+w)e - (-1+2)€) ((-wy -z7)n™ Z+an™ 2) —aDn™ 2,
pon™ 2 -8pn'™ 2 =n™ 2 (-z (D& ) -w (DB )) + (-z& -Wp ) (Dn™ 1) -
(-(L+z)@T - (L+w) B ) ((-we -z& ) n™ 2 +Dn™ 2)) +Don™ 2/ —n™ 2} (—w(se ) -2z (6€)) -
(-we -z&) (6n™ P)+ (-(L+wpe - (-1+2)E) ((-za -wB ) n™ 245y V) —s5Dnt 2],
P an™ 2 -8p n™ 2 =™ 2z (aq@ ) -w(aB ) + (-za -wB ) (an™ ) -
(-(-1+z) @ - (-1+w) B ) ((-wy -z5 ) n™ 2 enan™ 274
Asn 2o 2wy ) -2 (67 )) - (-wy -zY ) (60" )+
(-(Q+w) y - (-1+2) ¥ ) ((-za -wp ) n™ 2 +on™ 2) —san™ 2],
b& n™ 2 -8 pn™ 2 =p™ 2 (—w(@Da)-z (DB ))+ (-wa -z8 ) (Dp™ 27) -
( (1+w) o - (1+Z)E) ((—We -ze)n™W 2 yDpiw Z})+DE;7(W: Z} _piw 2} (—W(ge )—Z (55))—
(-we -z ) (6n™ P)+ (- (-1l+w e - (1+2)E) ((-wa -zB ) n™ 2 +5n™ 21} —5Dp™ 2,
b &8 n™ 2 -8 p' g™ 2 =p 2 (cw(aa ) -z (aB))+ (-wa -zB ) (an™ ) -
(-(-1+wya - (-1+2) B ) ((-wy -z¥ ) n™ 21 +an™ 2} 4
ASpM 2 oW w6y ) -z (67 )) - (-Wy -z¥ ) (6n™ 2)) +
(-(-1+w) vy - (1+2) 7)) ((-wa -z ) n™ 2 +on™ 21) —san™ 2],
38 n™ P -8 3 D =™ D (Lw(sa ) -2 (68 ))+ (-wa ~2B ) (7™ ) -
(-Q+wa -(-1+2)B ) ((-za -wp ) n™ 21 +on™ 21)+
son™ 2l _n 2l (z (5o ) -w (6B )) - (-za -wp ) (6n™ 27) +
(-L+z)y@ - (-1+wW) B ) ((-wa -z ) n™ 21 +on™ 21) —55nW 21}
in338)= % /. (NPCommutators /. ¢[] ->n[Ll e{w, z}] /. Equal -> Rul e);
n@39:= % /. (Map[Dagger, NPCommutators, {2}] /. ¥[] -> n[LI e{w, z}] /. Equal -> Rule);
in[340):= Map[Ful I Simplify, %, {2}]
out[340)= {bb ntw 23 -p' pn(w, 2} o= _plw 2}
(2Wy € +WY € +ZY € +Wy € +2y € +22¥ € +W(Dy )+z (DY )-w(Ae )-2z (A€ )) +
(r +T) (5U(W' Z)) + (T +T ) (gn{vv, Z}), b&nW 23 _gpnW 23 =57 (Dn“”' Z}) -
x (an™ 2y -n™ 2 ((w-z)T e +(2zT + (W+2Z)B )E +2z (DT )+W(DB -6¢€ ) -2 (6€)) +
e} (5,7(w, z}) ‘o (gn{w, z)), b dn™ 2z} _gp piw 2 -y (Dn”"’ z)) T (Ar]wv, z}) +
nW 23 (Wal vy vz Yy +2WB Y -WB Y +ZB Y -Z (AT ) -W(AB ) +W(SY )+Z (6Y )) -
u (5U(W‘ 2)> Y (gnwv. z}>'
b3 n™ 2 -8 pn™ 2 =5 (Dp™ 2) % (an™ 2) 45 (5nW 2)) —pw 2
(2wa € +wB € +zB € -Wa € +z2a € +W(Da ) +z (DB ) -w(se )-z (68 ))+p (6n™ ),
o} o' U{W' zy _ g b’ ,7(W, z} -y (Dr]{w’ Z}) -z (An{w, Z}) Y (577{W' z)) n
nM 2 ((w-z)B v +((W+2Z)a +22B )Y -W(da )+W(6y J+z (-(aB)+ov ))-T (6n™ ?),
88 n™ 21 -8 0™ = (u - (D™ )+ (o - ) (an™ )+
n™ 2 (wla (@ -2B)+B B )-z(ax @ + (-2 +B)B )+2 (-(6B )+6a )+W(-(6a)+6B))}

We use the Newman-Penrose equations on this relation.
in341)= % /. (NPRicci /. Equal -» Rul e);

inBa2)= % /. (NPRiccit /. Equal -» Rul e);
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in[343:= Map[Simplify, %, {2}]
Out[343]= {bb' nM 2 _pt pnt 2= gt ) (W(/\ -®17 +¥ -K V +3 T+ T +00 T +7T T +B T )+
Z(A ~®yy +Tp -K V +A T +B T +B T +§f+7?)>+
(r +T) (6™ 2w (T +T ) (6n™ ), pdn™ 21 -8pn™ 2 =
-n™ 2z (@01 -¥ K -K A +E T +A b +7T P +B 0 )+
W (@ —YK—Ku+eﬁ+/35+ao+7To)>+
T (DT?(W' z}> _x (AW{W’ Z}> + 0 <577(W’ Z)) r o (5_T7(W' z}>,
dnw 2} _gp niW 2} = nw 2} (W(—@lz +a A +B U -€ YV -V O +Y T +U T )+

=

z (T3 +B A +Ad U ~EV -V D +Y T +7?))+
2 (Dn(w. z})_t (An{w. “)‘/4 (577{W, Z))—A (
po n™ 2 -8 pn™ 2 = n 2 (w(dp +y K +x

m (D™ ) _x (an™ D) 45 (5n™ ) 1o |
& ™ T _d P g™ B g™ D (W +B A+
Z(-@n +T A +B T -E v -V T +Y T +0

v (D™ 2) T (an™ ) (6n™ D) g (&n
80 n™ 2 -8 an™ =™ B (w(a +@1y +Tp - o+

U -€ VvV -V p +A T +Y T )+

T))+

€ U -Y P —U P +Y 0 +A O) -
Z (A +®y +Tp +E U -ET +Y P -Y P -A D +A T )+
(u - ) (Dn™ )+ (o -p ) (an™ 27)}

Finaly wewrite s nt™ 2}, s n™ 2z} intermsof 8 n™ 2}, 8' n™ 2} and simplify the resulting expression.

in[3441:= % /. NPToGHP;

in[345):= Map[Ful | Simplify, %, {2}]
Out[345]= {bb' n 2} _pt pntW 2} = _piw 23 (W(A Py +Tp) -K V +7T T ) +Z (A P11 +Tpy -K V +7T f)>+
(r +T) (8n™ 2w (T +T ) (8 n™ 2,
ban™ 2} apn™ 2 =nM 2} (7 (39 +K X - 0 ) -W(B1 ~x 4 +71 0 ))+
Tobn™ D) -k (P ™ D) ep (8n™ D) 1o (8 ™ D),
b dnW 2} _§p ntW 2 = pw 2} (—W(@lz +V 0O -4 T )+Z (@3 -V B o+ A f)) +
v (pn(w Z}> _ T (p' T7(W' Z)) -u (an(W, Z)) X <6' n{W, ”),
ba nt™ 2 -8 pn™ 2 =n™ 2 (W(dp +x X -7 0 ) -2 (31 -K T +7T T ))+
mo(bn™ D)k (b n™ D) u5 (3™ D) 1o (& p™ 2)
pr & nt 2 -8 Pt ™ B =™ T (w(zzs -v oo+ T ) -7 (
v (DU{W' z)) - T (p W(W' z)) ~ 2 (an{w, z}> - <6' 77{W‘ Z>>
88 n™ 2} -8 dgnW 2} = nlw 2} (W(A +®11 +8 -u o +A O)-2Z (A vy +Ty - D+ A 5)>+

(L - ) (pn(‘N, Z)> +(p -0) (p- nw z})}

1
Sy, +V O L T))+

in[346):= GHPCommut at or s = %;
We check that everything is OK

in[347):= Map [GHPWei ght O, GHPCormmut at ors, {2}]

ouza7= {True, True, True, True, True, True}
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= Ricci identitiesin the GHP formalism

In this subsection we use the Newman-Penrose Ricci identities (Newman-Penrose equations) to find a set of equations which
only contain the GHP differential operators and spin weighted quantities. This set of equations is known as GHP equations or
compacted spin coefficient equations.

These are the weighted spin coefficients.

in[348]:= GHPSpi nCoef fi ci ents

out3ag= {x , A, 4, v, T, p, 0, T}

These are the NP differentials of these spin coefficients.

in3ag)= FlatteneCQuter [PDNP[#1] [#2] & {{1, -NP}, {2, -NP}, {3, -NP}, {4, -NP}}, GHPSpi nCoefficients, 1]

Out[349]= {DK,D/\,Du,Dv,D7T,Dp,Do,Dt,AK,AA,Au,Av,AH,Ap,AO,At,

5Kk, 66X, 6u, 6v, én, 6p, 60, 6T, 6k, 61, 6, 6v, 61, 6p, 60, 6T }

We compute the GHP differentials of the weighted Newman-Penrose spin coefficients.

nEsoi= Rul e[#, # /. NPToGHP] &/@%

out[350]= {DK -3€ Kk +€ Kk +px, DX - -3 XA +€ A +hA,

Dy »-e u -€¢ u +pu, Dv --3e v -€ v +pv, D »-€ 1 +€ 51 +pr,
Dp -e p +¢ p +pp, Do -3¢€ 0 -€ 0 +po, Dt e t -€ t +pt,

AK -3y kK +Y kK +pP' x, AX >-3y X +Y X +P" A, Ay >-y u -y u +p"u,
AV - -3¥Y Vv - Y v +p' v, Aan 5 -y 1 +¥Y 1 +p' n, 00 5y p +Y 0o +pP" 0,
Ao -3y 0 -y 0 +p' o, AT 5y T -¥Y T +p T, 5k >a k +3B k +0x,
OAX > A -3B A +0X, 6y »>-ad 4 -B u +0u, Sv --a v -3B v +0v,
Sn o nm -B st +0nm, Sp A p +B p +0p, S0 »--a o +33 o +00,

5T »-a@ T +f T +0T, 6k »3a x +B kx +8 x, 6X >-3a A +B 1 +8 A,
SU »-a 4 -B u +8 u,6v >-3a v -B v +8 v, o1 »-a x +B 1 +8 1,
6p o p +B p +0 p, 60 53 0 -B o +8 o, bt %O(‘E—Et+6't}
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With thisinformation we can render the Newman-Penrose equationsin terms of the GHP differential operators.

in3s1:= NPRicci /. %

out[351]= {Doc =-%19 -2a € —E €E +a € -y K -K A +€ 7T +0 p +7 p +3 O +6€e ,
DB =3 -d € -8B E€ -¥Y K -K U +€ T +B p +a 0 +71 0 +5€ ,
Dy = -P11 +8p -2y € -Y € -Y € -K V +B T +a T +0 T +70 T +B T +Ae,
~83€ A +E A +PA =-Byy -83€ XA +E X -K YV +n%+X p +u G +0 1,
-€ U -€E U +Ppu =-2A +Ty -€ U -€E U -K V +70 T +U P +A 0 +07,
-3e v -€ Vv +pv =-% +T3 -3€ Vv -€ VvV +uU T +A T +A T +u T +pP" o,
€E P +€E P +Pp =-Bpo +x T +€ p +E P +p240 37 -K T +8 x,
3e 0 -€ 0 +po =Ty +xk T +3€ 0 -€ O +p O +p O -K T +0K,
€ T -€ T +pt =-%1 +¥1 +7T p +7T O +€ T -€ T +p T +0 T +p" x,
Ao = -T3 +EY +a7—/3/\—0(/7+6v+vp—/\t—yf+5y,
AB =B1p +ad ¥ +2B ¥ -B Y -0 A -B U +€ V +V O -¥Y T -U T +6Y ,
“3Y A +Y A 4P A =By -3¥Y A +¥Y A A U -A T +Vv T -V T +0 v,
Y U Y M o+P M =3 A A -y U -Y U -UZeV T -V T 4DV,
Y 0 +Y o +p' o =2A -Tp +x VvV +y 0 +Y P -L P -X o -T T +0 T,
3y 0 -¥ o +pP' o = 3 +K Y -X p +3y 0 - Y 0O -u o -t?+dt,
Sa =-N -317 -Dy +a5—2a[3+[5[§+eu—e H+yp+up—y5—)o+5[_’>,
o A =3B A +0A =-8p; -T3 +a A -3B A +u T -L T +V p -V p +0" u,
a o +B p +0p =-391 -¥1 +K U -K U +0 p +B p +p t—ﬁt+6‘o}
in@s2)= Sinplify //@%
out[352]= {@10 +2a € +B € +y K +x A +Da =€ 5 +71 p +a (€ +p)+B © +5e ,
1 +€ T +B p +a O +7T 0 +6€ =a € +3 € +y K +x u +DB,
A +Tp B 7T +00 T +0 T +71 T +B3 T +A€ =P11 +2y € +y € +y € +x v +Dvy,

Bpg +K Vv +PA =2+ p

By +PV =Tz +pu T +A T

g +K T +p O +p 0 +0K

+u 0 +0 1, 2N +x vV +PpU =Ty +7T T +Uu D +A O +0,

+A T +u T +p m, Bgo +K T +Ppo =K T +p

=K T +Ppo, o1 +PpT =Ty +7T p +7T O +p T +0

T3 +B A +a U +A T +y T +A« ::Ey +o<7{_+ev+vp+gy,

OtXJrB (Y +14 ) +y T +U

T +AB =&1p +a ¥ +2B ¥ +€ V +v 0 +6v,

2,505 +8 x,
T

b,

Ty +A U +A T +v T +p A =v 71 +8 v, T +V 71 +8v =1 A +u2+v T +p u,

2A +xk v +0' T =Ty +U 0 +A O +T T +P 0, Bgp +Kx V +0T =A p +u o +T2+p" o,

AN +311 +8p +2a B +€ U +Y D +A 0 +6Q ::aa+BE+eu+§/p+up+g/3,

Dy +P3 +L T +V PO +OA

=u 7 +v p +0 u, oy +P, +Xx L +p T +0p

=K u +p t +0

We are interested in these equations which only contain weighted spin coefficients and GHP operators. These are

in[353):= Part [%, Union[First /@Position[%, e[_le_]1]]

out[353]= {@20 +X v +PpX =n2+2 p

P21 +b\/ =®3 +U T +A T

g +K T +p 0 +p 0 +0K

+u O +0 T, 2N +K V +PuU =Ty +T T +u D +A o +0,

+A T +U T +p ;m, Bgo +K T +Ppo =K T +p

=K T +Po, Bo1 +pt =T +7T p +71 O +p T +0

2,06 5 +8 x,
T

+p' oK,

Ty + A U +X L +v T +p" X =v 1t +0 v, 3 +V 1 +0vV ::/\X+u2+\/t+b'u,

2N +x v +0' T =0 +U p +A O +T T +P 0o, Bp2 +x V +0T =2 p +uo+t2+b'6,

Bpy +P3 +U 7T +V p +0A

=u 7 +v p +0" u, oy +P1 +XK L +p T +0p

=k U +p T +0
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in354):= Sol ve[%, UnioneCases[%, ©[__]@_, Infinity]] // Flatten

out[354]=

Sol ve: :svars :

{b)& 5 -Byg -K V +7T2%+X p +U ©
pbv - -®; +33 +u T + A T +A T
pbp - -3 +x +p2+0 @ -K t
bt - -3 +%1 +7T p +7T O +p T
b u 5@ -A X —u?+v ot -v 1
p' o - @02

0p - -Bo1

in3ss)= Ful Il Sinplify //@%

Out[355]=

{p) 5 -Bpg -K V 4+ 2+N p +u
bv - -331 +P3 + A
pbo -3 + (o +p )0 +x

(T +T ) +Uu

(ot -t

o
(
)

s

+ 0
+ U
+0'

+ O

doxodl N

Equati ons may not give solutions for all

by - -2A +3;

+p' o,

y pO - 3o

+p' kK, P A -3y

"sol ve" variables. >

+K T +p O +p O -K T +0x ,

-A U -A L +V T -V

-K V +70 T +4 P +A O +07,

T +0'

+0v,p' p -2A -Ty vk vV -TU P -A O -T T +

+T
+0 K

y+p' m, Pp o -3 +tk T +p T+
bt - %01 +T1 +0

YKV -A p -4 O -T24+8T, 00N -8y -T3 +u 7T L 7T +V p -V

-0 +K U -K U +p T -p T +6'o}

+0 ., by - -2A +3; -k V +7T T +Uu 0
o O

o

(U +T )+0 (T +T )

+

T,

o

uo

o

b X 5 -8y X (U +T)+v (T -T)+8 v, P U 5B -X A -u?+v 1 -v T +8v,

p'' o -2A -3y +x v - p -
ON - -Bpy -B3 +U 7T - 7T +V
0p - -Pp1 -P1 +K U -K UL +pP

in3s6):= % /. Rul e -> Equal

out[356]=

+A o +0T,

2.8,

[bA =-20 -K v +n12+X p +u G +8 7, by =-2A +T -x v +71 T +4 D

bv =-®1 +33 +A (T +T )+u (7 +T ) +p 7, pp =-B +x 7 +p2+0 &

pbo =% +(0 +D )0 +x (T -t )+0kx,pPtT =-3o1 +P1 +p (T +T )+0 (7 +T ) +p" x,
b' X = -3 X (U +T )tV (T T )+d vV, P U =Ty -A A —pul+vV T -v T +0v,
b’ o =2A -3 +x vV -TU p -X 0 -T T +8 ©,p 0 =8 +Kk V -X p -4 0 -T

ON =-Bpy -T3 +U T -U 7T +V p -V p +0" u,

O0p =-@1 -8 +K U -K O +p T -p T +6'o}

in357):= Lengt h[GHPRI cci = %]

out[357]=

12

= Bianchi identitiesin the GHP formalism

Previous set of equations is known as GHP equations or compacted spin coefficient equations.

%

-x T +0" x,

|41

Each of the components of the curvature spinorsis a weighted scalar. Using this property it is possible to rewrite the Newman-
Penrose form of the Bianchi identities in terms of spin weighted quantities. Thisis accomplished in this subsection.
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We write the differentials of the curvature components which appear in the NP Bianchi identitiesin terms of differentials
written in ters of the GHP operators.

in[3s8):= NPBi anchi /. NPToGHP

Out[358]= {2@01 € +p¢>01 == 4020 o +2@00 o +2@00 B 72@11 K 73&02 K -®g2 K +Jp (740( + 7T ) +
Bop (-2 (a0 +B )+ ) +4T1 p +2%01 (€6 +p ) +2&19 O —b@l +03gp +0' Tg ,
2392 € -2 3g2 g*—b@oz =439 ¥ -2&12 K - Bgo X#—@o (-4 vy U ) +2Bg1 T+
B2 (2€e -2€ +p ) +2311 0 -33, 0 +43; T +I[)I Tg +0 &y, -0Tq ,

pd11 =28 a +2390 a - (1 +2%3 )k -B12 K -Tg A -Bgg U +Bor 7T +
29 (- +7m ) +@10 (-2Q +7T ) +3Tp p +23117 0 +Ppp O -PA -pTy +0319 +0 Ty,
—23yp € -2Byp € +PBpy = -23p1 B +2T3 B -Iy Y -2%17 4 +3Tp u -2y v +2P1p T +
231 (B +70 )+ (-2 (€ +€ )+p )-8y 0 +2%3 (=B +T ) -2 (P A )+pP" Tp +03p; -0z,
43, € +p§4 =230 ¥ +230 Y -4y € +2317 XA -3Ty A +3p (2y -2% +u ) -

23190 vV +433 T +34 p -Byp O +23p1 T +p' P20 -0 B2 +0' P3 , 2800 ¥ +2%00 Y +p' Pog ==
23p; a -2T3 a +23gg (y +¥ )+2T3 Kk +Tg A -Fgg U +2T; (a -5t ) +2B11 p -
3T, p +3gp 0 -23190 T -23p1 (& +f)—2(p/\)+b§l§'2 +0' & -0 T,

p' @11 = -T2 A -3y u -2311 U +Bp1r V +2T1 vV +B190 V +Bp p +Ty O -
Bo1 T -2P3 T -B12 T 7p' A 7b' P +6@3 +0' B1p , 2891 Y +p' Pp1 ==

28y o -4Ty B -2Byp B +2 B (Oﬁ +E>+2€P3 Y -2%12 A -2 (T3 (y +2u ) +B1 (v +H))+
231317 v +38 v +3 V +84 (4B -T ) -Bpp T -pP' Tz +03y +0 Iy ,

0811 =Bpp K +B1g A +8pgy U -2T1 U +Tg Vv -Bop 7T -2811 7T -
D1 P -Bp1 O +2T3 0 -3Ty T +PB1p -pP' Ty +0A +0Tp

28gp a -23gp B +0 Bop =2Ty pu +23g1 O -To V -Boo YV -281p p -2Tz o +
2@;3 T +33 T +302 (2a -2B +T )+p Bor +P T +2 (BA)-8Ty, 2 (8 @1 ) =

230 a -23p0 B +2Fp; € -6z € -3y Kk -Byp K +29p A -6Ty A -2319 (2% +u -@g ) -
23pp v +2311 ;T +9Tp 1 +6T3 p -23p (€ +p -p ) -2B1p O +By (-2a +2B +7T +2°T ) +
4310 T -P®n -3 (-2T3 € +pT3 ) +2 (2@ ¥ +p' 310 ) +O B0 +3 (8 T2 )}

in3s9)= Sinplify //@%

ouzsol= {2®@11 x +3Ty Kk +Bz K +PTor +hT =
To 7T +Pgg T +4Ty p +2Fgy P +2B1g 0 +0Jgg +0" Tg ,
2310 K + &oo X +3Tp O +p®02 +0 T ==
Pog U +2Bg1 7T +Bg2 p +2&11 0 +4T; T +b' ) +6§01,
Pp1 K +2T3 Kk +81p K +Pg A +Bgg U +I3A +b@11 +b§@2 =
Bgy ;T +2T1 T +P1g T +3Tp p +2B17 0 +Ppyg O +0Pg +0 Ty,
[@5T) X*—Z@ll U +2%1 v +34 O +b¢22 +2(b'/\)+6&53 =
3Ty U +231p 7T +2Bp1 T +3pp D +2T3 T +pP' Ty +0 By,
2317 X +8p0 U +4Tz T +Tg p +2Bp1 T +pP By +0 Tz ==
3T, A +2319 vV +3 O +p\I‘4 +0" @y, 283 K +Pg A +2B17 p +Dg2 O +b\I‘2 +0' Doy ==
Bog U +2P1 1 +3Ty p +2319 T +2 Dp; ?+2(b/\)+b' dog +0' Tp ,
Doy A +3Tp U +2317 U +Bp1 T +2T3 T +B12 T +bI AN +|f)I P11 +bI Py =
Bgy V +2T1 vV +P1g V +Brp p +Ty 0 +03T3 +0 By,
2310 X +4T3 pu +23p1 U +T4 T +Bpp T +P By +pP Tz ==
2317 v +38 v +3p V +08y +0" By ,
$oo K+ P19 X +Pgr U +Tg V +233 O +b@12 +O0A +03, ==
237 u +g2 T +23117 T +P12 p +31 0 +3Ty T +b' o1+ 0311,
237 p +2301 U +2311 T +3Ty T + o2 erp' Po1 +p' $q +2(6A)::
Tg Vv +Bgg V +2B12 p +2T3 O +0T, +0' $o2 ,
3Ty K +3pp K +6Ty A +2P190 U +2B09 V +2Fp1 p +2 12 6+b§21 +3(b&53)+2(6‘ $17 ) =
2391 A +2310 U +2311 1 +9Ty T +3y T +6T3 p +

23597 0 +239 T +4&11 T +2(p' P10 )+6§20 +3(6' Do )}



PublicNPGHP.nb | 43

We may write these equations in an aternative way.
inz60:= Sol ve[%, UnioneCases[%, ©[__Je@_, Infinity]] // Flatten

Sol ve::svars : Equations may not give solutions for all "solve" variables. >
l J— — —
Out[360]= {p AN E (233 Kk +39g A -Bgg U -2Ty 7T +2317 p -3 p +Ppp O -2&19 T -2%1 T ) +

(8" T1 ), P%or > -28113 x -3T; x -

N |-

1 1 1
—(PT2 ) - = (P" S0 )+ = (8 @01 ) -
2 2 2
Bop K +Pg 7T +3gg 7T +4Ty p +2&01 p +2&19 O —b@l +0 3 +0 To , b@oz -
2312 Kk -Bgg X +39g U +2Bgy T +Bgp p +2813 0 -3Tp, 0 +4T; T +p' Ty +08 -0T; ,

1
b@ll > — (=231 Kk -6T3 K =231 K -3Pg A -2Bgg U +Bog U +2Tpy 1 +6Ty s o+
2

23190 T -2311 0 +9Ty p +431; p +2Bpg O -Bgp O +2P19g T +23p1 T ) -
3 1 1 3
—(pT2 )+ — (P @0 ) +8310 - = (8" o1 )+ — (8 ¥1 ),
2 2 2 2

b@lz - -®%22 Kk - P10 X ~Por U +2Py U -y V +Bgp T +2Byp T+
P12 p +Pp; 0 -2P3 0 +3Ty T +p‘ Py -O0A +03y; -0y ,
pdy - -334 Kk -Bpp K +23g1 A -6P3 A -2319 U +2390 L -2Fp0 V +
2317 71 +9Ty T +Bp9 T —2Fp1 p +6T3 p +2By1 p -2312 T +
280 T +4211 T -3 (P23 ) +2 (P @10 ) +0 B0 -2 (8 211 ) +3 (8 T2 ),
p@zz - 2302 A -3 X -2%17 4 +9Ty u +4311 U -23%1 v -63; v -
2310 V +281p T +238p1 T -2 p +Bp p -3Ty 0 +23p1 T +63T3 T +
2315 T +2(p" @12 ) +3 (P Tz ) +0B21 -3 (0T3 ) -2 (8 T2 ), bTsy -
2317 A -3Ty A +3 U -23190 VvV +4T3 T +3Ty p -Byp O +23p1 T +|f)I Bog -0 Ppp +0' 3,
p'' A 5> -3g2 A 3Ty pu -23173 U +Bpr V +2P1 vV +B90 V + P p +
Ty 0 -Pp1 T 283 T -B12 T -pP' @117 -p' Ty +023 +0" I12 ,
p' Bgy > -2 u -2%01 U +Pg V +Bgg V +2312 p +2%3 0 -2311 T -
3T, T -Bp2 T 7b' T3 -2 (0N ) +0T, +0' Bg , b' Pr1 >
-23120 A -4P3 p 23y U +2311 Vv +3Ty vV +By V -Pg T -Bpp T -pP' T3 +03y +0O @22}
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inze1)= Full Sinplify //@%

outzell= {p A %5(2@3 K +8g A -®p U -2%1 7T +2311 p -

3T p +%o2 O -280 T -2301 T +PTz -Pp" o +8 o1 -0 Ty ), bS01

N

-2317 k -3Tp Kk -Bpp K +Tg 7T +Bgg 7T +4T; p +2Bgy O +2310 O 7b‘IJ1 +0 3 +0' T ,

poo2 - -2312 x - 3o X +39 U +2Ppy T +Bg2 O +
2317 0 -33 0 +43; T +b' Tg +03y; -03Tg ,

1
pd11 - — (-2 (31 +3T3 )k -2312 K -3y A +Bgp (-2u +1 ) +6Ty 71 -
2

23117 p +9T; p +4317 p +28 0 -Fpp O +2319 (T +T )+
280 (m +T ) -3 (pT2 ) +p B0 +2 (8&10 ) -0 Bor +3 (8 1)),
p@lz - -%20 K -210 x ~Bpp U +2Ty U -y VvV +Bgp T +2311 T +B12 0 +
Bp1 0 -2T3 0 +3T, T +p Ty -0A +031; -0T, ,
poy - -334 Kk -Bpp K +23g1 A -6P3 A -2319 U +2310 L -2Fp0 V +
2317 71 +9Ty T +Bp9 T —2Fp1 p +6T3 p +2By1 p -2312 T +
280 T +4®11 T -3 (pT3 ) +2 (P 310 ) +8 0 -2 (8 @11 ) +3 (8 T2 ),
p@zz - 2302 A -3 x -2%17 4 +9Ty u +437 w -2 (o1 +3T1 )V -
2319 V 23y p +8pp p -3y 0 +6T3 T +2Bp; (T +T )+
2312 (m +T ) +2 (P @11 ) +3 (P To ) +0B21 -3 (0F3 ) -2 (8 T12 ), PTs -
2317 A -3Ty X +3 U -23190 vV +4T3 T +3Ty p -Byp O +23p1 T +I3I [oPT)
p'' A - -3o2 A -3y pu -23117 U + (Por +2T1 )V +P190 V +Tp o +
Ty 0 - (B +2T3 )T -2 T -P B3 -p Ty +0T3 +0" Bypp ,
p' Bgy - -2y U 291 U +Pyg V +Pgg V +2P1p p +2P3 0 -2B11 T -
3%, T -3pp T 7b' D1 72(6A)+6§92 +0' $o2 , b' Pr1 >
-2312 A -433 p 23y U +2311 v +3Ty vV +3p V -8y T -3y T -p' T3

in362):= % /. Rul e -> Equal

1
Out[362]= {bA Z:E(2§'3 K +39g A -®gp U -2T1 7 +2311 o -

3T, p +Bo2 O -2B10 T -2301 T +PTz -Pp" Boo +8 Fo1 -8 T1 ), bI01

-0 & +0 T3,

+0Ts +0 oo }

2317 k -33Tp Kk -Pgp K +3g 71 +Pgg 7T +4Ty p +2Fg1 O +2319 O —b@E’l +0 3 +0' Tg ,

b@oz = -2315 K - &0 X +3P9 U +2F01 T +Bo2 O +
231 0 -33, 0 +43; T +b' Ty +0By -0T; ,

1
béll = — (-2 (33 +3T3 )k -2 K -3Tyg A +Pgg (-2 +u ) +6Ty 5T -
2

23117 0 +9Tp p +4&17 p +2Fp O -Jpp O +2&19 (T +T )+
2891 (1 +T ) -3 (pT ) +P B0 +2 (810 ) -8 Bo1 +3 (8 ¥1)),

b@lz = -%pp K - P10 X ~Por U +2Ty u -Tg V +Bgp T +2B1p T +B12 O+
By1 0 -2T3 0 +3Tp T +pP Ty -0A +081; -0T; ,
b@zl =-33y kK -Byp K +2391 A -6T; X 2319 U +23190 L -2Fgp VvV +

2317 71 +9Ty 1 +Bpg T —2Fp1 p +63T3 p +23y1 p -2P1p O +
230 T +4311 T -3 (pT3 ) +2 (P B0 ) +030 -2 (8 &11 ) +3 (3 T2 ),
Pb@ =2@2 A -30 A -2@11 4 +9Tp p +4313 T -2 (B +3T1 )V -
2319 V -23 p +8p p -3y 0 +6T3 T +2Fp1 (W +T )+
231 (0 +T ) +2 (P @11 ) +3 (P T2 ) +0B -3 (03 ) -2 (8" B12 ), Py =
2317 A -3Ty A +Bp9 U 23190 V +4Tg 1 +3y p —-Bpp O +23p1 T +b' <25 %))

b' AN = -3gp XA =38 yu -2&117 U + (201 +2 3 )V +®10 V +D22 p o+
Ty O - (Bp1 +2T3 )T -B12 T -p' @11 -p" Ty +3T3 +8" 312,
p' @1 =-2%; pu -2y U +Pg VvV +Bop V +2312 p +2P3 0 -2311 T -

3T, T -T2 T -p 1 -2 (0N ) +0Tp +0" oz , P Bo1 =
2310 A -4z u -2y U +28117 v +3Tp vV +By9 V —Py T -Frp T 7b' $3

-0 Po1 +0' T3,

+6§4 +0' Poo }
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Previous set of equations is known as GHP Bianchi identities or compacted Bianchi Identities.
in[363):= Lengt h[GHPBi anchi = %]

out363)= 11

m 4. Quick start

In this section we show how to use in practical applications the NP and GHP equations computed in previous sections. This is
intended to be a short tutorial which enables the user to start working as quick as possible with the equations of the NP and GHP
formalisms, so one does not need to read the contents of previous sections to use it. However, to take full advantage of the
flexibility offered by our implementation and the remaining features of xAct *, the complete knowledge of sections 1,2 and 3 is
needed

The basic variables of the NP and GHP formalisms are the spin coefficients and the components of the curvature tensor.
These are stored in lists.

in364]:= NPSpi nCoef fi ci ents

oufsedl= {a¢, B, ¥, €, K, A, 4, Vv, n,p, 0, T}

in[365:= NPCVConponent s

ou365]= {Zo , T1 , T2, T3, B4, Poo , Po1 , oz , P10 , P11, P12 , P20 , P21, P22 , A}

To type any of these quantities you need to know the imput form of them. This is achieved with the Mathematica com-
mand | nput For m For example, let us display the input form of the spin coefficient v :

in[366):= NPSpi nCoefficients[[3]] // | nput Form

Out[366]//InputForm=

yDyad[]

Recall that Greek letters are typed by using the key "esc" followed by the Latin name of the |etter followed by "esc".

Hence
in367]:= ¥ Dyad]
Out[367]= Y

Other essential ingredient of the NP and GHP formalisms are the frame differentiations. In the NP formalism these are
just the directional derivatives associated to the four elements of the null tetrad. To see how they are typed, we consider
their action on the spin coefficient v .

naesl- (PDNP[{1, -NP}]ey Dyad], PDNP[{2, -NP}]ey Dyad],
PDNP[{3, -NP}]ey Dyad], PDNP[{4, -NP}]ey Dyad]}

ougzesi= {Dy , Ay, 6y, 6v }

The head PDNP denotes a generic NP operator associated to the null tetrad, whereas the arguments { 1, - NP}, ... { 4, - NP}
are used to refer to each of the directional derivatives of the null tetrad elements. In this way {1, - NP} means the first
element of the null tetrad, { 2, - NP} the second element and so on. The elements of the null tetrad are numbered according
to the usual convention. In the case of the GHP formalism, we have to take into account that only weighted quantities
appear in the formalism. All the components of the Riemann tensor are weighted, but not all the spin coefficients are so.
The weighted spin coefficients are stored in the following list.

in[369]:= GHPSpi nCoef fi ci ents

outze9)= {K , A, L, v, 1, 0, O, T}
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Let ustake x : the action of the four GHP operatorson it is

in37o1= {@[{1, -NP}]ex Dyad], ©[{2, -NP}]ex Dyad], e[{3, -NP}]ex Dyad], e[{4, -NP}]ex Dyad]}
ouz7o)= {px, p' x, dx, 8 x }

In this case, the head e (typed esc-Q-esc) isthe notation for a generic GHP differential operator while

{1,-NP},..{4, - NP} are, as before, the labels for each of the elements of the null tetrad. We can transform the GHP
differentialsinto NP differentias as follows.

in[371:= % /. GHPTONP

out[371]= {(*36 -€)x +Dx, (-3y - ¥ )Kx +Ax, (-a -3B )k +6K, (—30( —E)K +5K}

NP differentials can be also transformed back into GHP differentials.
in[3721:= % /. NPToGHP
ouarzl= {3e x +(-3e€ - )k +& x +phx, By x +(-3y -
T x + (- -3B )k +3B x +8x, Ba x +(-3a -
n373)= % // Sinplify
ou7a= {Ppx, p' x, dx, 8 x}

Previous operations can be performed on any weighted quantity and the appropriate weights will be automatically
inserted. For example:

in374:= {©[{1, -NP}]ePsi CDe4Dyad[], ©[{2, -NP}]@Psi CDe4Dyad[],
©[{3, -NP}]@Psi CDe4Dyad[], ©[{4, -NP}]e@Psi CDe4Dyad[]}

out374]= {PTs , P' T4, 0Tg , O Ty }
in[37s1:= % //. GHPTONP

oufrsl= {4T4 € +DTy, 4Ty ¥ +ATy, 4Ty B +6Ts, 4Ty a +5T |

The basic equations of each formalism are stored in lists. These are the names of the lists and the correspondences:

Newman-Penrose commutation relations:

in[376:= NPCormmut at or s

Out[376]= {DAI// =-(y +y ) Dy )-(e¢ +€) (MY )+ADY + (m +T ) (8¢ )+ (T +T )
D6y =-(@ +f -7) (DY) -x (Ay ) +(c ~E +5) (64 ) +6DY +0 | a,zf)
ASY =T (DY )+ (@ +B -T) (AU )+ (v -F -p) (64 )+6ay -X (5

(6
66y = (u -m) (DY )+ (o -P) (DY )+ (-a +B ) (6Y )+ (@ -B) (64
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Newman-Penrose Ricci identities:

inz771:= NPRi cci

out[377]= {Doc =-®9 -200 € -B € +A E -Y K -K A +€ 7T +a p +7 p +B T +6€ ,
DB =0 - € -B € -¥Y K -K U +€ T +B p +a 0 +71 0 +O€ ,
Dy =A -®%11 +3 -2y € -Y € -Y € -K V +B mT +a T +a T +71 T +3 T +A€,
DA == -89 -3€ A +E A -K vV +a 7 =B 7 +72+X p +u O +671,
Dy =-2AN +% -€ 4 -€ 4 -XK Vv - 7 +B 7T +71 T +U 0 +A 0 +O77,
Dv =-38; +%3 -3€ VvV -€ V +YyY 7T =Y 7T +U 7T +A 7T +A T +U T +A,
Do = -3 30 Kk -B K +K 7T +€ p +E P +p%+0 T -K T +6kK,
Do =9 - xk -3B K +k m +3€ 0 -€ 0 +p 0 +p 0 -K T +6K ,
Dt =-%31 +¥1 -3y K -Y K +7T p +7T O +€ T -€ T +p T +0 T +AK,
Ao =-T3 +B ¥ +a ¥ -B A - T +€ V +V p A T -¥y T +6v ,

AR = 3o +5y+26y—ﬁ?—ai—/§u+ev+vo—yt—ut+6y,
AX =-Tg -3%Y X Y A =AU A T +3a v +B Y +Vv T -V T +6V ,

2

AU = B —)X—yu—?u—u +a v +3B VvV +V T -v T +6V,

Ap =2AN -3y +Kv+yp+7pfﬁp—ko—at+gt—t T +6T,

Ao = Bg2 YK Y A p +3y 0 -y 0 -4 o +a T -3 Tt -t?+56t,

Sa =-A -B11 -Tp +a & -2 B +B B +€ U —€ T +Y P +U O -Y D -A 0 +6B,
SA = -3y -T3 +a A -3B X +a U +Eu YU T - T 4V P -V E+gu,

6p =-391 -¥1 +K U -K U +x p +B p -3a O +/§ o +0 T -0 T +50}

Newman-Penrose Bianchi identities:
in[37g):= NPBi anchi

out[378]= {D@m =23 € -28117 K -3y K -2 K +Ig (4o +771 ) +

Bop (-2 (0 +B )+ ) +4T1 p +2%01 (6 +p ) +2%190 0 -DI; + 6 3po +g\I‘0,

D&y, =-28p1 B +2T1 B -2&12 K - 3o X +39 (-4y +u ) +2%01 T +
B2 (2€e -2€ +p ) +2311 0 -3T 0 +4%; T +ATy +656B01 -6P7 ,
D&p1 == - (P21 +2P3 )k -B12 K -Pg A -Bgp U +Bp1 7T +2P7 (-a +71 ) +

®19 (-2 +71 ) +3Ty p +2311 0 +3p 0 -DA -DIy +6 319 +g@.1 s

D&y, = -3y by 2317 M +3Tp U -2T;p v +2B1p T +28p1 (B +T )+
Bpy (-2 (€ +€ )+p0 ) -Tg 0 +2T3 (-B +T ) -2 (AN ) +ATp +65Fy; -6T3 ,
D3y =-2% o +233 a -434 € +2317 XA -3Tp A +39 (2y -2% +4 ) -

2310 v +4T3 T +Ty p -~Byp T +2Bp; T +AByg - OBy +6Tg

ANBgg =230 (¥ +¥Y ) +2T3 x +Tg A —-Fgg U +2T1 (a0 -1 ) +2311 o -
3Ty, p +Bgp T -2819 T 2301 (o +T ) -2 (DA ) +DTy +5301 -6 T1 ,

AByy =2T3 B +2B12 B -Bpp A -3Tp p -2811 T +3gr v +2Ty v +dig Y +
oy p +Ty O -y T -2T3 T -B1p T -AN -ATy +5Tz +6 Do ,

Ay =28y (a +B ) -2 A -2 (Tyg (v +2u ) +B1 (¥ +H)) +23n v +
3Ty v +Bpg V +8y (4B -T ) -Byp T -ATz +65Ts +6 8y ,

5311 =2T1 y +281p € +Byy K +Bg A +Bg1 U -2y U +Tg v -Bgp T -
2317 T —-B1p 0 -Bp1 0 +2T3 0 -3Ty T +DP1p; -AT; +O6A +6Dp ,

658y = -28o1 ¥ -2Ty ¥y +2Ty u +2Bos L -Tg Vv -Bgg V -2B12 p 2Tz O +
2@13 T +3% T +®B2 (2 -2B +T ) +ADo1 +0T +2 (5N ) -5Tp

2 (6311 ) =-6T3 € 3T x -T2 K +2301 A -6T3 A -289 (2Y +u -0 ) -
230 V +23117 1 +9Ty T +6P3 p -2321 (€ +p -0 ) -2B12 O +

B9 (-2 +2B +7T +2T ) +43117 T -D&y1 -3 (DT ) +2 (A&19 ) +6 B0 +3(5§2 )}
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GHP commutators acting on a generic quantity n ™ 2}of boost weight w and spin weight z.

In[379;:= GHPComut at or s

ouaral= {pp' n™ 2 —pt pnt™
(r +T ) (8™ 1)+

pant™ 2l -gpnt 2 = n 2 (z (2 +K A -7 D) -W(B -x p +7m o))+

T (bnt )k (p
b dnM 2 _gp pw 2
Vbt ) — (P

b& nw 2 _§ ppw 2
n (bn™ 2 % (b
b & 0 s g
v (bn™ 2 -7 (p
838 n™ 2 _g §pw 2l

GHP Ricci identities:

= —niw 2} (W(A -Pyy +8 -K V +7T T ) +Z (A
(7 +T ) (8 nt™ ),

n™ D) ep (3™ D) w0 (8 p™ D)

= nlw 2} (—W(@lz +V O -U T )+2Z (023 -V B o+ A f>)+

TY(W‘ 2)> - u (577{W. z}> Yy (3- U{W' z})'

= nlw 2} (W(@lo +K A -7 p)—Z( 1 -K
™ D) s (8™ D)o (8 p™ 2,
Zh=npW 2l (w(3 -V o +A T ) -Z (31 +V O
n™ 2) S (@™ D) g (8 ptm 2,

::7’](W’ z} (W(A +P17 +Tr —uU P + A O')*Z(A + P11 +§2 —/,T,CT+XE)>+
(w =) (pn™ 2)+ (0 -5 ) (b n™ )}

In380:= GHPRI cCi

out[380]= {pz =P -K V +70°+A p +u 0 +0 s, pu =-2A +Ty -K V +7T T +u p +A O +0w,
bv =-®1 +@3 +X (T +T )+u (x +T)+p 7, pp =-Bgp +x m +p%+0 & -K © +& x,
po =% +(0 +0)o +x (T -T )+0x, pT =-B1 +T1 +p (T +T )+0 (m +T )+p" x,
DA =Ty X (4T )tV (T —T )48 v, P U =82 A A -p2+V o -v T +8v,
b'p =2A -Ty +x V -U p -X 0 -T T +0 ©,p 0 =82 +k ¥V -A p -4 o -t2+d1,
ON = -8 -T3 +uU 7T -L 7T +v p -v p +0" u,
0p =-3g1 -T; +K U -K U +p T -p T +0 O}



PublicNPGHP.nb | 49

GHP Bianchi identities:
in[381]:= GHPBI anchi

1
ouzsl= {p A ::5(2@3 K +3g A -®oo T -2T1 7T +2311 o -

3T, p +3gp 0 -2%10 T -23o1 T +pTy -p'" Bpo +0" To1 -0 T1 ), pPIo1 =
-2317 k -3Tp Kk -Bpp K +Tg 7T +Bgg 7T +4T; p +2Bpy O +2310 O 7bIJ1 +0 3 +0' T ,

b oo, =-2312 x -0 X +Tg U +2Bg1 T +Bo2 O +
2317 0 -33, 0 +43; T +b' Tg +03y; -03Tg ,
1
pd11 = — (-2 (31 +3T3 )k -2312p K -3Tg A +Bgp (-2pu +1 ) +6P 71 -
2

23117 p +9T, p +4317 p +28 0 -Fpp O +2319 (T +T )+
280 (m +T ) -3 (pT2 ) +p B0 +2 (8&10 ) -0 Bor +3 (8 Ty )),

p@lz = -%op K - P10 X ~Pg1 U +23y u —-Bg VvV +Pgp T +2B11 T +B1p O +
By1 0 -2T3 0 +3T, T +p Ty -0A +0%1; -00, ,
pdyy =-3T4 Kk -Bpp K +2301 A -6T; A -2319 y +2319 U -23gp V +

2317 1 +9Ty T +30 T -231 p +6T3 p +2Fp p -2P12 O +

280 T +4311 T -3 (p¥3 ) +2 (P D10 ) +OB0 -2 (8 311 ) +3 (8 T2 ),
p@zz = 2392 A - &y x -2317 4 +9Tp u +437 w -2 (o1 +3T1 )V -

23190 V -23p p +&8pp p -3Ty 0 +6T3 T +2Bp; (T +T )+

281 (T +T ) +2 (P @11 ) +3 (P Tp ) +8&n -3 (883 ) -2 (8 D12 ), pTs =

2317 A -3Ty X +3 U -23190 vV +4T3 T +3Ty p -Byp O +23p1 T +|3I Byg -0 Bpy +0' Tz,

p'' A = -302 A -3Ty u -23173 U + (Bor +2F1 )V +B9 V +Pp p +
Ty 0 - (Bpp +2T3 )T -B12 T - p' P11 - p' Tp +033 + o' P12,
p' Doy =-2Ty u -2y U +Pg V +Bgg V +2312 p +2P3 0 -2F11 T -

3%, T -3pp T 7b' D1 72(6A)+6§92 +0' $o2 , b' Ppq ==
-2312 A -433 pu 23y U +2311 v +3Py vV +By V -Pg T -3y T -pP' T3 +03y +0 @22}

Within the GHP formalism any expression must be weighted. The command GHPWeightOf will compute the weight of
any expression.
in[zs2:= ? GHPWi ght O

GHPWei ght OF [expr ] returns the GHP boost and spin weight of any expression.
If the expression is not weighted, then an error message is returned

For example: take one of the GHP Bianchi identities:
in[383):= GHPBI anchi [[2]]

Out[383]= b@o]_ =287 Kk -3Tp Kk -Pgp K +Tg 7T +Pgp 7T +43Ty p +2Fg1 P +2I1g O —b;@l +03gp +0' T

We compute the GHP weight of the right hand side of thisrelation.
in[384]:= CHPWi ght OF @%[[2]]

outzs4l= {3, 1}
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Finally we explain how to compute the action of the GHP commutators on any quantity. For example suppose that we
wish to compute the commutation of p and & on the scalar @, . First of all, we look up in the list of GHP commutators
the commutation relation we wish to use. In our case thisis

in[3s5:= GHPCommut at ors [ [4]]

ouzesi= p & n™ 2 -8 pn™ P =™ 2 (w(dg +x X - p) -2 (T -K T +7T T ))+
7 (bn™ B _F (b g™ ) 15 (Bn™ ) +p (8 nW 21)

Next wereplace nt™ 2 by v, andtheweights{w, z} by their values. Thisis accomplished as follows

in3se)= % /. {neLl e{w, z} » Psi CDe4Dyad[],
w - Fi rst @ GHPWei ght Of @Psi CDe4Dyad[], z » Last e GHPWei ght OFf @Psi CDe4Dyad []}

Out[386]= pé' Ty -0 p§4 =-43; (P1g +K A -7 P )+ (p\I4 ) - K (p' Ty ) +0O (6@4 ) +p (6' Ty )



