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XAct'Invar °

Intro

Invar* is currently a package for efficient simplification of the algebraic and differential polynomial scalars (
known asinvariantg of the Riemann tensor of a metric-compatible connection. The medium term goal is gent
Invar*  to simplify generic polynomial expressions (with free indices) of the Riemann tensor.

Invar'  requires the tensor computer algebra systdimnsor' when running orMathematica There is a twil
version for Maple, based on the tensor sysBamon. It can be downloaded, under the General Public Licence, fro

http://metric.iem.csic.es/Martin—-Garcia/xAct/

http://www.Incc.br/~portugal/ (Maple version)

For further information, see the articles

The Invar tensor packagé.M. Martin—Garcia, R. Portugal and L.R.U. Manssur, Comp. Phys. Cbrint40
(2007)

The Invar tensor package: Differential invariants of Riemahl. Martin—Garcia, D. Yllanes and R. Portu
Comp. Phys. Comm. (2008)

Subsection 6.3 contains a number of tests designed to check most capabitities of . They all should give zero.

Load the package and configure

Invar’  requires the free packag&ensor’ to perform the underlying tensor and permutation manipulations.
be downloaded from

http://metric.iem.csic.es/Martin—-Garcia/xAct/
For a single-user installation under Linux the file xAct_<version>.tar.gz must be unpacked in the directory-§
MathematicéApplications giving a directory xAct. Then unpack the Invar.tar.gz file inside the xAct directory

assume that configuration in the following. See the Readme file for more information, including installation ins
for other operating systems.

We first load theMathematicakernel, and th&Tensor  package from the default directory
In[1]:= mat hRAM= Menoryl nUse[]

Qut[1]= 3059792
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In[2]:= << XAct' xTensor"*

Package xAct'xCore' version 0.5.0, {2008, 5, 16 }

CopyRight (C) 2007 -2008, Jose M.
Martin -Garcia, under the General Public License.

Package ExpressionManipulation’

CopyRight (C) 1999 -2008, David J. M. Park and Ted Ersek

Package xAct'xPerm' version 1.0.1, {2008, 5, 16 }

CopyRight (C) 2003 -2008, Jose M.
Martin -Garcia, under the General Public License.

Connecting to external linux executable...

Connection established.

Package xAct'xTensor' version 0.9.5, {2008, 5, 16 }

CopyRight (C) 2002 -2008, Jose M.
Martin -Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer []. This is free software, and you are welcome to redistribute
it under certain conditions. See the General Public License for details.

Note: When loadingTensor* inside a Windows environment, a black DOS-like window may appear. This is caused by tt
link used to speed computations and should not be closed.

In[3]:= xtensor RAM= Menoryl nUse[] - mat hRAM

12729104

Qut [ 3]
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Then we read thmvar'  package.
In[4]:= <<xAct'Invar"

Package xActInvar® version 2.0.2, {2008, 3,5 }

CopyRight (C) 2006 -2008, J. M. Martin -Garcia, D.
Yllanes and R. Portugal, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer []. This is free software, and you are welcome to redistribute
it under certain conditions. See the General Public License for details.

x+ DefConstantSymbol: Defining constant symbol sigma.

x+ DefConstantSymbol: Defining constant symbol dim.

We see that, iMathematiceb, theMathKerneltakes only 2 MbytexTensor* takes 9 Mbytes, ardvar®  takes 41 Mbytes:
In[5]:= invar RAM= Menoryl nUse[] - mat hRAM- xt ensor RAM

Qut[5]= 299616

In[6]:= Renove[mat hRAM xt ensor RAM i nvar RAM]

Note the structure of the ContextPath. There are six cong&dsinvar' , XAct'xTensor* , XAct'xPerm'  andxAct'Ex-
pressionManipulation contain the respective reserved wofsigstem' containdMathematics reserved words. The
current contexGlobal’  will contain your definitions and right now it is empty.

In[7]:= $Cont ext Pat h

Qut[7]= {xActInvar, xAct'’xTensor’, xAct'xPerm’,
xAct'xCore’, XAct'ExpressionManipulation’, Global‘, System' 1

In[8]:= Context[]

Qut[8] = Global

In[9]:= ?d obal**

Information::nomatch : No symbol matching Global‘ » found. More...

m 1. Example session

This is a simple example of the uselwfar' . The package is very easy to use: all its capabilities can be con
through 10 basic commands. In addition, you will have to setup a ¥Bsisor  session, which we proceed to
now. We need to start by defining the manifold and metric of the Riemann tensor. For informatitensar’  see
the file xTensorDoc.nb.
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Define a 4d manifoldiA

In[10]:= DefManifold[M {1, 2, 3, 4}, {a, b, ¢, d, e, f, g, h, i,j, k, I, m n}]

x+ DefManifold: Defining manifold M.

++ DefVBundle: Defining vbundle TangentM.

Define a metric with negative determinant, with associated Levi—Civita connection CD:

In[11]:= DefMetric[-1, nmetric[-a, -b], CD, {";", "

+x+ DefTensor: Defining symmetric metric tensor metric

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

* *

DefTensor: Defining antisymmetric tensor epsilonmetric

DefCovD: Defining covariant derivative CD

DefTensor:
DefTensor:
DefTensor:
DefTensor:
DefTensor:
DefTensor:
DefTensor:
Rules {1,
DefTensor:
Rules {1,
DefCovD:

DefCovD:

DefCovD:

[-a].

Defining vanishing torsion tensor TorsionCD

Defining symmetric Christoffel tensor ChristoffelCD

Defining Riemann tensor RiemannCD

Defining symmetric Ricci tensor RicciCD

Defining Ricci scalar RicciScalarCD

Defining symmetric Einstein tensor EinsteinCD

-b,

Defining Weyl tensor WeylCD [-a,

2,3,4,56,7,8

Defining symmetric TFRicci tensor TFRicciCD

[-a,

(]

-c,

-b,

[-a, -b].
[a, b,cd
[a, -b, -c].
[a,
-c, -dj.
[-a, -b].
[-a, -b].
-d].

v"}, CurvatureRel ati ons » Fal se]

].

-b,

} have been declared as DownValues for WeylCD.

[-a, -b].

2 } have been declared as DownValues for TFRicciCD.

Computing RiemannToWeylRules for dim 4

Computing RicciToTFRicci for dim 4

Computing RicciToEinsteinRules for dim 4

-c].

We included the option CurvatureRelations —> False so contractions of Riemanns will not be converted into Riccis. A num
tensors have been automatically defined. In particular there are the three curvature tensor fields

In[12]:= Ri emannCD[-a, -b, -c, -d]

ut[12]= R[V]

abcd

In[13]:= RicciCD[-a, -b]

Qut[13]= R[V]

ab

In[14]: = Ricci Scal ar CD[]

Qut[14] = R[V]
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and their traceless counterparts:

In[15]: = Wyl CD[-a, -b, -c, -d]
Qut[15] = WIV] geq

In[16]:= TFRi cci CD[-a, -b]

Qut[16]= S[V],,

with their expected trace properties:
In[17]:= Wyl CD[a, -b, -c, -a]

Qit[17]= O

In[18]:= TFRi cci CD[-a, a]

Qut[18]= O

The Riemann and Ricci tensors are not automatically replaced when they have contracted indBmgr Blg€ur vature to do
that:

In[19]: = Ri emannCD[a, -b, -c, -a]
Qut[19]= R[V]?%,.,

In[20]: = Contract Curvature[%]
Qut[20]= -R[V],.

In[21]:= Ricci CD[-b, b]

ait[21]= R[V],°

In[22]:= ContractCurvature[%
Qut[22] = R[V]

We can change the output form of the tensors (note the iatiématicadownvalues *=)

In[23]:= PrintAs[nmetric] *="g";
PrintAs[epsilonnetric] *="¢€";
Print As[Ri ermnnCD] N="R'
PrintAs[Ricci CD] = "R";
Print As[Ri cci Scal ar CD] o
Print As [Weyl CD] * ;
Print As[TFRi cci CD] " "S";

So much forxTensor* . You will not need many moreTensor’  functions to work withnvar® , but you will be
able to do it more efficiently if you read the specific documentation for that package. Now we can start (
commands added by the packagear':
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A typical algebraic Riemann scalar could be

In[30]:= Ri emannCD[a, b, -c, e] Ri emannCD[-b, -e, -f, d] R emannCD[c, f, -a, -d]

Qut [ 30] = Rabce Roer 4 R ad

which simplifies to

In[31]:= R emannSinmplify[% // Ti m ng

Reading InvRules for step 1 and case {0,0,0 }

Reading InvRules for step 2 and case {0,0,0 }

Reading InvRules for step 3 and case {0,0,0 }

Reading InvRules for step 4 and case {0,0,0 }

Reading InvRules for step 5, case {0,0,0 } and dimension 4

Reading InvRules for step 6, case {0,0,0 } and dimension 4
Qut[31] = {0.084005 Second, 7% Scalar [Ryp® R Ryger ]}

Notice how the different rules are read on the fly. We do not read them automatically because they would need several Gl
memory. They are read only once (note the shorter timing now):
In[32]:= RiemannSinplify[%4 // Tim ng

Qut[32] = {0.024001 Second, —% Scalar [Ryp® R Ryger ]}

The headscalar is introduced to avoid problems of index collisions.It can be removed NsiBgalar :

I n[33]: Last [9%9 // NoScal ar

1
Qut[33] = - 7 Rep™ R Rges

We can generate random Riemann invariants using the conReatmRiemannMonomial , having as argument the case (s¢
Section 2), in this example {0,4}, meaning one Riemann with no derivatives and another with a fourth derivative:

In[34]:= expr = RandonRi emannMononi al [{0, 4}] // NoScal ar
Qut [ 34] = Reaad RCcf b;b fed

Any monomial can be canonicalized into one of a predefined list of canonical invariants. For the case {0,4} the list contain:
canonical invariants, apart from the trivial canonical 0.

In[35]:= Maxlndex[{0, 4}]

Qut[35]= 126
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In particular, the previous object canonicalizes to
In[36]:= Ri emannTol nv [expr ]

Qut[36]= O

Many of the invariants actually do canonicalize to 0 so we iterate those two commands until we get something different frc

In[37]:= inv=0;
Wi | e[l nv === O’
expr = RandonRi emannMonom al [{0, 4}] // NoScal ar;
i nv = R emannTol nv [expr ];

Print [ScreenDol | arl ndi ces[expr], " -> ", inv]];
Reading InvRules for step 1 and case (0,4}
R R%%e "¢ —> loams

In[39]: = Ri emannTol nv [expr ]

Qut[39] = o413
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The canonical invariants can be expressed as a polynomial in a basis of indepent invariants, taking into account all the sy
the problem. This implies reading rules for additional ‘steps’

In[40]:= InvSinmplify[%
Reading InvRules for step 2 and case {0,4 3
Reading InvRules for step 3 and case {0,4 3
Reading InvRules for step 4 and case {0,4 3
Reading InvRules for step 5, case {0,4 } and dimension 4
Reading InvRules for step 6, case {0,4 } and dimension 4
Reading InvRules for step 5, case {0,0,2 } and dimension 4
Reading InvRules for step 5, case {0,1,1 } and dimension 4
Reading InvRules for step 5, case {0,0,0,0 1} and dimension 4
Reading InvRules for step 6, case {0} and dimension 4
Reading InvRules for step 6, case {2} and dimension 4
Reading InvRules for step 6, case {0, 0 } and dimension 4
Reading InvRules for step 6, case {0, 2 } and dimension 4
Reading InvRules for step 6, case {0,0,2 } and dimension 4
Reading InvRules for step 6, case {0,1,1 } and dimension 4
Reading InvRules for step 6, case {1,1 } and dimension 4
Reading InvRules for step 6, case {0,0,0,0 1} and dimension 4

Qut [ 40] = _% 12, 101 + %'(2),1 loos - 31 2,14| 001 |(2>g,1 ~ |2,11|600,2 , loot loo2
31 0,12| 022  loa 2|02,6 LK 8'11,1 _loa 2|11,5 + 2001 looor + 3loa 2| 0002
210022 -loo25 +looze —loozs —loo214a +1o0252 - IO%’Z + IO%’S -long -
lo1120 +lo1118 +1o1124 +lo1125 + 1&%& -loiss +31 00001 - LQQ%QL - I 0000,7
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Finally this expression can be translated back into Riemann invariants.

In[41]:= I nvTOoR emann[%]
Reading InvRules for step 1 and case {0}
Reading InvRules for step 1 and case {2}
Reading InvRules for step 1 and case {0,0 }
Reading InvRules for step 1 and case {0,2}
Reading InvRules for step 1 and case (1,1}
Reading InvRules for step 1 and case {0,0,2 }
Reading InvRules for step 1 and case {(0,1,1 }
Reading InvRules for step 1 and case {0,0,0,0

% Scalar [R®,, ] Scalar [R,S Ry + % Scalar [Ry,eq R ] Scalar [R®° R4 ] -
%— Scalar [Re®.° R, 1% +2Scalar [Re®,, ] Scalar [ReP.° R4 Ry ] +

% Scalar [R®,, ] Scalar [R®,° R9.° Ryfes 1 - % Scalar [RP,° R R% Ry'gn] +
3Scalar [R®,° R%°® R Rfgn ] - Scalar [R° R Ry'e Ri'yn ] -

Qut[41] =

% Scalar [Re®,, 1° Scalar [R®,,° o1~ % Scalar [Rypeq R ] Scalar [R,,° .. ] +
% Scalar [R®,° R ] Scalar [R®,° .. ]+ % Scalar [R®,, ] Scalar [R¥g.. R, ]+
Scalar [R* Ry RY%gq 1 - %— Scalar [Rf,, ] Scalar [RP Ropq 1 -

% Scalar [R®, ] Scalar [Rgec RS ]+ % Scalar [R®° R ROge 1+

% Scalar [Re®,; ] Scalar [R®° R%4®c 1+ % Scalar [RE°d RO e Rypeg® ] -

% Scalar [ReP, RY fge R,%.4°¢ 1 + Scalar [RePC RUef Ro%ger 1 +Scalar [Ryp® R R g ] -

Scalar [RP,S R,df cheg;d;f ] - Scalar [ReP° R Pbgcg;e;f ] - Scalar [Rebcd Rdgfg;e Rapc® ] +
Scalar [R* R Ra%ce’ ] +Scalar [RP, Rifge Ry ] -Scalar [RPC Rige R%™ 1 -
Scalar [R°S R e R4 ] +2Scalar [RP®S R4 R'e?y 1 -Scalar [REPC RYE Ry ey ]
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The whole process can be done in a single step using the command RiemannSimplify:

In[42]:=

Qut [ 42]

Ri emannSi nmpl i fy[expr ]

% Scalar [Rabab12 Scalar [R®,° R941 + % Scalar [Ry,eq R ] Scalar [R®° RYq4 1 -
%— Scalar [Re®.° R, 1% +2Scalar [ReY,, ] Scalar [REP.° R4 Rfef ] +

% Scalar [R®,, ] Scalar [R®,° R4.° Ry ] - % Scalar [RP,° R R% Ry'gn] +

3Scalar [R®° R,94® R't? Ry ] - Scalar [R° R4 RS Ry, 1 -

% Scalar [R,, 17 Scalar [RP° . ] - % Scalar [Rypeq R ] Scalar [R®,° .. ] +
% Scalar [R®,° R4 ] Scalar [R®,C .. ]+ % Scalar [R®,, ] Scalar [R¥g.. R, ]+
Scalar [R Ry RY%gq 1 - %— Scalar [Rf®,, ] Scalar [RP™ Ropq 1 -

%Scalar (R, ] Scalar [Rybuec RS9 ] +%Scalar (RS RS ROyge 1+

% Scalar [Re®,; ] Scalar [R®.° R%4®c 1+ % Scalar [RE°d R9 e Rypea® ] -

% Scalar [RP° R9pe Rq® | +Scalar [RPS R R%ycr ] +Scalar [Ryp RO R% 4 |-
Scalar [REP,S R,df cheg;d;f ] - Scalar [ReP° R Pbgcg;e;f ] - Scalar [Rebcd Rdgfg;e Rapc® ] +
Scalar [R* Rfgq Ra%ce’ ] +Scalar [RP) Rifge Ry ] -Scalar [RP° Rlge R%™ 1 -
Scalar [Rabac chfg;e Rbdde;f ] + 2 Scalar [Rabac Rbdde Rcfef;g 9 ] - Scalar [Rabac Rbdce F"dfef;g 9 ]

This is the example expression shown in the first paper:

In[43]: =

Qut [ 43] =

In[44]:=

Qut [ 44] =

expr =epsilonnetric[a, b, ¢, d] R enannCD[-a, -b, e, f]
Ri emannCD[-c, -e, -f, g] Ri emannCD[-d, h, i, j] R cci CD[-g, -i ] Ricci CD[-h, -j ]+
1/8epsilonnetricla, b, ¢, d] R emannCD[-a, -b, e, f] R emannCD[-c, -d, -e, -f]
Ri emannCDI[g, h, i, j]1 R cci CD[-g, -i ] RicciCD[-h, -] ]

1

€ Ry Ry Ryp® Reet ¢ Ry™ + geamd Ry Ry Rap® Reger RO

Ri emannSi nmpl i fy[expr] // Timng

Reading DuallnvRules for step 1 and case {0,0 }
Reading DuallnvRules for step 1 and case {0,0,0,0,0 1
Reading DuallnvRules for step 2 and case {0,0,0,0,0 1
Reading DuallnvRules for step 3 and case {0,0,0,0,0 1
Reading DuallnvRules for step 4 and case {0,0,0,0,0 1
Reading DuallnvRules for step 5 and case {0,0,0,0,0 1
Reading DuallnvRules for step 2 and case {0,0 }
Reading DuallnvRules for step 3 and case {0,0 }
Reading DuallnvRules for step 4 and case {0,0 }
Reading DuallnvRules for step 5 and case {0,0 }

{0.524032 Second, 0}
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And this is the example expression shown in the second paper:

In[45]:= expr = CD[-a]@CD[e]@Ri emannCD[a, b, c, d] CD[i ]@CD[h] @R emannCD[-b, -e, f, 0]
CD[-h]eCD[-d] @Ri enannCD[-c, -f, -g, -i] -1/8CD[-e]@CD[e]@Ri emannCD[a, b, c, d]
CD[i ]@eCD[h] @R emannCD[-a, -b, f, g] CD[-h]@CD[-i ]@Ri enannCD[-¢, -d, -f, -g]

1 ; fg;hii ; fg;h;i
Qut[45]= - & R €. Rogigin  Rap o + R4 Rygian  Ree o

In[46]:= Ri emannSimplify[expr] // Timng

Reading InvRules for step 1 and case (2,2,2 }

Reading InvRules for step 2 and case (2,2,2 }

Reading InvRules for step 3 and case (2,2,2 }

Reading NEInvRules for step 4 and case {(2,2,2 1}

Reading InvRules for step 5, case {2,2,2 } and dimension 4
Reading InvRules for step 6, case {2,2,2 } and dimension 4
Reading InvRules for step 5, case {0,0,2,2 } and dimension 4
Reading InvRules for step 6, case {0,0,2,2 } and dimension 4

Qut[46] = {1.72411 Second, 0 }

m 2. General concepts and definitions

The Riemann tensor obeys two types of symmetries. The first typpeareutation(or monoterm) symmetries, fo
example,

Roacd = —Rabcd and Redab = Rabco -
The second type is tlogclic (or multiterm) symmetry:

Rabcd + Racdb + Radbe = 0.

In order to simplify any polynomial of the Riemann tensor, it is necessary to use both kinds. It is possible to us
algorithms of computational group theory to manipulate the former, but there are no known efficient algor
manipulate the latter.

If we include covariant derivatives, we have to consider two new classes of relations. We have the Bianchi ider
Rab[cd;e] =0

and the effect of non commutatity of covariant derivatives:
VgVeTo 8y — VeV Ty =3 Rege™ Ta S8y b —Yieqr Redn S TE%p e by

An additional problem is that there are more identities to consider, coming from the fact that some of the p«
invariants are zero in low—enough dimension. It is possible to show that all these dimension dependent ident
Lovelock type, that is, they all come from the idea that, on a manifold of dimetigipantisymmetrizing irdim + 1
indices gives zero. Unfortunately, these last three types of identities cannot be manipulated efficiently either.

The main idea behinthvar’ is using the fast canonicalizersdfensor' andCanon to deal with the permutatic
symmetries, and then using prestored files of solutions for the other types of identities.

The package is structured as follows:

1. We shall work with two types of invariants:
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— (non-dua) invariants: fully contracted products ofRiemann tensors (where will be called the
degreeof the invariant), possibly including covariant derivatives .

— dual invariants: fully contracted products nfRiemann tensors with or without derivatives and
epsilon tensorn(is again called thdegreeof the dual invariant). There is no need to work with more than one e}
because products of two epsilons can be converted into delta tensors.

We shall separate the set of all monomial invariants of deagiresubsetsk),, .. ., Wherel;is the differentiatior
order of thei—th Riemann tensor, assuming the tensors have sorted suah ﬂd}um. Ann-tuple {A1, .., A,} will be
referred to as aase with the corresponding invariants haviNg= 4n +3;', A; indices and ordek =2n+ " 1 A;. A'is
the number of derivatives of the metric, not to be confused with the total number of derivatives of the Riemar
(the sum of thg;’s). BothN andA are always even numbers because we only consider scalar expressions. For
an invariant of the case {0,1,3}, hence with= 16 indices and ordex = 10, is

Rabcd Ve RE9V2 V¢ vj, RPN
2. We shall distinguish six steps or levels of simplification:

1.— Canonicalization with respect to permutation symmetries.

2.— Canonicalization with respect to the cyclic symmetry.

3.— Canonicalization with respect to the Bianchi symmetry.

4.— Canonicalization with respect to commutation of derivatives.

5.— Use of all possible dimensionally—-dependent identities.

6.— Conversion of invariants into products of two dual invariants (metric-signature dependent).
3. Each Riemann monomial can be represented in one of three forms (examples will be given below):

— As an explicit tensor expression.

— As a permutation of the indices in canonical order.

— As an expressioRInv[metric][case, index] or DualRInv[metric][case, index]
which represents the equivalent canonical monomial after canonicalization with respect to the permutation sy
The integer index identifies each particular invariant in the list of invariants, sorted according to some pi
ordering.

4. Commands are given to change among those three representations, and to simplify the invariants 1
particular level. They are all listed below. Their mutual structure is schematically given by

In[47]:= << Graphics' Arrow
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In[48]:= SetOptions[Arrow, HeadLength - 0.027;

os = 0. 15;

Show[

G aphics|
{Hue[0], Text ["Ri emann", {0, 0}], Text ["Perni, {1, 0}], Text ["Inv", {2, 0}1}1,

Graphi cs[{Text ["R emannToPernt', {0.5, 0.15}], Text ["PernTol nv", {1.5, 0.15}],
Text ["I nvToPerm', {1.5, -0.16}], Text ["PernToRi emann", {0.5, -0.16}]}],

Graphics[{Arrow[{os, 0.1}, {1-o0s, 0.1}]1, Arrow[{l1+o0s, 0.1}, {2-o0s, 0.1}],
Arrow[{l1 -o0s, -0.1}, {os, -0.1}]1, Arrow[{2-0s, -0.1}, {1+o0s, -0.1}1}1,

Graphi cs[{Hue[0.55], Line[{{2+o0s, 0.1}, {2.4, 0.1}, {2.4, -0.1}}1,
Arrow[{2.4, -0.1}, {2+0s, -0.1}], Text ["InvSinplify", {2.4, 0.15}]1}1,

G aphi cs[{Hue[0. 7], Line[{{os, 0.3}, {2.8, 0.3}, {2.8, -0.3}}1,
Arrow[{2.8, -0.3}, {os, -0.3}], Text ["Ri emannSi nplify", {2.2, 0.35}1}1,

Pl ot Range » {{-0.3, 3}, {-0.5, 0.5}}, AspectRati o » Automatic, | nageSi ze » 400]

RiemannSimplify

RiemannToPerm PermTolnv InvSimplify

y

Riemann Perm Inv

- - - B E—
PermToRiemann InvToPerm

A

Qut[50] = = Graphics =

Invar*  currently handles invariants up to and including 12, plus the single case {0, 0, 0, 0, 0, 0, O} of orde|
The full list of cases can be generated with the following command,

In[51]:= I nvarCases|[]

Qut[51]= {{0}, {0,073}, {23}, {(0,0,0 3}, {0,273}, {2,1}, {4}, {0,0,0,0 3, {(0,0,2 3}, {O,1,1 3},
{0,413, (1,31}, (2,2}, {6}, {0,0,0,0,0 3}, {0,0,0,2 3}, {0,0,1,1 1}, {0,0,4 1,
{0,1,3 3}, {0,2,2 }, {1,1,2 }, {0,613}, {1,513, {2,413, (3,3}, {8} {0,0,0,0,0,0 }
{0,0,0,0,2 3}, {0,0,0,1,2 3}, {0,0,0,4 3}, {0,0,1,3 3}, {0,0,2,2 3}, {0,1,1,2 1},
{1,1,1,1 1}, {(0,0,6 3}, {0,1,5 3}, {0,2,4 3}, {1,1,4 }, {0,3,3 1}, {1,2,3 },
{2,2,2 3, {0,8}, (1,7}, {2,613}, {3,5}, {44}, (10}, {0,0,0,0,0,0,0 1}

This function admits two additional arguments. The first specifies the order
In[52]:= InvarCases[8]

Qut[52]= {{0,0,0,0 1}, {0,0,2 3}, {0,1,1 3}, {0,473}, (1,31}, (2,21}, {6}}

and the second specifies the degree
In[53]:= I|nvarCases[8, 3]

Qut[53]= {{0,0,2 3}, {0,1,1 }}
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m 3. Canonical invariants
Rinv Non-dual invariant
DualRInv Dual invariant
Rinvs List of all non—dual invariants after a given step
DualRInvs List of all dual invariants after a given step
MaxIndex Maximum value of the index for the list of non—dual invariant after a given step
MaxDuallndex Maximum value of the index for the list of dual invariants after a given step
RinvRules List of all independent invariants for a given step and case
RemoveRInvRules Remove rules for invariants of a given step and case
Canonical invariants
For a given cas@l, ..., 4,3}, there will beN! different monomials, wherl = 4n +Zi”:1 Aj, as we saw in the previo

section. It is obviously impossible to store them all.

Consider, for example, the numbers of possible permutations taking into acount only algebraic invariants, for wich the nun

indices is N = 4n:

In[54]:= Tabl eForm[Table[{n, (4n)!, N[(4n)!]1},
Tabl eHeadi ngs - {None, {"degree", "nunber of nonom al s"}}]

Qut | 54|/ / Tabl eFor =

degree number of monomials
24
40320

479001600

20922789888000
2432902008176640000
620448401733239439360000

~N o b WNER

304888344611713860501504000000

40320.
4.79002
2.09228

6.20448

We can, however, store the corresponding canonical invariants with respect to permutation symmetries. The numbers of ¢

invariants for each case are stored in the functibedndex andMaxDuallndex

In[55]:= Maxlndex[{0, 2, 2}]

Qut[55] = 1622

©2003-2004 José M. Martin-Garcia



InvarDoc.nb 15

For example, the values up to order 10 are

In[56]:= MatrixForm[
{I nvar Cases[] [[Range[26]]], Maxlndex /el nvarCases[][[Range[26]]1]1} // Transpose]

Qut | 56 // Mat r1 xFor mr

{0} 1
{0, 0} 3
{2} 2
{0,0,0 } 9
{0, 2} 12
(1,1} 12
{4} 12
{0,0,0,0 38
{0,0,2 } 99
{0,1,1 } 125
{0, 4} 126
{1,3} 138
(2,2} 86
{6} 105
{0,0,0,0,0 } 204
{0,0,0,2 } 1020
{0,0,1,1 1749
{0,0,4 } 1473
{0,1,3 } 3099
{0,2,2 } 1622
{1,1,2 } 1617
{0, 6 } 1665
{1,5} 1770
(2,4} 1746
(3,3} 962
{8} 1155
In[57]:= MaxDual | ndex /el nvar Dual Cases[]
Qut[57]1= {1, 4,3, 27, 58, 36, 32, 232, 967, 1047, 876, 920, 478, 435, 2582 }

In[58]:= Array[MaxDual | ndex, {5}]

Qut[58]= {1, 4, 27, 232, 2582 1

Within each case, the canonical invariants are lab@edl)RInv[metric][case, index] , Whereindex is
an integer ranging from 1 fdax(Dual)Index[case] . Non dual invariants are output Rgse inde, Where case, fc
brevity and clarity, is not the ligh;, ..., A5}, butsimply the concatenation of its elemenis\; ...A,. Notice that ther

is no confusion because thgre always single digit integers, except for the case {10}, but even then there is ni
lem, because we always write thein increasing order. Dual invariants are representdd:hy inde-

Examples:

In[59]:= RIinv[metric][{10}, 100] +Rinv[metric][{0, 1, 3}, 1]

Qut[59]= 10100 +1 0131
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I n[60] : Rinv[nmetric][{0, 1, 2}, 12] -Dual Rinv[rmetric][{0, O, 0}, 1]

Qut [ 60]

-Dooo,r + | 01212

As we apply more symmetries, the lists of independent (Dual)RInvs get smaller. We can produce the inc
invariant at each simplification step with the commdbdal)RInvs[metric][step, case] . The first stej
produces a list of lengttaxindex[case]

In[61]:= Rinvs[netric][l, {2, 2}]

Qut [ 61]

{(lo2a1 .1 222, 1 223,01 224,01 225,01 226 ,1 227,11 228, 1 2209, 2210,

I 2211 ,

l2212 , | 2213 , | 2214 , | 2215 , | 2216 | 2217 , | 2218 , | 2210 , | 2220 ;1 2221 ,
I 2222 v | 2223 v 1 2224 , | 2205 , | 2226 , | 2227 v | 2228 , | 2220 , | 2230 , | 22,31 »
2232 , | 2233 , 1 2234 , 1 2235 , | 2236 , | 2237 , | 2238 , | 2230 , | 2240 , | 2241, 1 2242,
12243 | 2244 1 2245 , | 2246 , | 2247 .| 2248 v | 2240 , | 2250 , | 2251 , 1 2252 , 1 2253 ,
Il 2254 , | 2255 , | 2256 , | 2257 , | 2258 , | 2250 , 1 2260 » | 2261 1 2262 1 2263 .1 2264 ,
I 2265 , | 2266 | 2267 1 2268 1 2260 s 1 2270 s | 2271 | 2272 | 2273, | 2274 , | 2275 ,
2276 + | 2277 v | 2278 | 2279 , | 2280 + | 2281 , | 2282 , | 2283 , | 2284 , | 2285 , | 2286 }

In[62]:= Rinv[nmetric][{2}, #] &/@Range[Maxl ndex[{2, 2}]]

Qt[62]= {lo1,1 22,1 23,1 24,1 25,1 26,1 27,1 28,1 29,1 210,1 212,11 212,10 213,1 214,
l215 .1 216 .1 217,01 218, 1 210, 1 220, 1 2210, 1 222, 1 223,11 224, 225 ,1 226,
l227 1 208, 1 220, 1 230, 1 231, 1 232, 233 ,1 234, 235 ,1 236 , | 237, 238,
l239 .1 240 1 24141 242, 1 243, 1 244 .1 245 1 246 ,| 247 , | 248, 240, 250,
l251,1 252, 1 253, 1 254 ,1 285 ,1 256 ,1 257 , | 258, 1 250 ,1 260, 1 261, 262,
263, 1 264 1 265,101 266 .1 267 .1 268,11 2601 270, 1 270,10 272, | 273, | 274,
lo7s .1 276 .1 277 .1 278, 1 279 , 1 280, | 281, 1 282 .1 283, 1 284 ,1 285, 2386 }

After applying the cyclic identity we get

In[63]:= RIinvs[netric][2, {2, 2}]
Reading InvRules for step 2 and case (2,2}

Qut[63]= {l221,1 222,01 223,01 224,01 225,101 226,101 227,101 228, 1 220, 1 2210 , | 2211 , | 2212 , | 2213 ,
2214 , 1 2215 , | 2216 , | 2217 , | 2218 , | 2210 , | 2220 ;1 2221 , 1 2222 , 1 2223, 1 2224 ,1 2226
2227 v | 2228 v 1 2220 , | 2231, | 2232 , | 2234 , 1 2235 , | 2236 , | 2237 , | 2238 , | 2230 , | 2240 ,
I 2241 , | 2244 , 1 2046 .1 2048 .1 2250 , | 2252 , 1 2254 .1 2285 , | 2256 , | 2257 .| 2258 ,
I 2250 , | 2267 .| 2268 | 2260 | 2273 s | 2274 , | 2275 , | 2276 + | 2277 , | 2278 , | 2285 }

After the Bianchi identity

In[64]:= RIinvs[netric][3, {2, 2}]
Reading InvRules for step 3 and case (2,2}

Qut[64]= {l221,1 222,11 223,01 224,101 226, 228 ,1 2210 , | 2215 , | 2206 , | 2217 , | 2218 , | 22,19 ,

l2220 | 2220 v 1 2222 , | 2227 , | 2234 .1 2238 | 2244 , | 2267 | 2273, | 2274 , | 2277 }

After reordering derivatives
In[65]:= Rinvs[netric][4, {2, 2}]
Reading InvRules for step 4 and case (2,2}

Qut [ 65]

{(l221, 1 223, 1 228, 1 2217 1 2219, | 2222 , | 2273 }
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After the dimensionally dependent identities
In[66]:= RInvs[netric][5, {2, 2}]

Reading InvRules for step 5, case {2,2 } and dimension 4

Qut[66]= {l221,1 223,11 228, 1 2217, 1 2209 , | 2222 , | 2273 }

In this case there are no signature dependent relations (= relations arising from products of dual invariants)
In[67]:= RIinvs[netric][6, {2, 2}]

Reading InvRules for step 6, case {2,2 } and dimension 4

Qut[67]= {l221,1 223,11 228, 1 2217, 1 2209 , | 2222 , | 2273 }

The following table reproduces the one in the paper listing the numbers of invariants after each step for all cases up to orc

In[68]:= Tabl e[Length[RI nvs[step, | nvarCases[][[case]]]], {step, 6}, {case, 26}];

Reading InvRules for step 2 and case {0}

Reading InvRules for step 2 and case {0,0 }
Reading InvRules for step 2 and case {2}

Reading InvRules for step 2 and case (0,2}
Reading InvRules for step 2 and case (1,1}
Reading InvRules for step 2 and case {4}

Reading InvRules for step 2 and case {0,0,0,0
Reading InvRules for step 2 and case {0,0,2 }
Reading InvRules for step 2 and case {0,1,1 }
Reading InvRules for step 2 and case (1,3}
Reading InvRules for step 2 and case {6}

Reading InvRules for step 2 and case {0,0,0,0,0 }
Reading InvRules for step 2 and case {0,0,0,2
Reading InvRules for step 2 and case {(0,0,1,1
Reading InvRules for step 2 and case {0,0,4 }
Reading InvRules for step 2 and case {0,1,3 }
Reading InvRules for step 2 and case {0,2,2 }
Reading InvRules for step 2 and case (1,1, 2 }
Reading InvRules for step 2 and case {0, 6 }
Reading InvRules for step 2 and case (1,5}
Reading InvRules for step 2 and case (2,4}
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Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading

Reading

InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules
InvRules

InvRules

for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for
for

for

step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step
step

step

A A A b b B b D DA O OWWOWWW W W W W W W W W W WW W W W W W WNNDN

and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and

and

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

{3,3}

{8}

{0}

{0,0}

{2}

{0, 2}
{1L,1}

{4}
{0,0,0,0 1}
{0,0,2 }
{0,1,1 }
{1,3}

{6}
{0,0,0,0,0
{0,0,0,2 }
{0,0,1,1
{0,0,4 }
{0, 1,3 }
{0,2,2 }
{1,1,2 }
{0, 6}
{15}
{2,4}
{3,3}

{8}

{0}

{0,0}

{2}

{0, 2}
{1L,1}

{4}
{0,0,0,0 1}
{0,0,2 }
{0,1,1 }

}
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Reading InvRules for step 4 and case (1,3}

Reading InvRules for step 4 and case {6}

Reading InvRules for step 4 and case {0,0,0,0,0 }
Reading InvRules for step 4 and case {0,0,0,2 }

Reading InvRules for step 4 and case {0,0,1,1

Reading InvRules for step 4 and case {0,0,4

Reading InvRules for step 4 and case {0,1,3 }

Reading InvRules for step 4 and case {0,2,2 3}

Reading InvRules for step 4 and case (1,1,2 3

Reading InvRules for step 4 and case {0,6 }

Reading InvRules for step 4 and case (1,5}

Reading InvRules for step 4 and case (2,4}

Reading InvRules for step 4 and case (3,31}

Reading InvRules for step 4 and case {8}

Reading InvRules for step 5, case {0} and dimension 4
Reading InvRules for step 5, case {0, 0 } and dimension 4
Reading InvRules for step 5, case {2} and dimension 4
Reading InvRules for step 5, case {0, 2 } and dimension 4
Reading InvRules for step 5, case {1,1 } and dimension 4
Reading InvRules for step 5, case {4} and dimension 4
Reading InvRules for step 5, case {1, 3 } and dimension 4
Reading InvRules for step 5, case {6} and dimension 4
Reading InvRules for step 5, case {0,0,0,0,0 1} and dimension 4
Reading InvRules for step 5, case {0,0,0,2 1} and dimension 4
Reading InvRules for step 5, case {0,0,1,1 1} and dimension 4
Reading InvRules for step 5, case {0,0,4 } and dimension 4
Reading InvRules for step 5, case {0,1,3 } and dimension 4
Reading InvRules for step 5, case {0,2,2 } and dimension 4
Reading InvRules for step 5, case {1,1,2 } and dimension 4
Reading InvRules for step 5, case {0, 6 } and dimension 4
Reading InvRules for step 5, case {1,5 } and dimension 4
Reading InvRules for step 5, case {2,4 } and dimension 4
Reading InvRules for step 5, case {3,3 } and dimension 4
Reading InvRules for step 5, case {8} and dimension 4
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Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading

InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for
InvRules for

InvRules for

step

step

step

step

step

step

step

step

step

step

step

step

step

step

o O O O O O O O O o o o o o o

step

case

case

case

case

case

case

case

case

case

case

case

case

case

case

case

{4} and dimension 4

{1, 3 } and dimension 4

{6} and dimension 4

{0,0,0,0,0 1} and dimension 4

{0,0,0, 2
{0,0,1,1
{0,0,4 )
{0,1,3 }
{0,2,2 }
{1,1,2 }

} and dimension 4
} and dimension 4
and dimension 4
and dimension 4
and dimension 4

and dimension 4

{0, 6 } and dimension 4

{1,5 } and dimension 4

{2,4 } and dimension 4

{3,3 } and dimension 4

{8} and dimension 4

In[69]:= Transpose[Join[{l nvarCases[][[Range[26]111}, %41 // Matri xForm

Qut | 6Y|// Mat r 1 XFor me

{0}
{0,0}
{2}
{0,0,0 }
{0,2}

125
126
138
86
105
,0 3} 204
} 1020
} 1749
1473
3099
1622
1617
1665
1770
1746
962
1155

313
564
648
1387
727
741
1025
1115
1093
612
945

175
194
361
442
244
143
570
362
356
211
525

194

APRr MO WOWERERNPR
WErDNOWWERLNPR
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The simplified notatiorRInvs[metric][step, n]
0}] , for backwards compatibility with Invar 1. For instance, these are all the algebraic invariants after step 3 with degree
{0,0,0,0,0,0}).

R nvs[netric][3, 6]

In[70]:

Qut [ 70]

Similar shorthands are available for other commands,

In[71] :
Qut [ 71]
In[72]:

Qut[72]

is automatically translated inRInvs[metric][step, {0,

Reading InvRules for step 2 and case {0,0,0,0,0,0 1
Reading InvRules for step 3 and case {0,0,0,0,0,0 1
{1 000000,1 » | 0000002 » | 0000003 ;| 0000004 » | 000000,6 » | 0000008 » | 0000009 s | 00000011 » | 00000013
I 000000,24 » | 000000,16 ,» | 000000,17 » | 00000018 » | 000000,10 + | 00000022 » | 00000023 | 00000025
I 000000,27 » | 00000032 » | 000000,34 » | 00000036 » | 000000,38 » | 00000040 » | 000000,45 » | 00000047
I 00000049 » | 00000050 » | 00000052 » | 00000057 » | 00000060 » | 00000065 » | 00000066 » | 000000,69 -
I 000000,71 » | 000000,74 , | 000000,76 » | 000000,77 » | 00000084 » | 00000086 » | 00000087 » | 00000088
I 000000,91 » | 000000,94 » | 00000095 » | 000000,97 » | 000000,201 + | 000000,203 + | 000000208 + | 000000,110
| 000000,112 » | 000000,114 » | 000000,117 » | 000000119 , | 000000136 , | ©000000,240 » | 000000,143 » | 00000D,147
I 000000,149 » | 000000,151 » | 000000256 » | 000000165 , | 000000,167 » | ©000000,274 » | 000000,176 . | 000000,178
I 000000,280 » | 000000,83 » | 000000,287 » | 000000,189 . | 000000,291 . | 000000,296 , | 000000,208 , | 000000,213
I 000000,216 » | 000000,221 » | 000000223 , | 000000,229 , | 000000231 » | 000000,233 » | ©000000,235
I 000000,240 » | 000000,242 » | 000000,244 , | 000000,245 , | 000000,247 , | 000000252 , | 000000,255
I 000000,260 » | 000000,261 » | 000000,264 , | 000000,266 , | 000000,268 ,» | 000000270 , | 000000275
| 000000,292 » | 000000,206 » | 000000208 , | 000000,304 , | 000000300 + | 000000,312 » | 000000,331
I 000000,334 » | 000000,342 » | 000000,344 , | 000000,346 » | 000000,348 , | 000000,349 , | 000000,353
| 000000,359 » | 000000,362 » | 000000372 | 000000,374 , | 000000379 » | ©000000,381 » | 000000383 » | 000000,385
I 000000,393 » | 000000,395 » | 000000400 » | 000000,402 » | 000000,404 , | 000000406 , | 000000409
| 000000,411 » | 000000428 ;| 000000432 . | 000000435 ., | 000000439 » | 000000441 » | 000000,443
I 000000,448 » | 000000457 » | 000000459 | 000000,464 , | 000000,466 » | 000000468 , | 000000470
I 000000,474 » | 000000478 » | 000000480 , | 000000,484 , | 000000,492 , | 000000,497 , | 000000499
I 000000,503 » | 000000,505 » | 000000510 » | 000000533 | 000000535 » | 000000539 » | 00OOOD544
I 000000,561 » | 000000,569 » | 000000,625 » | 000000,627 » | 000000,629 » | 000000,633 , | 000000,650
I 000000,655 » | 000000,658 » | 000000665 » | 000000,670 » | 000000,672 » | 000000,701 » | ©000000,703
I 000000,708 » | 000000,722 » | 000000,724 , | 000000,726 . | 000000,729 . | 000000725 , | 000000732
I 000000,738 » | 000000,740 » | 000000,742 » | 000000,749 . | 000000,751 , | 000000,754 , | 000000765
| 000000,767 » | 000000,772 » | 000000782 » | 000000,791 , | 000000,797 » | ©000000,802 » | 000000828
I 000000,829 » | 000000,839 » | 000000,864 , | 000000,869 . | 000000,898 » | 000000,928 , | 000000,930
| 000000,935 » | 000000,937 » | 000000930 | 000000,941 , | 000000,944 , | ©000000,946 » | 000000,963 -
I 000000,967 » | 000000,970 » | 000000,974 , | 000000,976 , | 000000,978 ,» | 000000,983 , | 000000,993 ,
| 000000,998 » | 000000,2001 » | 000000,2003 » | 000000,2006 . | 000000,1009 , | 000000,2011 » | 000000,1015
I 000000,2023 » | 000000,2028 + | 000000,2030 » | 000000,2045 » | 0000001048 » | 000000,1053 » | 0000001058
I 000000,2068 » | 000000,2073 » | 000000,2076 » | 000000,2081 » | ©000000,1083 » | 0000001131 , | 0000001142 ,
I 000000,1146 » | 0000001148 , | 000000,1153 , | 0000002158 » | 000000,1161 » | 0000001179 | 0000001182
I 000000,1290 + | 000000,1292 » | 0000001194 » | 000000,12201 » | ©000000,1203 » | 000000,1204 , | 0000001213 ,
I 000000,1219 » | 000000,1221 , | 000000,1223 , | 000000,2478 , | 000000,1480 , | 0000002482 . | 0000001486
I 000000,1488 » | 000000,1502 » | 000000,1504 » | 000000,1508 » | ©000000,1510 » | 0000001519 » | 0000001523 ,
I 000000,1530 » | 000000,1541 » | 0000001542 » | 000000,1548 » | 0000001561 » | 0000001563 » | 0000001572 ,
I 000000,1576 » | 0000001577 » | 000000,1579 , | ©000000,1582 . | 000000,1586 » | 00000O,1588 , | 0000001506 }

{MaxI| ndex[71,

(16532, 16532

Rinv[nmetric]

I 0000,1

}

(4, 1]

sudiadedex or RInv
Max| ndex[{O, 0, O, O, O, O, 0}1}

n
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In[73]:=

Dual Rl nvs[2, 4]

Reading DuallnvRules for step 2 and case

Qut[ 73] =

{0,0,0,0

{Doo0o,2 » D oooo,7 » D oooo,10 » D 000o,23 » D 0000,17 » D 0ooo,18 » D 000023 » D oooo,26

Do000,27 » D 0000,20 » D 0000,35 » D 0000,38 » D 0000,43 » D 0000,44 » D oooo,51 + D oooo,e0 -
Doooo,68 » D 0000,70 » D 0o0o,80 » D 0000,82 » D oooo,8s » D 0000,94 » D oooo,gs » D oooo,100 »

Doo0o,113

D 0000,116 » D 0000,221 » D 000o,122 » D 0000,127 » D 0000,128 » D 0000,131 » D 0000,138

Doooo,145 » D 0000,148 » D 0000,149 » D 0000201 » D 0000,202 » D 0000,210 » D 0000,215 » D oooo,227 }

If we restrict ourselves to algebraic invariants we can give a basis of only 25 invariants (notice that there is no

dual invariants)

In[74]:= Flatten[Join[Rinvs[netric][6, #] &/@Range[7], Dual Rinvs[netric][5, #] &/@Range[5]]1]
Reading InvRules for step 4 and case {0,0,0,0,0,0 }
Reading InvRules for step 5, case {0,0,0,0,0,0 } and dimension 4
Reading InvRules for step 6, case {0,0,0,0,0,0 } and dimension 4
Reading InvRules for step 2 and case {0,0,0,0,0,0,0 }
Reading InvRules for step 3 and case {0,0,0,0,0,0,0 }
Reading InvRules for step 4 and case {0,0,0,0,0,0,0 }
Reading InvRules for step 5, case {0,0,0,0,0,0,0 } and dimension 4
Reading InvRules for step 6, case {0,0,0,0,0,0,0 } and dimension 4
Reading DuallnvRules for step 2 and case {0}
Reading DuallnvRules for step 3 and case {0}
Reading DuallnvRules for step 4 and case {0}
Reading DuallnvRules for step 5 and case {0}
Reading DuallnvRules for step 2 and case {0,0,0 }
Reading DuallnvRules for step 3 and case {0,0,0 }
Reading DuallnvRules for step 4 and case {0,0,0 }
Reading DuallnvRules for step 5 and case {0,0,0 }
Reading DuallnvRules for step 3 and case {0,0,0,0
Reading DuallnvRules for step 4 and case {0,0,0,0
Reading DuallnvRules for step 5 and case {0,0,0,0
Qt[74]= {lo1,! 001! 002! 0001 s ! 0002 s 0005 s ! 00001 s | 00005 s | 00007 » | 000002 s
I 000008 » | 0000033 s | 0000006 s | 0000008 ;| 00000047 + | 000000242 , | 000000014
I 000000055 5 | 0000000,391 s Doo,2 » Dooo2 » Doooa3 s Doooo7 » Doooooz » Dooooo7e }
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In[75]:= Transpose[{% |InvToR emann[% Fal se]}] // Tabl eForm

Reading InvRules for step 1 and case {0,0,0,0,0 }
Reading InvRules for step 1 and case {0,0,0,0,0,0 1
Reading InvRules for step 1 and case {0,0,0,0,0,0,0 }
Reading DuallnvRules for step 1 and case {0,0,0 }
Reading DuallnvRules for step 1 and case {0,0,0,0 }
Qut| /5] // labl eFor me

l o1 Scalar [Reb,, ]

| 00,1 Scalar [R®,C R ]

I 00,2 Scalar [Rypeg R ]

I 0001 Scalar [R.° R%® R'es ]

I 0002 Scalar [R.° RI:° Ryfer ]

I 0005 Scalar [Ry,® R Ryger ]

I 0000,1 Scalar [R®¢ R%® R/ RNy ]

| 0000,5 Scalar [Re®,° R R.% Ry"gn ]

I 0000.7 Scalar [R¢ R Ry'd Ry, ]

I 00000,2 Scalar [RP° R4 Ry’ RNy jo i ]

| 000008 Scalar [RP° R4 R'& RN Ry ]

| 0000033 Scalar [RePS R4 R/ R gh Rfjij ]

| 000000,6 Scalar [RP R4 R RM RN Ry

| 000000,8 Scalar [R®,° R,9.® Ry'd RN jojk Rl |

| 000000,47 Scalar [R®,° R4 Rf# R RS Rl ]

| 000000,242 Scalar [Reb R4 R/ R/ gh R Rl ]

| 000000014 Scalar [R®,C R RfJ RfYy thjk R'™ Rmn]

| 0000000,55 Scalar [R®° R%4® R'1? Ry R RT Rl

| 0000000,391 Scalar [RP° R,%.° Ry R gh R RY™ R ]

Doo 2 Scalar [ecger Rap® R ]

Dooo,2 Scalar [ecem REPS Ry%’ Ry%" ]

Dooo,13 Scalar [eergn Rap® R Ry ]

Doooo,7 Scalar [eqgy RS R Ry Ry

Dboooo,2 Scalar [egy RS RyI4e R R Rk ]

Dooooo, 76 Scalar [egy RS R4:e Rid R™ RX ]

m 4. Inv —> Permutation —> Riemann
InvToPerm Conversion form invariants (RInv) to permutations (RPerm)

PermToRiemann
InvToRiemann

Conversion from permutations (RPerm) to Riemann tensor expressions
Direct conversion from invariants (RInv) to Riemann tensor expressions

From invariants to Riemann expressions.
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4.1. InvToPerm

Given an invariant, it is possible to know the permutation it representslasiigPerm . The result is returned usil

the headRPerm, which stands for permutation of Riemann invariant.

This is a typical example of a canonical invariant:

In[76]:= rinv=7RInv[netric][{0, 4}, 100]

Qut[76]= 71 04100

In[77]:= dualrinv=3Dual Rinv[netric][{0, 0, 2}, 1]

Qut [77] = 3 Doo2,1

And this is the permutation it represents. It is given in cyclic form. The first list identifies the case and whether it contains &

({case, 1}) or not ({case, 0})

In[78]:= rperm=I1nvToPerm[rinv]

Qut[78]= 7RPerm[metric ][{{0,4 },0},Cycles [{2,3,5 }, {4,7,9,10,6 }, {8,11 }]]

In[79]: = dperm= | nvToPer m[dual ri nv]

Reading DuallnvRules for step 1 and case {0,0,2 }

Qut[79]= 3 RPerm[metric ][{{0,0,2 },1},
Cycles [{2,3 3}, (4,5}, {6,7,8,9 1}, {10,171, 12,13, 15 }, {14,17,16 }]]

The command also works with polynomials, giving one RPerm for each monomial

In[80]:= I nvToPerm[rinv +dual rinv]

Qut[80]= 7 RPerm[metric ][{{0,4 },0
3 RPerm[metric ]1[{{0, 0,
5

Cycles [{2,3,5 }, {4,7,9,10,6 1}, {8,11 }]7] +
{ 1
Cycles [{2,3 }, {4,

}s
3,13,
}, {6,7,8,9 1}, {10,11, 12,13, 15 }, {14,17,16 1}]]

4.2. PermToRiemann

Any permutation ofN indices can be converted into a Riemann monomial of the appropiate case with the
PermToRiemann. There is a second argument to specify whether we want the contracted Riemann tens

automatically transformed into Ricci or not.

The default value of the argument for conversion into Ricci is stored in the global variable

In[81]:= $CurvatureRel ati ons

Qut[81] = False

In[82]:= rinv2 = Rinv[nmetric][{0, 0}, 1]

Qut[82] = | 00,1
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In[83]:= rpern2 =1 nvToPer mri nv2]

Qut[83]= RPerm[metric ][{{0,0 },01},Cycles [{2,3}, {457}, (6,7 }]]

If we set that variable to True, we get a product of Ricci tensors:

In[84]:= PernmloR emann[rpern?, True]

Qut[84] = Scalar [Ry, R?]

If we set that argument to False or use the default, no Riccis appear

In[85]:= PernToRi emann([rpern?, Fal se]

Qut[85]= Scalar [RS R9y ]
In[86]:= PernToRi emann[rpernk]

Qut[86] = Scalar [R®° R ]

4.3. InvToRiemann

There is a simple function which combines the action of the previous two. It also has a second argument:

In a single line:

In[87]:= InvToRi emann[RInv[nmetric][{0, 0, 0, O, O, O, 0}, 1000]]

Qut[87]= Scalar [R®, R™ Ryg™ Reg! R’ Rilm Rk |

It is possible to give a list of invariants:

In[88]:= RInvs[netric][5, {0, 0, 2}]
Qut[88]= {looz1 ! 0022+ 0025 1 0026 + ! 0027 , | 0028 » | 00214 » | 00241 , | 00252 » | 00255 }

In[89]:= Map[l nvToR emann, %

out[89]= (Scalar [R®S R%® RYce 1, Scalar [RP° R4 RMe®y 1,
Scalar [RP,C R RYger 1, Scalar [RPS RS R9qcr 1,
Scalar [Rabac Rbdce Fgg fg;d;e 1, Scalar [Rabac Rbdce F"dfef;g o] 1, Scalar [Rabac Rdef cheg;d;f I,
Scalar [Rabac Rdefg Rbdcf;e;g ]v Scalar [Rabef Rade cheg;d;f ]‘ Scalar [Raecf Rade Rbgdg;e;f ]}
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In[90]:= Transpose[{%4 %] // Tabl eForm

Qut | 90| // Tabl eFor me

I 002,1 Scalar [Re0C Rbdde = fgce ]
I 002,2 Scalar [Re0,C e R'er%y |
I 0025 Scalar [Reb. ¢ Rdedf Ro%oges ]
| 002,6 Scalar [RC Reef Rqcr ]
I 002,7 Scalar [ReP.S R4.¢ RYyqe |
I 0028 Scalar [REP.S R4.® Ry o9
| 002,14 Scalar [R.C R% Ry g
I 002,41 Scalar [Reb,c Rdefo Rbdcfeg ]
I 002,52 Scalar [Ryp® REPd R0 g ]
I 002,55 Scalar [R.%." Rebd R%y oc ]

With contracted Riemanns substituted by Riccis,

In[91]:= RInvs[netric][5, {0, 0, 2}]
Qut[91]= {looz1 .| 0022 , | 0025 , | 0026 » ! 0027 | 0028 » | 00214 » | 00241 , | 00252 » | 00255 }
In[92]:= Map[lnvToR emann[#, True] & %

Qut[92]= {-Scalar [R, R2 R, ], -Scalar [Ry, R RC®,
Scalar [Rfy Ry R? ¥, ], Scalar [Rey R, R b ], Scalar (R RS Re g 1,
Scalar [Rba Rade Rcd;e e ¥ Scalar Rea Rade Rec;b;d 1s Scalar [Ref Rabcd Rfaec;b;d I,
Scalar [Ryp® R Ry 1, Scalar [RS" R Ryger 1}

In[93]:= Transpose[{%4 %] // Tabl eForm

Qut | 93|/ / Tabl eFor me

| 0021 -Scalar [RP, R® Ry ]

| 0022 ~Scalar [Ry, R& R¢P, ]

| 0025 Scalar [Re4 R, RPd. ]

| 002,6 Scalar [Rey Rye RY4P., ]

| 002,7 Scalar [R® RS9 R 4 ]

I 002,8 Scalar [R? R,%% Ry e ]

| 002,14 Scalar [R.? R Recpqy ]

| 002,41 Scalar [Ry Rebcd Rie 4 ]
I 002,52 Scalar [R,,®" Rebed Rc df ]
I 002,55 Scalar [R,%" R Ry ]

©2003-2004 José M. Martin-Garcia



InvarDoc.nb 27

Note that we have got a minus sign. This is because the invariants are sorted with respect to their Riemann-only express

m 5. Riemann —> Permutation —> Inv

RiemannToPerm Conversion from Riemann tensor expressions into permutations (RPerm)
PermTolnv Strong Conversion from permutations (RPerm) into invariants (RInv)
RiemannTolnv Direct conversion from Riemann tensor expressions into invariants (RInv)

From Riemann expressions to invariants.

5.1. RiemannToPerm

The functionRiemannToPerm converts all Riemann scalars of a given metric (or list of metrics) into their car
permutations:

Suppose we start from this simple expression:

In[94]:= rexpr = R emannCD[a, b, ¢, d] R emannCD[-a, -b, -c, -d] +
6 R emannCD[e, f, -c, -d] Rl emannCD[-a, -b, -e, -f]epsilonnmetricla, b, c, d]

Qt[94] = Rypgg R +6 e Rypr R g

Then we can transform all terms into theanonicalpermutations,
In[95]:= rperm= R emannToPer m[r expr ]

11+

Qut[95]= RPerm[metric ][{{0,0 },0 1}, Cycles [{2,3,5 }, {4,7,6 }
} 7,9,6 }, {8,11,10 }]]

6 RPerm[metric ]1[{{0,0 },1 1}, Cycles [{2,3,5 }, {4,

that is, not the permutations which would regenerate the previous objects:

In[96]: = PernToR emann[r per m]

Qut[96] = Scalar [Ryeq R ] + 6 Scalar [egger Ryp® R ]

5.2. PermTolnv

This function uses the stored tables of results to identify the index corresponding to a given canonical permutat

Example:
In[97]:= Permlol nv[rperm]
Qut[97]= 6Doo2 + 1002
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This function only works with canonical permutations:
In[98]:= I nvToPerm[Rinv[netric][{0, 2}, 3]1]

Qut[98]= RPerm[metric ][{{0,2 },01},Cycles [{2,3}, {45}, {6,7,89 1]]

In[99]: Per mlol nv [%4

Qut [ 99]

I 02,3

We rewrite the cycles in a different form

I'n] 100| : =
RPerm[netric][{{0, 2}, 0}, Cycles[{3, 2}, {4, 5}, {6, 7, 8, 9}11]

Qut | 100| =
RPerm[metric ][{{0,2 },0 },Cycles [{3,2}, {4,571}, {6,7,8,9 }1]

but now PermTolnv does not work, because the new permutation is not canonical

In| 101]: =
Per mTol nv [%4

Qut| 101] =
Cycles [{3,2 3}, {45}, {6,7,8,9 1}]

5.3. RiemannTolnv

Combined function:

Simple example:

In| 102 : =
Ri emannTol nv [rexpr ]

Qut] 102] =
6 Doo2 + 002

m 6. Simplification

6.1. InvSimplify

Once we have converted any Riemann expression into invariants with Reads and DualRInv , then we cal
"simplify” the expression by using the multiterm symmetries described above (steps 2, 3 and 4 of the sim|
process). We use quotes because in many cases a single monomial is expanded into a large polynomial, i
form in the basis we have chosen, and this can be hardly called simplification. However, if an expression is eq
zero, the function InvSimplify will find it.
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Example:

In| 103|: =
rinv=Rnv[netric][{O, O, O, O, 0}, 100]

Qut| 103] =
| 00000,100

At level 1 nothing happens:

In| 104 : =
InvSimplify[rinv, 1]

Qut| 104| =
I 00000,100

At level 2 the cyclic identity is used. Note that the degree does not change, but the indexes of the invariants decrease:

In|105]: =
InvSimplify[rinv, 2]

Qut| 105] =
-1 00000,97 + | 00000,99

We skip levels 3 and 4 becasue there are no derivatives in this example. At level 5 we use dimensionally dependent ident
dimension 4:

I'n| 106] : =
InvSimplify[rinv, 5] // Expand
Qut | 106] =
_%+E|3 I _ 1y 12, - -+ 13| 2 | I ~ 1y 139, +
9 o5 |01 loox — g lor 1601 — qg5 101 ooz + 55 lo1 loor Tooz — g7 Tox 1oz
Elgl looor + loo1 looo1 . loo2 looos +l|%1 looos - looa looo2  looz o002
3> ' 6 6 4 % ' 2 8
12 3lo1 looooa o1 loooos  3lo1 Iooooz o1 loooo21
35 101 looos + 5 ) 7 + 37 + 1 00000,2
At level 6 we use signature dependent identities expreBsimg{0,0,0,0}, 21] in terms ofDualRInv[{0,0}, 2]
squared:
In 107]: =
InvSimplify[rinv, 6] // Expand
Qut] 107] =
1 4913 91 3 1
~517 Doz 101 - —ggg + gg 81 Toos ~gg lox Thoa g 18a Teoz <
% lox loox looz - % lox 120, % 12, loos + | 00,1 éooo,l . | 00,2 6|3000,1
l 001 | o002 I 002 | 0002 1,2, 11101 00001 loa looo7
5 _ 8 — W 0.1 0005 + ) - ) + 1.00000,2

Another example, with derivatives and involving dual relations
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In| 108 : =
diffrinv=Rinv[metric][{0, 0, 1, 1}, 800]

Qut| 108| =
I 0011,800

Inl 109 : =
InvSinplify[diffrinv, 2]

Qut| 109] =
1 o011,703
2

In|110]: =
InvSinmplify[diffrinv, 3]

Qut| 110] =
_looi,3e8 10011369
2 2

Inl111]: =
InvSinplify[diffrinv, 4]

Qut|111] =
_looi13es . Ioo011,360
2 2

Inl112]: =
InvSimplify[diffrinv, 5]

Qut| 112] =
~3 2 114 + 3loog lasr  loop lu1a | 3 > l 114 - 3loo1 11 ooz l114
32 ot it 8 32 g ot i 2 8
32, s 3loog 115 loo2z lus lo1 o111 loa lou2 lo1 lo1s
g 01 ' 2 8 8 2 2
| | lo1 low9 | | lo1 o111 | 0011,1 | |
01 loug - —==———-lo1 lowio - 5 +—z— *loourz +loows +
21 | 21 | looizs | 21
oo11,00 ~loo111 -2l o01112 ~loo1as - ——=— -lootr2a ~loor2s -21 01102 +
| 011,125 | 0011,362 | 0011,367 | 0011,368
l 011,43 + 21 0011,44 +lo011,50 + : + : -l oo11,363 + : - :
2 2 2 2
Inl113]: =

InvSimplify[diffrinv, 6]

Qut| 113] =

1 |
16 Doo2 D111 - 0()1;&

Simplification of a dual invariant

In[114]: =
dualrinv =Dual Rinv[metric][{1, 3}, 3]

Qut| 114 =
D133

©2003-2004 José M. Martin-Garcia



InvarDoc.nb 31

Inl115]: =
InvSi nplify[dual rinv, 2]
Reading DuallnvRules for step 2 and case {1,3}
Qut | 115| =
Dis3
Inl 116]: =
InvSi nplify[dual rinv, 3]
Reading DuallnvRules for step 3 and case {1,3}
Qut | 116| =
D131
2
Inl11/]:=

I nvSi nplify[dual rinv, 4]
Reading DuallnvRules for step 4 and case {1, 3}
Qut]11/]=
0

By default, InvSimplify applies the first 6 steps. This behaviour can be changed with the following global variabl

In|118]: =
$InvSimpl i fyLevel =5

Qut| 118] =
5

In| 119 : =
InvSi mplify[rinv]

it | 119 =
111 8’1 79 |3 1 2 1 3 5 1 2
_T+WIO'1 I 00,1 —glo,l I G501 _Wlo,l I 00,2 +§|0,1 00,1 | 002 —H|o,1 I Go2 +
Elgl loool + loo1 looo1 . loo2 looos +l|%1 L ooos — looa looo2  looz o002
3> ' 6 6 4 % ' 2 8
12 looos + 3lo1 loooor  To1 looos — 3los looo7 , loa loooor 000002
32 ot , 2 8 4 32 ,
I'nl 120]: =
$InvSinmplifyLevel =2
Qut| 120] =
2
In121]:=

InvSimplify[rinv]

Qut] 121 =
-1 0000097 + | 00000,99
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We return to the default value

In|122|:=
$InvSinmplifylLevel =6

Qut| 122] =
6

Covariant derivatives commute when acting on scalars, which would in principle give an extra permutation s
This symmetry is, however, not applied at step 1, but at step 4, along with the general rules for reordering of d
For example, the following two invariants are obviously equal

Inl123]: =
InvToR emann[RInv[netric][{4}, 2]]

Reading InvRules for step 1 and case (41
Qut | 123| =

Scalar [R®,° 9y ]

In|124]: =
I nvToR emann[RInv[rmetric][{4}, 3]]

Qut | 124] =
Scalar [R®,¢ 9y ]

Nevertheless, they are considered different objects until step 4

In|125]: =
InvSinmplify[Rinv[metric][{4}, 2] -Rinv[metric][{4}, 3], 3]

Qut] 125| =
la2 —lags

In| 126]: =
InvSinmplify[Rinv[metric][{4}, 2] -Rinv[nmetric][{4}, 3], 4]

Qut| 126] =
0

6.2. RiemannSimplify

This function combines most of the functionalitiedmmfar’  and it is certainly the most important tool for the u
EssentiallyRiemannSimplify  is equivalent to the process:

rexpr —> RiemannTolnv) —> rinv —> (nvSimplify) —> canon rinv —>I[vToRiemann) —> canon rexpr
This means that RiemannSimplify requires three additional arguments:

— a metric for RiemannTolnv

- a simplification level foinvSimplify

- the curvature-relations switch to Ricci.

All three of them have default values, so that the function can be used with a single argument.
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Example:

In|127|:=
rexpr = RandonRi emannhbnomi al [{0, 2, 2}]

Qut] 127] =
Scalar [RP s RO €, Ry 2c ]

In|128] : =
Ri emannSi npl i fy[%

Qut| 128 =
0
In|129]: =
?Ri emannSi nplify
RiemannSimplify ~ [expr, level, cr, g ] simplifies the Riemann scalars
of metric g using relations up to the given level (see usage
message for InvSimplify ). With cr =True contracted Riemann tensors
are replaced by Ricci tensors. If g is a list of metrics then
the command is folded over the list. RiemannSimplify [expr ] uses

the defaults $InvSimplifyLevel, $CurvatureRelations and $Metrics,
respectively. See usage messages for those global variables.

ok 150}]?i;rmnn8i mpl i fy [RandonRi emannMonomi al [{6}], 4, True, netric]
Reading InvRules for step 1 and case {6}
Reading InvRules for step 1 and case {1, 3}
Reading InvRules for step 1 and case (2,2}

Qut| 130] =
~4 Scalar [R? Ry, R, R%,% ] - 5Scalar [R? Ry R,°% Ry ]
4 Scalar [R? Ry R, Rf4 ] +Scalar [R? R, R,%" Ry ]
4 Scalar [R? Ry RS RS 1+ % Scalar [R,, R®® @, ] +6Scalar [Ry R, R, ] -
5Scalar [Rg Ry RP 4, ] +4Scalar [R® P, Ry?]+12Scalar [Rg RP, R ] +

Scalar [RP? R, Ry ] +Scalar [R, R, Ry ] + % Scalar [RP® R, Ry ] +

+
+

6 Scalar [R, R® R™P, ]+ % Scalar [R® R, ™, ] -Scalar [Rgq R®2 ®, ]+
4Scalar [Ry Rpy R%P | - 2Scalar [Ry Ry, R% ] -5Scalar [R, , Rg®™® ]+

8 Scalar [RI;° ., Rg? ™ ] +Scalar [R,p R*® ] +2Scalar [R®P Ry° . ]+
% Scalar [R® ;... ] +Scalar [Rye Rocp RE29C ] -9 Scalar [Rye Ry RS | -

Scalar [Ry., Ry ] -8Scalar [R*Y R, Ryeq ] - % Scalar [R® R, Ry ] -
3Scalar [R? R Re g ] +Scalar [R? RS R, 4 ] -Scalar [R?2. Rydy ]+

6 Scalar [R*® Ry, 4y ] -6Scalar [R& Ry 4y ] -4Scalar [R?* RS Ryg®e ] -
Scalar [RE* Ry % ] -4Scalar [RP™ Ry, Ri.® ] -2Scalar [Rycpge RYe ] -
2Scalar [R" R Ryq4¢ | +2Scalar [Ry,® R Rq4s ] +2Scalar [RS" R Ry

6.3. Tests

This is a collection of 54 examples, all of which must return 0.
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First we add several indices:

In|131]:=
AddIl ndi ces[Tangent M {al, al0, all, a2, a20, a22, a3, a30, a4, a40, a5, ab0, a6, a60, a7,
a8, a9, bo, i1, i10, i11, i2,i20,i22,i3,i30,i4, i40,i5, i50,i6, 160, i7,i8, i9}]

Shortcuts:

In132]: =
inv=Rnv[metric];
dinv=Dual Rinv[netric];

Test ofRiemannTol nv andlnvToRiemann:

In|134]: =
test [1] =CD[-h]eCD[-a] eRi emannCD[a, b, ¢, d] R enannCD[-b, -d, e, f]
CD[-g]@CD[-c]@Ri enannCD[-¢e, -f, g, h] +inv[{0, 2, 2}, 11577;
test [2] = R emannCD[-a, e, f, g] R emannCD[a, b, c, d]
Ri emannCD[h, i, j, k] CD[-d] [Ri emannCD[-h, -i, -j, -k]1]
CD[-e] [Ri emannCD[-b, -c, -f, -g]] -inv[{O0, O, O, 1, 1}, 27015];
test [3] = R emannCD[a, b, c, d] CD[-h]@CD[-g] @CD[-c]@eCD[h] e
CD[-f ]@eCD[-e] eCD[-d] eCD[g] [R emannCD[-a, e, -b, f1] +inv[{0, 8}, 20018];
test [4] =epsilonnetric[-b, -d, -g, -h] CD[-c]eCD[-a]eCD[-f ][R enannCD[g, f, -e, h]]
CD[e] [Ri emannCD[a, b, ¢, d]] -dinv[{1, 3}, 9147];

In|138]: =
Ri emannTol nv /@ Array [test, 4]

Reading InvRules for step 1 and case {0,2,2 3}
Reading InvRules for step 1 and case {0,0,0,1,1
Reading InvRules for step 1 and case {0, 8}
Reading DuallnvRules for step 1 and case {1,3}
Qut| 138] =
{0,0,0,0 }
Inl 139]: =

I nvToRi emann /@ Array [test, 4] // NoScal ar // ToCanoni cal

Qut | 139| =
{0,0,0,0
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More tests oRiemannT ol nv, with algebraic invariants:

In] 140| : =
test [6]:=inv[7, 306] -
Ri emannCD[a2, i1, -a2, i2] *RiemannCD[-i 1, i3, -i3, i4] *Ri emannCD[-i 2, i5, i6, i 7] *
R emannCD[-i 4, i8, i9, i10] *Ri emannCD[-i 5, al, -i 8, -al] *
R emannCD[-i 6, a4, -i 9, a3] »Ri emannCD[-i 7, -a4, -i 10, -a3];
test[6]:=inv[l, 1] *xdinv[2, 1] - (R emannCDI[i 11, i22, -i 11, -i22]) %
(RiemannCD[i 1, i2, -il, i3] *Ri emannCD[-i2, i4, i5, i6]=*
epsilonmetric[-i3, -i4, -i5, -i6]);
test [7]:=inv[3, 3] xdinv[5 2] - (R emannCD[b, i 20, -b, i30] =
Ri emannCD[-i 20, i 40, i 50, i 60] * R emannCD[-i 30, -i 40, -i 50, -i60]) *
(Ri emannCD[a2, i1, -a2, i2] *Ri emannCD[-i 1, i3, -i3, i4]*
Ri emannCD[-i 2, i5, -i5, i6] *Ri enannCD[-i4, i7, i8, i9]%*
Ri emannCD[-i 7, i 10, -i 10, al] xepsilonnetric[-i6, -i8, -i9, -al]);
test [8] :=inv[6, 137] +2xdinv[5, 289] - R enmannCD[a2, i1, -a2, i2] *
Ri emannCD[-i 1, i3, -i3, i4] *xRi emannCD[-i 2, i5, i6, i 7] * R emannCD[-i 4, i 8,
-i6, i9] *Ri emannCD[-i 5, -i 8, i10, al] *Ri emannCD[-i 7, -i 10, -i 9, -al] -
2% (RiemannCD[a2, i1, -a2, i2] *RiemannCD[-i 1, i3, i4, i5]=*
Ri emannCD[-i 2, i 6, -i4, i7] *RiemannCD[-i 3, i8, -i7, i9] *
Ri emannCD[-i 8, i 10, -i 10, al] =epsilonnetric[-i5, -i6, -i9, -al]l);

In| 144|: =
Ri emannTol nv /@ Array [test, 4, 5] // Absol uteTi m ng

Qut| 144| =
{0.461524 Second, {0,0,0,0 }}

In this case we need to guide the computation due to the products of epsilon tensors:

In| 145]: =
test[9]:=dinv[2, 3]"2 - (Ri emannCD[al, a2, a4, a3] xR emannCD[-al, -a4, a6, a5] *

epsilonmetric[-a2, -a3, -a6, -ab5]) » (R enannCD[al10, a20, a40, a30] *
Ri emannCD[-a10, -a40, a60, a50] xepsilonnetri c[-a20, -a30, -a60, -a50]);

In| 146] : =
test [9] // ExpandGdel ta // Contract Metric // Ri emannTolnv // InvSinplify // Sinplify

Qut | 146| =
0
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Tests ofRiemannSimplify:

In| 147 : =
test [10] : =
epsilonnetricl[a, b, ¢, d] *R enannCD[-a, -b, e, f] xR emannCD[-c, -e, -f, Q] *
Ri emannCD[-d, h, i, j]*RicciCD[-g, -i]*Ricci CD[-h, -j]1+1/8=%
(epsilonnetricl[a, b, ¢, d] *R enannCD[-a, -b, e, f] *R emannCD[-c, -d, -e, -f]) *
(R emannCD[g, h, i, j]1*Ricci CD[-g, -i]*Ricci CD[-h, -] 1);
test [11] : = R emannCD[al, a2, -al, a3] *Ri enannCD[-a2, a4, -a3, a5] *
R emannCD[-a4, a6, a7, a8] »epsilonnetric[-a5, -a6, -a7, -a8];
test [12] : = R emannCD[al, a2, a3, -al] =R enannCD[-a3, a5, -a2, a4] *
Ri emannCD[-a4, a6, a8, a7] xepsilonnetric[-a5, -a7, -a8, -ab];
test [13] : = R emannCD[al, a2, -al, a3] »Ri emannCD[-a2, a4, a5, a6] *
Ri emannCD[-a3, -a4, a7, a8] »Ri enannCD[-a5, b0, -b0, a9] =
epsilonmetric[-a6, -a7, -a8, -a9] +1/2 %R emannCD[all, a22, -all, -a22]
Ri emannCD[al, a2, -al, a3] *Ri enannCD[-a2, a4, a5, a6] *Ri emannCD[-a4, a7, -a7, a8] *
epsilonmetric[-a3, -a5, -a6, -a8] -1/16 xR emannCD[al10, a20, -al0, -a20] =
Ri emannCD[all, a22, -all, -a22] xR enmannCD[al, a2, a3, a4] =
R emannCD[-al, -a2, a5, a6] xepsilonnetric[-a3, -a4, -a5, -ab];
test [14] : = -Ri cci CD[-a2, a3] *Ri cci CD[a5, a2] » R emannCD[-a3, a6, a7, a8] =
Ri emannCD[-a5, -a7, -a6, b0] *Ri cci CD[-a8, -b0] +5/24 xRi cci Scal arCD[]"5 +
49 /24 xRi cci Scal arCD[]"2 xRi cci CD[a3, -a2] xRi cci CD[a2, a5] xRi cci CD[-a5, -a3] +
Ri cci CD[a2, a3] » R enannCD[-a2, a4, -a3, a5] =
Ri emannCD[-a4, a6, -ab, a7] «Ri cci CD[-a6, b0] *Ri cci CD[-a7, -b0] +
1/24xRicciScal arCD[]1"3 xR emannCD[al, a2, a3, a4] * R emannCD[-al, -a2, -a3, -a4] -
5/4 xRicci Scal ar CD[] = Ri cci CD[a2, a3] »Ri cci CD[-a2, a5] *
Ri cci CD[-a3, a7] »Ri cci CD[-ab5, -a7] +3 /4 =Ricci Scal arCD[]1"2 %
Ri cci CD[a2, a3] * R emannCD[-a2, a4, -a3, a5] xRi cci CD[-a4, -a5] -
13/8 *Ricci Scal arCD[]”3 *Ri cci CD[a2, a3] *Ri cci CD[-a2, -a3] -
1/2xRicciScal arCD[] »Ri cci CD[a2, -a3] »Ri enannCD[-a2, a4, a5, a6] *
Ri emannCD[a7, a3, -a6, -a5] xRi cci CD[-a4, -a7] -
1/24 »Ri emannCD[a3, a4, al, a2] xR emannCD[-al, -a2, -a3, -a4] =Ri cci CD[a20, a30] *
Ri cci CD[-a20, a50] »Ri cci CD[-a30, -a50] +5/8«Ri cci Scal arCD[] *
Ri cci CD[a2, a3] *Ri cci CD[-a2, -a3] *Ri cci CD[a20, a30] =Ri cci CD[-a20, -a30];

In| 151 : =
Ri emannSi nplify /@ Array[test, 5, 10] // Absol uteTi i ng

Qut| 151 =
{0.434133 Second, {0,0,0,0,0 }}

Tests of the cyclic symmetries:

In|152]: =
test[15]:=inv[2, 3]-1/2=%inv[2, 2] -inv[3, 6]1+1/2%inv[3, 5];
test [16] :=-inv[4, 38] +1/4xinv[4, 23] -inv[4, 26] +inv[4, 36];
test [17] :=inv[6, 31] -inv[5, 203] -inv[5, 200] +inv[5, 2011 -1/4=%inv[6, 27];
test [18] : = -inv[6, 1575] +3 /4 xinv[6, 1219] +

1/2%inv[6, 1223] +inv[6, 1572] -3/2*inv[6, 1221];
test [19] :=inv[7, 15138] -1/2=«inv[7, 12749] -inv[6, 1524] +
inv[6, 15231 -1/2%inv[6, 11617;
test [20] : = -inv[7, 16207] -1/4*inv[7, 12848] +inv[7, 16206];
test [21] : =
-inv[7, 16467] -inv[7, 16383] -4*inv[7, 16269] -inv[7, 16280] -inv[7, 16306] -
3*xinv[7, 16262] +3*xinv[7, 16281] +4xinv[7, 16263] +inv[7, 16265] +inv[7, 16268] -
3xinv[7, 16318] -inv[7, 16325] +2*inv[7, 16292] -2xinv[7, 163417;
test [22] :=dinv[2, 1] +dinv[3, 11;
test [23] :=-dinv[3, 27] -1/4xdinv[3, 14] +1/2*dinv[3, 23] +dinv[4, 1] -
dinvi4, 31 +1/2xdinv[4, 2] -7xdinv[4, 9] +dinv[4, 111 -1/2xdinv[4, 10];
test [24] : =dinv[4, 231] +dinv[4, 232] +dinv[5, 1] +dinv[5, 3] -
1/2%dinv[5, 2] +10xdinv[5, 8] +dinv[5, 9] -dinv[5, 10];
test [25] : = -di nv[5, 2560] + 2 xdi nv[5, 2505] -dinv[5, 2507] -di nv[5, 25517;
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In| 163| : =
$InvSinmplifyLevel =2;

In| 164 : =
InvSinmplify /@ Array[test, 11, 15] // Absol uteTi m ng

Qut| 164| =
{0.081885 Second, {0,0,0,0,0,0,0,0,0,0,0 3}

In| 165]: =
test [26] =inv[{1l, 1, 4}, 150731 +inv[{l, 1, 4}, 15063] /4 -inv[{1, 1, 4}, 15072];
test [27] =dinv[{1l, 3}, 914] -dinv[{1, 3}, 908] /4,

test [28] =inv[{0, 0, 0, 1, 1}, 270151 +2inv[{0, O, 0, 1, 1}, 26365];
test [29] =inv[{8}, 1116] +inv[{8}, 1092] -inv[{8}, 1115];

In| 169 : =
InvSinplify /@Array[test, 4, 26]
Reading InvRules for step 2 and case {(1,1,4 3
Reading InvRules for step 2 and case {0,0,0,1,1
Qut| 169 =
{0,0,0,0 }

Tests of the Bianchi relations:

In| 170]: =
test [30] =inv[{1, 1, 4}, 15072] -inv[{1, 1, 4}, 1750] +
inv[{l, 1, 43, 17511 -2inv[{1, 1, 4}, 1753] -inv[{1, 1, 4}, 17547;
test [31] =dinv[{1l, 3}, 908] +4dinv[{1l, 3}, 328] -4dinv[{l, 3}, 332];
test [32] =inv[{0, O, O, 1, 1}, 26365] +
4inv[{0, O, O, 1, 1}, 263271 -4inv[{0, O, O, 1, 1}, 26335];
test [33] =inv[{8}, 1092] +inv[{8}, 1090] -inv[{8}, 10917];

In174]: =
$InvSinplifyLevel =3;

InLl/5]:=
InvSinmplify /@eArray[test, 4, 30]

Reading InvRules for step 3 and case (1,1,4
Reading InvRules for step 3 and case {0,0,0,1,1 1
Qut] 175 =
{0,0,0,0 }
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Tests of the commutation relations:

In|176|: =
test [34] =inv[{O0, O, 4}, 70] -inv[{O, O, O, 2}, 50] -inv[{O, O, 1, 1}, 1007;
test [35] = -inv[{0, O, 4}, 74] +2inv[{0, O, 4}, 18] -2inv[{0, O, 4}, 19] +

4inv[{0, O, 1, 1}, 711 -4inv[{0, O, 1, 1}, 2511 -4inv[{0, O, 1, 1}, 264] +
4inv[{0, O, 1, 1}, 2671 -2inv[{0, O, O, 2}, 51 +4inv[{O0, O, O, 2}, 6] -
2inv[{0, O, O, 2}, 8]1-2inv[{0, O, O, 2}, 121 -4inv[{O, O, O, 2}, 31] +
8inv[{0O, O, O, 2}, 321 -4inv[{0, O, O, 2}, 34] +8inv[{0, 0, O, 2}, 35] +
8inv[{0O, 0, O, 2}, 37] -4inv[{0, O, O, 2}, 411 -4inv[{0, O, O, 2}, 42] +
4inv[{0, O, O, O, O}, 2] +10inv[{O, O, O, O, O}, 6] +4inv[{0O, O, O, O, O}, 8] -
4inv[{0, O, O, O, 0}, 9] +8inv[{0, O, O, O, O}, 111 +6inv[{0O, O, O, O, 0}, 12] +
4inv[{0, O, O, O, 0}, 251 +4inv[{O, O, O, O, O}, 271 +8inv[{0, O, O, O, O}, 31] +
8inv[{0O, O, O, 0, O}, 33]1+8inv[{0, O, O, O, O}, 35]1-8inv[{0O, O, O, O, O}, 36] -
8inv[{O, O, O, O, 0}, 38]1-8inv[{0, O, O, O, O}, 43]1-8inv[{0, O, O, O, 0}, 457;

test [36] = -di ,nv[ 1, 3}, 111 +dinv[{1, 3}, 10] +dinv[{O, 1, 1}, 2] -dinv[{O, 1, 1}, 4] -
2dinv[{O, 1, 1}, 6] +dinv[{O, 1, 1}, 88] -2dinv[{O, 1, 1}, 89];
test [37] =dinv[{l, 3}, 5] -dinv[{O, 1, 1}, 1] -dinv[{O, 1, 1}, 18]/2;

In| 180] : =
$InvSinplifyLevel =4,

In| 181 : =
InvSinplify /@Array[test, 4, 34]
Reading DuallnvRules for step 2 and case {0,1,1 }
Reading DuallnvRules for step 3 and case {0,1,1 }
Reading DuallnvRules for step 4 and case {0,1,1 }
Qut| 181 =
{0,0,0,0 }
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Tests of the dimension dependent relations:

In|182]: =
test[38]:=-inv[3, 3] +1/4%inv[l, 11"3-2%inv[3, 1] +
1/4%inv[l, 1] *inv[2, 2] +2*inv[3, 2] -2%inv[l, 1]*inv[2, 17;
test[39] :=-inv[4, 36] -4/3%inv[l, 1]*inv[3, 1]-1/4%inv[2, 1]*inv[2, 2] -

3xinv[4, 1] +4xinv[4, 7] +inv[4, 5] -1/4xinv[4, 211 +3/4xinv[l, 11"2%xinv[2, 1] -
3xinv[l, 11 *inv[3, 21 +1/4xinv[l, 1]*inv[3, 5]-1/12%inv[l, 1174 -
1/8=%inv[l, 1]1"2=%inv[2, 2] +1/8=*inv[2, 2]"2-inv[5, 1]+
1/24%inv[l, 11"5-5/6%inv[l, 1172%inv[3, 1]1+5/8*inv[l, 1]*inv[2, 1172 -
5/4%inv[l, 1]1xinv[4, 11-5/12%inv[l, 1173 %inv[2, 1]1+5/6*inv[2, 1]%inv[3, 1];
test [40] : = -inv[6, 108] -31/24%inv[l, 1]"3*inv[3, 1] -
11/16%inv[l, 114 xinv[2, 11 +1/12%inv[l, 1]1"6-7/8=%inv[l, 11"2xinv[4, 1] +
7/16%inv[l, 11"2%inv[2, 11"2+1/8=«inv[l, 1]1"3%inv[3, 2] -inv[l, 1] xinv[5, 2] +
1/2%inv[6, 47] +inv[6, 13] +inv[3, 112 -inv[3, 1]1*xinv[3, 2] +
1/8*inv[3, 11 *inv[3, 51 +1/4%inv[l, 1]*inv[2, 1]*inv[3, 2] +
3/2%inv[l, 11*inv[2, 1] %inv[3, 1] -1/8=«inv[l, 1]*inv[2, 2] xinv[3, 1];
test[41] :=-inv[7, 7490] +1/64xinv[l, 1]1%inv[2, 2] *xinv[4, 21] +1/2%inv[7, 2190] -
3/8x%inv[l, 11xinv[2, 2] *xinv[4, 11 +1/12%inv[2, 1]1xinv[2, 2] xinv[3, 1] -
23/48%inv[l, 1172%inv[2, 2] %inv[3, 1]1+3/8«*inv[l, 1]1*inv[2, 11"2=%xinv[2, 2] -
31/96xinv[l, 117"3xinv[2, 1]1*inv[2, 2] -1/2%inv[l, 1]*inv[2, 1]1=xinv[4, 1] -
11/12%inv[l, 11"2%inv[2, 1]1%inv[3, 11 -1/16%inv[l, 1]*inv[2, 1]*inv[2, 2]"2 -
2%xinv[7, 141 +1/192%inv[l, 1]1"3*inv[2, 2]"2+5/12%inv[l, 1173 «%inv[4, 1] -
1/3%inv[3, 1] *inv[4, 1]1-11/288=%inv[l, 1]"7-25/48=«inv[l, 1]"3xinv([2, 1172+
35/96%inv[l, 11"5%inv[2, 11 +79/144%inv[l, 114 %inv[3, 1] +
1/6%xinv[2, 11"2%inv[3, 11 -4/9%inv[l, 1]*inv[3, 112+
7/192%inv[l, 11"5%inv[2, 2]1-1/24xinv[2, 2]1"2*inv[3, 1] -
2xinv[7, 551 -1/192%inv[l, 1173%inv[4, 21] -2«%inv[l, 1] *xinv[6, 47] -
3/4x%inv[l, 11"2%inv[5, 33]1+1/2%inv[3, 2] *inv[4, 1] -
1/6*%inv[l, 114 %inv[3, 2] -1/4%inv[2, 1]"2%xinv[3, 2] +
1/4%inv[l, 11"2=%inv[5, 2]1-1/3*inv[3, 1]xinv[4, 5] +
1/6%inv[l, 1]1"3%inv[4, 5] -3/4«inv[l, 1]1"2%inv[5, 8] +
1/24%inv[3, 1]xinv[4, 211 -3/4=%inv[2, 2] xinv[5, 2] -
1/2%inv[l, 1] *inv[2, 1] *xinv[4, 51 +5/6*inv[l, 1]*inv[3, 1] *xinv[3, 2] +
1/2%inv[l, 11"2%inv[2, 1]1%inv[3, 2] +1/16%inv[l, 1]"2*xinv[2, 2] xinv[3, 2] +
1/4%inv[2, 2] *inv[5, 8] +1/16xinv[2, 2]1"2%inv[3, 2] -
2%xinv[l, 1]1%inv[6, 13] +inv[2, 1] *xinv[5, 2] +1/4%inv[2, 2] *xinv[5, 33];
test [42] :=-dinv[3, 23] +1/2%dinv[3, 13] +dinv[3, 2] -
3/8%inv[l, 11*dinv[2, 2] -dinv[4, 2] -1/2%inv[l, 1]1=*dinv[3, 2];
test [43] :=-dinv[5, 17701 +5/32=«inv[l, 1173 =*dinv[2, 2] -
9/8xinv[l, 11xinv[2, 1] *dinv[2, 2] +3/32%inv[l, 1]xinv[2, 2] xdinv[2, 2] -
inv[3, 1] xdinv[2, 2] +3/4xinv[3, 2] xdinv[2, 2] -
1/16%inv[3, 5] xdinv[2, 2] -dinv[5, 1404] -1/8=xinv[2, 2] »xdinv[3, 13];

In 188|: =
$InvSinplifyLevel =5;

In 189 : =
InvSinplify /eArray[test, 6, 38] // Absol uteTi m ng

Qut | 189| =
{0.081822 Second, {0,0,0,0,0,0 }}
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In| 190] :

test [44] = -inv[{l, 2, 3}, 58611 +inv[{l, 2, 3}, 7]/8+
inv[{1, 2, 3}, 49]1/4+inv[{l, 2, 3}, 380]/2-inv[{1, 2, 3}, 392]/2-
inv[i{l, 2, 3}, 4741 /2+inv[{l, 2, 3}, 480]1/2-inv[{l, 2, 3}, 625]1/2+
inv[{l, 2, 3}, 6311 /2+inv[{l, 2, 3}, 1356] -2inv[{1, 2, 3}, 1362] +
inv[{l, 2, 3}, 1380] -inv[{1, 2, 3}, 1416] +inv[{1l, 2, 3}, 1422] -
inv[{l, 2, 3}, 22291 /2 +inv[{1, 2, 3}, 2626]/2-2inv[{1, 2, 3}, 4985] -
inv[{1, 2, 3}, 58041 +inv[{1, 2, 3}, 5816] +inv[{l, 2, 3}, 5837];

test [45] =dinv[{0, 0, 2}, 95] +dinv[{0, 0}, 2]1inv[{2}, 1] /4;

t est [46] =

-inv[{0, 3, 3}, 3901] +inv[{0}, 1]inv[{3, 3}, 71/8-inv[{0}, 1]1inv[{3, 3}, 150]1/2+
inv[{0}, 11inv[{3, 3}, 155]1/2-inv[{0, 3, 3}, 14]1/4-inv[{0, 3, 3}, 101] -
inv[{O, 3, 3}, 1111 -2inv[{0, 3, 3}, 585] +inv[{0, 3, 3}, 590] +
2inv[{0, 3, 3}, 6021 +inv[{0, 3, 3}, 7181 +inv[{0, 3, 3}, 1144] +
inv[{0, 3, 3}, 35671 -2inv[{0, 3, 3}, 3572] +2inv[{0, 3, 3}, 3875];
test [47] =dinv[{0, 1, 1}, 4] +dinv[{0, 1, 1}, 11/2+
dinv[{O, 1, 1}, 2] -dinv[{O, 1, 1}, 37;

In| 194 : =
InvSinplify /@Array[test, 4, 44]

Reading InvRules for step 2 and case (1,2,3 }
Reading InvRules for step 3 and case (1,2,3 }
Reading NEInvRules for step 4 and case {1,2,3 }
Reading InvRules for step 5, case {1,2,3 } and dimension 4
Reading DuallnvRules for step 2 and case {0,0,2 }
Reading DuallnvRules for step 3 and case {0,0,2 }
Reading DuallnvRules for step 4 and case {0,0,2 }
Reading DuallnvRules for step 5 and case {0,0,2 }
Reading InvRules for step 2 and case {0,3,3 }
Reading InvRules for step 3 and case {0,3,3 }
Reading NEInvRules for step 4 and case {0,3,3 }
Reading InvRules for step 5, case {0, 3,3 } and dimension 4
Reading DuallnvRules for step 5 and case {0,1,1 }
Qut| 194| =
{0,0,0,0 }

Test of the signature dependent relations:

Inl 195]: =
test [48] :=-inv[5, 123] -5=xdinv[2, 2] xdinv[3, 2] /24 -
5xdinv[2, 2] xdinv[3, 13]1/48-2%inv[l, 1]1"5/3+25%inv[l, 113 =*inv[2, 1]1/6+
15%xinv[l, 1] *inv[2, 117"2/2-5%inv[l, 1]xinv[2, 1]*inv[2, 2]/2+
15%inv[l, 1]17"2%inv[3, 1]/2+10%inv[2, 1]1*inv[3, 1]1/3-
5%xinv[2, 2] *xinv[3, 1]1/6-5=%inv[l, 117"2*inv[3, 2]/2-10%inv[2, 1]1%inv[3, 2] +
Sxinv[2, 2] *inv[3, 2]1/2+5«%inv[l, 11"2%inv[3, 5]/12-5%inv[2, 1]1%xinv[3, 5]/6 +
5%inv[2, 2]1*inv[3, 5]1/12+5%inv[l, 1]*inv[4, 1] +20*xinv[5, 8] +20«inv[5, 33];
In| 196]: =

$InvSinmplifyLevel =6;
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In|197]: =
test [48] //InvSinplify

Qut| 197] =
0

In| 198|: =

test[49] =-inv[{1, 1, 1, 1}, 53] -dinv[{l, 1}, 11"2/4 -
inv[{1, 1}, 1172764 +3inv[{l, 1}, 11inv[{1, 1}, 41/8-
5inv[{1, 1}, 41"2/4-3inv[{1, 1}, 1]1inv[{1, 1}, 5]1/8+
5inv[{l, 1}, 41inv[{l, 1}, 5]1/2-5inv[{1, 1}, 5]"2/4-
invi{l, 1, 1, 1}, 31/4+inv[{l, 1, 1, 1}, 51/4+inv[{l, 1, 1, 1}, 12] -
inv[{1, 1, 1, 1}, 141 -inv[{1, 1, 1, 1}, 151 -inv[{1, 1, 1, 1}, 16] +
inv[{l, 1, 1, 1}, 201 -2inv[{1, 1, 1, 1}, 221 -inv[{L, 1, 1, 1}, 23] -
3inv[{1, 1, 1, 1}, 381 +2inv[{1, 1, 1, 1}, 391 +2inv[{1, 1, 1, 1}, 40] +
6inv[{l, 1, 1, 1}, 411 -4inv[{1, 1, 1, 1}, 42]-inv[{1, 1, 1, 1}, 43] -
inv[{l, 1, 1, 1}, 441 +inv[{1, 1, 1, 1}, 451/2+3inv[{L, 1, 1, 1}, 46]1/2;

test [50] =inv[{0, O, 1, 1}, 1104] -dinv[{0O, O}, 21dinv[{l, 1}, 25]/4 -
inv[{O, O, 1, 1}, 1098]/2;

test [51] = -inv[{0, O, 1, 3}, 25986] +dinv[{0, 0}, 21dinv[{1l, 3}, 294]/8+
dinv[{0, 0}, 2]1dinv[{O, 1, 1}, 1]1/8+dinv[{0, O}, 2]1dinv[{O, 1, 1}, 2]/4+
3dinv[{0, 0}, 2]1dinv[{0, 1, 1}, 18]1/32+dinv[{0, 0}, 2]1dinv[{0O, 1, 1}, 63]1/8-
dinv[{0, 0}, 2]1dinv[{0, 1, 1}, 86]1/2+5dinv[{0, O}, 2]1dinv[{O, 1, 1}, 87]1/8+
dinv[{0, 0}, 2]1dinv[{O0, 1, 1}, 97]1/16+dinv[{0, O}, 21dinv[{O, 1, 1}, 117]1/32+
3dinv[{0, 0}, 21dinv[{0O, 1, 1}, 271] /16 -
dinv[{0, 0}, 21dinv[{1, 1}, 1]1inv[{0}, 11/16+inv[{0, O, 1, 3}, 259741 /2;

test [62] = -inv[{0, O, 2, 2}, 5470] -dinv[{0, 0}, 21dinv[{2, 2}, 19]1/8 -
dinv[{0, 0}, 2]1dinv[{0, O, 2}, 2] /4 +dinv[{0, O}, 2]1dinv[{O, O, 2}, 5]1/16 -
dinv[{0, 0}, 21dinv[{0, O, 2}, 14]1/16 +dinv[{0, 0}, 21dinv[{0O, O, 2}, 32]/4 -
dinv[{0, 0}, 2]1dinv[{0, 2}, 15]inv[{0}, 1]1/16+
dinv[{0, 0}, 2]1dinv[{O, O, O}, 2]inv[{0}, 1]1/16 -
dinv[{0, 0}, 2172inv[{0}, 1172/128 +dinv[{0, O}, 2]*2inv[{0, O}, 1]1/32-
inv[{O, O, 2, 2}, 5461] +inv[{0, O, 2, 2}, 5466];
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In| 202]: =

InvSinplify /@Array[test, 4, 49]

Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading
Reading

Qut| 202] =
{0,0,0,0

}

DuallnvRules for step 2 and case {1,1
DuallnvRules for step 3 and case {1,1
DuallnvRules for step 4 and case {1,1
DuallnvRules for step 5 and case {1,1
InvRules for step 2 and case (1,1,1,1
InvRules for step 3 and case (1,1,1,1
InvRules for step 4 and case (1,1,1,1
InvRules for step 5, case 1,1,1,1
InvRules for step 6, case 1,1,1,1
DuallnvRules for step 5 and case {1, 3
InvRules for step 2 and case {0,0,1,3
InvRules for step 3 and case {0,0,1,3
InvRules for step 4 and case {0,0,1,3
InvRules for step 5, case {0,0,1,3
InvRules for step 6, case {0,0,1,3
DuallnvRules for step 2 and case {2,2
DuallnvRules for step 3 and case {2,2
DuallnvRules for step 4 and case {2,2
DuallnvRules for step 5 and case {2,2
DuallnvRules for step 2 and case {0, 2
DuallnvRules for step 3 and case {0, 2
DuallnvRules for step 4 and case {0, 2
DuallnvRules for step 5 and case {0, 2
InvRules for step 2 and case {0,0,2,2
InvRules for step 3 and case {0,0,2,2
InvRules for step 4 and case {0,0,2,2

Test ofWeylToRiemann:

In| 203]: =

and dimension 4

and dimension 4

}

and dimension 4

and dimension 4

}
}
}
}
}
}
}
}

}
}
}

}
}
}

}
}
}

test [53] : = Wyl CD[a, b, ¢, d] - Ri emannCD[a, b, ¢, d] -

l1/2«netric[a, d] *xRicci CD[b, c]-1/2%netric[b, c] *Ri cci CD[a, d] +
1/2xnetricl[a, c]*R cciCD[b, d] +1/2=«netric[b, d] *Ri cci CD[a, c] -

1/6xRicciScalarCD[]* (metric[a, c]+netric[b, d] -netric[a, d]xnetric[b, c]);
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In| 204 : =
test [53] // Wyl ToRi emann // Sinplify // Absol ut eTi mi ng

Qut| 204 =
{0.027630 Second, 0 }

Test ofContractCurvature:

In| 205]: =
test [54] : = R emannCD[c, d, -c, -d] =
Ri emannCD[a, f, b, -f] xR emannCD[-a, -b, h, | ] xnmetric[-h, -1 ] -
Ri cci Scal arCD[] *Ri cci CD[a, b] * R emannCD[-a, -b, h, I 1 xnmetric[-h, -I1;

In| 206] : =
test [54] // Contract Curvature // Contract Metric // Absol ut eTi m ng

Qut | 206] =
{0.004365 Second, 0 }

Tidy up:

In| 207|: =
Renovel ndi ces[Tangent M
{al, alo, all, a2, a20, a22, a3, a30, a4, a40, a5, a50, a6, a60, a7, a8, a9, bo,
i1, i10, i11, i2,i20, i22, 13,130, i4,i40,i5,i50,i6,i60,i7, i8, i9}1;
Renove [
test ]

6.4. Zero powers of Riemann

Surprisingly, there are monomials of the Riemann tensor which are zero due to the cyclic symmetry only.
happens for a single monomial of degree 6:

It does not happen for degrees 1 to 5:

In| 209 : =
Cases[RInvRul es[2, 1], HoldPattern[_ - 01]]

Qut| 209| =
{3

In| 210]: =
Cases [RInvRul es[2, 2], Hol dPattern[_ - 0]]

Qut| 210| =
{3

Inl211]: =
Cases[RInvRul es[2, 3], Hol dPattern[_ - 0]]

Qut| 211] =
{}

Inf212]:=
Cases[RInvRul es[2, 4], Hol dPattern[_ - 0]]

Qut| 212] =
{}
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In|213]: =
Cases[RInvRul es[2, 5], Hol dPattern[_-0]]

Qut| 213] =
{}

There is a single case in degree 6:
In|214|: =
Cases[RInvRul es[2, 6], Hol dPattern[_ - 0]]

Qut| 214] =
{I 0oo000,1461 — 0}

And 19 more cases for degree 7:

In|215]: =
Cases[RInvRul es[2, 7], Hol dPattern[_ - 0]]
Qut| 215| =
{I 0000000,663 — 0, | 0000000,1600 — 0, I' 0oooooo,1600 = O, I 00000003439 = O, | 00000003440 — O,
I 0000000,3460 — O, | 0000000,4987 — O, | 0000000,4988 — O, | o000000,5822 — 0, | ooooooo,6830 — O,

| 0o00000,6831 = O, | 0000000,7545 — O, | 00000007546 — O, | 0000000,10851 — O, | 0000000,10852 — O,
I 0000000,11644 — O, | 0000000,13382 — O, | 0000000,13843 — O, | 0000000,14054 — O}

There is no obvious reason why this should be zero, and for all dimensions:
In| 216]: =
Rinv[metric][6, 1461] // I nvToRi emann // NoScal ar
Qut | 216| =

Rac® R4 RO Ry i Ry ! Ragl

but we can check it in the pure Ricci case:

In|217|: =
expr =
%/. RremannCD[a_, b_, ¢c_, d_] - RicciCD[a, c]delta[b, d] +delta[a, c] Ri cci CD[b, d] -
Ri cci CD[a, d] delta[b, c] -delta[a, d] Ri cci CD[b, c]
Qut| 217|=
(gbd Rac 7gbc Rad 7gad Rbc +gac Rbd) <6cf Rae 76Ce Raf *5af Rce +5ae Rcf )
(g% Rbh—g_gh Ry - &' R_gh +op" R) (6 Ry -0 R -6 Ry +gq R')
(0% Rih - h R -0 R +9an R¥) (Ow Rg -~ Okg R1 -9 R + 9 Ra)

In|218|: =
expr [[1]] expr [[2]] // Contract Metric // ToCanoni cal

Qut| 218| =
-2 Rad Rbc + 2 R&C Rbd +gce Rba Rda 7gbe Ra Rda 7gcd Rba Rea +gbd Ra Rea
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In| 219 : =
%expr [[3]1] // ContractMetric // ToCanoni cal

Qut| 219] =
g R R R, g RARY R, -2R* Rf Ri¢ L 2R RF Rie 2 R RE RO
g% R R, R _ o Rab Ree RAT, gef Rha Re RO | gdd RPa RE, R - god Rha RA. RET -
g R R, ReY . g¢f Rha R REY 420 RN R R, _2ge RS R R, ghd RA R R, -
g™ R Re9 R, - 2g° RY R RS, +29% R® R RS, - g™ R RN RY, + g™ R R RY, 4
gce gfh Rab Rda Rgb _ gcd gfh Rab Rea Rgb _ gce gfg Rab Rda F*b + gcd gfg Rab Rea Féqb
In| 220]: =
%expr [[4]] // Contract Metric // ToCanoni cal
Qut | 220| =
3RYRA R, R, -3R RRRYR, 2R R, RY R, -2R2 R, R RY + 2R R® R@ R, -
SRYR2ReR, +3R2RYIRCR, -3RPRCRYR, +4R* RIRAR, -2R*® RARYIR, -
g Ry, R, RI2 RD 4 58 Ry RN R RD 4 goh R, RI3 R, RD - 5° Ry, R& REN R —
deh Rea Rdb be Rga _gfh Rea Rda Reb Rgb +gch Rda Reb Rfa Rgb +geh Rea Rda be Rgb _
3gef Rab Rch Rda Rgb _geh Rab Rea Rdf Rgb +gef Rab Rea Rdh Rgb +gdh Rab Rea Ref Rgb _
gch Rab Rda Ref Rgb _gdf Rab Rea Reh Rgb +299h Rab Rcd Rfa Rgb +chd Rab Reh Rfa Rgb _
2RV, R R RY, + 3R R@ R RY, 3R RS, RIERY, + 3R R R, R9, -
4Rbc Rdf Re2 Rga + 2Rbc Rda Ref Rga 7gci gfg Rad Rbd Rea th +gce gfi Rad Rbd Ro2 th +
25 R R R R, -3g° R RD R, R, +g¥ R? R Ry R, + g R RY Ry RY, +
oty ROA RI, RO R, - 5% RIA RO R, Ry - 6% R R, RP R +3g% R RP R, R, -
gf RA RO R, R, - g REERY R, R, +3g° Ry, R, R R 4 58 R, R R R
gef Rab R Rdg th _ 5dg Rab Rea Ref th i 6(:9 Rab Rda Ref th N gdf Rab Rea Reg th _
2 6eg Rab Rcd Qa th _ ZQCd Rab Reg Rfa Wb + 5Ch gfg Rad Rbd Rea Rib _ 5fh gce Rad Rbd Ro2 R’b

In|221|:=
%expr [[5]] // ContractMetric // ToCanoni cal

Qut| 221 =
_geh gfi Rac Rab Rbd ch Rdg _3gfh Rac Rab Rbd Rcd ReY _6Rac Rab Rbc Rdf Re9 _
6R, RERERIR, 111RC° R, RARIRP 2R, R, RERIRD _2g% RS R® RI Ry R" -
3g" RYRC Ry R2 R, -3R, R* R R R, -3R°, RR R® R, K9 -
2Rac Rda Reb Qc Rgb+7gfh Rac Rbd Rcd Rea Rgbigfh Rab Rcd Rcd Rea Rgb+
TR Ry Rf RAR L 2R, RARP R, RC _g® RY R® Ry R? R, +3g% R° R Ry R® R™
In|222|: =
%expr [[6]] // ContractMetric // ToCanoni cal

Qut| 222] =
0

m 7. Working with order 12 invariants

Fully expanded relations for the fourth step of order 12 invariants take up too much memory to be loaded at
time in a typical PC. We provide two versions of the database for the hardest cases of this step and order:

— Non expanded: these rules have not been fully ‘simplified’ taking into account all the other relatiot
result, they are both somewhat smaller and slower to use. The corresponding files in the database end in the s

— Expanded: these rules have been fully expanded. They are bigger but faster.

We can control which version to use with the global variaBlgpandedCommuteOrder12Q :
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The default value is False, meaning that Invar will load the non expanded version.
In|223]: =
$ExpandedConmmut eOr der 12Q

Qut| 223| =
False

For example, let us take this invariant:

In| 224]: =
inv=Rnv[metric][{0, 3, 3}, 100]

Qut | 224| =
| 033,100

which is still independent after steps 2 and 3:

In|225]: =
InvSi mplify[inv, 3]

Qut | 225] =
| 033,100

It can be expanded using the NE-rules for step 4:

I'n| 226] : =
InvSimplify[% 4]

Qut | 226] =
I 03328 +lo01360 + 21 0013480

but it is still not fully expanded, as this expression changes again lan&&mplify

In|227|:=
InvSi nplify[% 4]

Qut| 227| =
l 03328 +lo01322 +21 0013386

The rules take less than 20 Mbytes:

In| 228]: =
Byt eCount [RI nvRul es[4, {0, 3, 3}]1]/1000. /1024

Qut| 228] =
19.7127

Now remove the rules

In|229]: =
RenoveRl nvRul es[4, {0, 3, 3}]
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and simplify again the invariant, now using the expanded rules. We get the fully expanded result
In| 230]: =
$ExpandedConmut eOr der 12Q= Tr ue;
InvSi mpli fy[inv, 4]
Reading InvRules for step 4 and case {0,3,3 }

Qut| 231| =
l 03328 + 1001322 + 21 0013386

but now the rules take more than 80 Mbytes:

In|232]:=
Byt eCount [RI nvRul es[4, {0, 3, 3}]1]/1000. /1024

Qut| 232] =
84.0526

Tidy up:

In|233]: =
Cl ear [i nv]

m 8. The (algebraic) Narlikar and Karmarkar basis

8.1. Definitions

This section deals only with algebraic invariants. It is well known that there are 14 independent scalars of the
tensor. Narlikar and Karmarkar gave 14 such scalars in 1947. We express them in terms of our basis of invaria

Definitions taken from [Alex Harvey, Class. Quantum Grav. 7 (1990) 715-716]. First define six intermediate tensors:

In| 234]: =

I ndexSet [Atensor [h_, i _, j_, k_], Wyl CD[h, i, -a, -b] Wyl CD[a, b, j, k11;

I ndexSet [Btensor [h_, i_, j_, k_], Wyl CD[h, i, -a, -b] Atensor [a, b, j, k11;

I ndexSet [Dtensor [h_, i_, j_, k_1,
Bt ensor [h, i, j, k] -17/12J32 (metricf[h, jlnetric[i, k] -netric[h, k] metricli, j]) -
1/4J1 Wyl CDLh, i, j, k11;

I ndexSet [Etensor [h_, i _, j_, k_], Wyl CD[h, i, -a, -b] Dtensor [a, b, j, k11;

I ndexSet [Ftensor [h_, i _, j_, k_], Wyl CD[h, i, -a, -b] Etensor [a, b, j, k]];

I ndexSet [@ensor[a_, b ],

i cci CD[-c, a] Ri cci CD[c, b]71;
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These are the 14 scalars:

I n| 240] : =
I11:=RicciScalarCD[];

I ndexSet [l 2, Ricci CD[-a, b] Ri cci CD[-b, a]];
I ndexSet [I 3, Ri cci CD[-a, b] Ri cci CD[-b, c] Ricci CD[-c, al];

I ndexSet [I 4, Ri cci CD[-a, b;| Ri.cc.i CD[-b, c] Ricci CD[-c, d] Ricci CD[-d, a]1;

I ndexSet [J1, Atensor [-i, -
I ndexSet [J2, Btensor [-i, -]
I ndexSet [J3, Etensor [-i, -]
I ndexSet [J4, Ftensor [-i, -j
I ndexSet [K1, Weyl CD[-h, -i,
I ndexSet [K2, Atensor [-h, -i
I ndexSet [K3, Dt ensor [-h, -i
I ndexSet [K4, Wyl CD[-h, -i,
I ndexSet [K5, Atensor [-h, -i
I ndexSet [K6, Dt ensor [-h, -i

Pure Ricci:

Inl 254]: =
(1,12, 13, 14}

Qut | 254| =

0
)
)
)
-k] Ri cci CD[h, j]1 R cci CD[i, k
1 Ricci CD[h, j1RicciCDI[i,
, -j, -kl RicciCD[h, j]RicciCDI[i,

1
1
1
]
k 11
- k1]
. L, k1]

-j, -kl Qensor [h, j] Qensor [i, k]];
j k1]
K11

1
1;
1;
1
1

k

, -], -k] @ensor [h, j]1 Qensor [i,
, -j, -kl @ensor [h, j] Qensor [i,

(R R2® R Ra” R° R Ro” RS R Ry}

Pure Weyl:

In| 255]: =

{J1, J2, J3, J4} // Contract Metric

Qut | 255 =

1
{2 Wy, WS WP W - W WP Woae Whpa + V99N W0 W e Wt

1 . i
—dehj Wes W g Wibe  Wier

1 )
“ 12 wel dh W95 thf v‘?fcg +

1 i -
1 Wl V\(}gale thf V\fpdh V\chg + el ae ngf thg V\ﬂdh }

Mixed invariants:

In| 256]: =

(K1, K2, K3, K4, K5, K6} // ContractMetric

Qut | 256| =

1
[R R Wieq , R RN WP Wap -7 RY R W Woegn Wiao + RE9 R WG Wo Wiy +

1
ﬁ Reg Rge Wth Wdac thd

1
- ﬁ Ree Rgg Wth Wdac thd ’ RaC Ree Rbd Rbf Wdef '

R RO Ry R W0y, Wy , 5 RS R RT RS WO Wy Wiy + RS R RPRI W) WY Wi -
% RI R R R W wWd . Wy - % RI R R Ry W W Wipg |}

8.2. Relation with our basis

The basis is given in terms of Weyl and Ricci. We need to convert the Weyl tensors into Riemann tensors, \
quite a long time. The results form appendix B of the first paper.
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Show timings over 1 second:

In|257|: =
<< XAct * ShowTi nel!

The function dol performs the translation from Weyl to Riemann (dol has a very strange form in order to make it faster). ”
function do2 changes to invariants and simplify them:

In| 258 : =

dol[expr_] : = ToCanoni cal @
Contract Metri c[ToCanoni cal @Contract Metri ceWeyl ToRi emanne@ToCanoni cal [expr] /.
Curvat ur eRel ati ons[CD]1;
do2[expr_]:=expr // R emannTolnv // InvSinplify // Sinplify;

In| 260] : =
$InvSimplifyLevel =6

Qut | 260] =
6

Pure Ricci:

In|261]: =
11//do2

Qut | 261] =
l o1

In|262]: =
12 //do2

Qut| 262| =
I 00,1

In| 263]: =
13 //do2

Qut | 263] =
-1 000,1

In| 264] : =
14 //do2

Qut | 264| =
| 0000,1

Pure Weyl:

In| 265]: =
J1//dol // do2

Qut | 265 =

134
3 -21loo1 +1loo2
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I n| 266] : =
J2 //dol // dol
1.13607 Second
Qut | 266] =
3
6 RS R Ry, 5 Ryp R R+ 20— 4 6 R R Ry + R Ry R~ 6 R R Rygye + Ry R Ry
In|267]:=
%/ / do2
Qut] 267] =
17138, | 00,2
-—qg — *lo1 (71001 - > ) +61 0001 -610002 +! o005
In| 268]: =
J3//dol// dol
20.7773 Second
Qut | 268| =
4
SI2RCRP RARy + 2Ry, RP Ry RY +12R,° R R, R-5Ry, R® R? + 51'_‘2’ +
8R® RY R Ricba + % R? Rabed Rebed _ 8 R R RlCde Rocde — 24 Ry° R0 Ree Rodce +
4
B8R R Ry ® Ryger +8R® R R Ryeqr + 7 R Ro® R Ryger + 8RS R R Roger +
1
Rap RP® Rger RE%T - 8 R® R,cde R, Riefg + Rap® R Rea?" Retgn — 7~ Rabed REPed Ryggn REMN
In| 269 : =
%/ / do2
it | 269] =
_ Doo
16
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In| 270] : =
J4 // dol // dol

182.151 Second
Qut| 270 =

22 R,® R® R R® Rge - 5 Ryp R® R® R Ry - 25R,° R R, Ryg R+%Rab R Ryg RY R+

36
40R,® R® R® R Rge + 5~ R RY R Re® Ryger - 20 R RO R Rygy9 Ry +

25 35 7R 35 35
TRac Rab Roc Rz’ﬁRab Reb R 4 +?Rab R4 R? Rachd *TFPb R? RaCde Rocde -

30R," RO Ry R® Rygey + 0 R R R RE Ry + o RZ R RO Ry s
%D RS R R R Ry + 40R," RO R RN Regyr +5 Ry R R RN Ry -

30 R,° R® R¥® Ry Ryery - 20R,° R® R R, Ryeq + i—g Rap R® R Rger RO -
2D R RR™ Ry® Rigg - 10R,S R® RY R Ry ~ 5 Ry R R R Ryggy +

20 R R R Roed" Rygn — o Re® R Ryg Ryerg R0 4 10R® R Ry Ry Ry +

5 5
3 R Ry R Ryy® Regn + 10R," R® R™ Ryy® Regn + & Rap R Ryg™ R Reggy -

2 R R Ry Regn R~ 2 R Ryea R Rygy RIS~ 10 R R Rye'd Ry Ry +
%Rab Ra®® Rocge Rgni RO+ Ryp® REPd RO Ryl Ry - % Rapca R Ry REN Ry
In|271]:=
%// do2
Qut| 271] =

5
96 Doo,2 (-4 Dooo,2 - 2 Dooo,13 + Doo,2 o1 )

Mixed invariants:

Inl272]: =
K1 //dol // dol

Qut| 272] =

7 R®
R.¢ ReP Rbc*gRab RabR+T+Rab Red Rachd

In| 273 :=
%// do2
Qut|273] =

1
5 (1317 -7101 loox 610001 +610002 )

In|274]: =
K2 // dol // dol
Qut| 274] =
5
~2R, R R Ryg + Ry R® Ryq R + 3 R’ R Ry R -

13 R* 2
18 Rab RP R? + 18 + 3 R R4 R Ricbd - 4 R’ Reb R Rodce + R Red RaCEf Rodef
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In|275]: =
%// do2
Qut| 275| =
5131 41 41 o00,2
- Ly o181 loog ~1801 +1loa (3| 0001 - —5 ] +2l 00001 + 00005
18 18
In| 276] : =

K3 // dol // dol
8.20851 Second

Qut| 276] =
ARS R® RY R Rye — 2Ry, R R R Ry - 3R, R® Ry Ry R+ 5 R R Ry R? +
a e ab e a d 4 C
7 R° 1 1 1
o7 Ren RP R = 27 = R RY R® Rugng — 5 R Rapoa R + 5 R® R® R Rygge -
4RaC Rab Rde R I:i)dce +Rab RCd R %CEf Rbdef ‘ZRab RCd Ref Raceg Rbdfg +6RaC Rab Rdf Rde I:\)becf -

1
15 R® Rap®™ R Reger + B R.® R Ro? R Reeyr + Rap R R R Reear - 4 Ra® R R® Ryg® Reerg +

3 1 1
g Rab R R Reger Redef 2 Rab Reb R Rcefg Rdefg vy R.¢ ReP Roc F")defg Refo
1 1
R R Rye® Ryg®" Rergn + 15 Rav R Ry R Regyy - T R R Rychd Retgn REO"

In|277]: =
%// do2

Qut| 277] =
Doo,2  Dooo,2
16

In|278]: =
K4 s/ dol // dol

Qut| 278] =
R R B9 R Rye - Rup R R® R Ry -
T RER® RI Ry R+ & Ry R Ry RY R+ RS RY Ry R® Ry

Inj279]: =
%// do2
Qut| 279 =
% (181 8131 loox +181 (1110001 +3 10002 ) +
loox (looox +3loooz ) +lox (41801 - 7100001 ) - 121 ooooo2 )
I'n| 280 : =

K5 // dol // dol

Qut | 280| =

2R R RY R R Ry + Rep R R R Ry Ry + R R® Ry R R® Ry + 2 R R R R Rye R -
2 Ry R R R Ry R 7o RS R® R Ry R? + 1 Ry, R Ry R R?
% F‘:‘aC Rab I:\)df Rde R I:i)ecf -4 RaC Rab Rbd Reg REf Rcfdg + I:“)ac Rab I:“)df Rde I:\:‘begh Rcfgh
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In| 281 : =
%// do2
Qut| 281| =
1
5 (2181 181 (161001 +31002 ) -
413, (1310001 +61lo002 ) +4131 (71801 -131 00001 +9 100005 ) +
4101 (21001 (710001 +31ooo2 ) -3 (loo2 looos +81ooo0o2 )) -3 (6181 3181 looz -
813001 +161 0001 looo2 +61002 loooor -121 o1 (loooos +!o0005 ) +481 oooocos ) )
I n| 282]: =
K6 // dol // dol
12.3368 Second
Qut | 282| =
1 5
4R, R R R Ry R Ry -5 Ra R R® R Ry' R Ry **Z—Rac R Ry Ry R*® R Ry -
1
Ry R Ry RY RI R Ry - 2R, R® R R® Ry Ry R+7Rab R R® RY Ry’ Ry R+
1 1
RS R Ry Ry R Ry R+7Rab R® Ry R Ry R R+zRaC R® Ry R.® Rye R? -
1 1 1
7 Ran R® R R Rye R + 570 R R® Ry? Ryg R - - Rap R® Reg R R® +
1
7 R R® Ry R® R® Ryerr - 4R° R® R RIR' RRygg + R R R R*® R Re™ Regn -
2R,¢ ReP I:“)df Re Ron F\)begi R + 6 R° ReP Rbd R.9 Ref th I:\:‘cgdh +6 Ry’ Reb Rbd R.® th R F‘:‘dgeh +
1 ; 1
% Rab RP R® RY R" RY Rygen - 4R, R® Ry RI R Ry ™ Rygni + > R R R Ry R" RO Rygy -
1 1 1
5 R RP Ry RY RET RO Rygy + 5 R° R R4 Ry R Rygn RO - 7 Rab R Ryg R R Rygn RN -
1 ; 1 ;
> RS R R Ry REM RO Ry + 5 Rap R Ry R RF RO Ry -
1 ; 1 ;
7 R’ RE® Ry? R.® Rye Rgni RO+ 7 R RP R® RY Rye Rgni RO+
Ra® R® Ry’ R% Rye® Ry! Ry + 15 R’ R® Ry Ry Ry RN Ry -
15 Rab RP Ryg R Ry RN Ry - T Re® R Ry' R Ryeer Rynj ROM
I n| 283]: =
%/ / do2
1.16007 Second
Qut | 283| =

1
35 Doz (-4 Doooco2 + Doooz (1 51 +loo1))
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m 9. Final comments

9.1. ToDo list. Version

There are many things thiatvar  cannot do yet. Here there is a list with some of them:
— Weyl invariants.
- Free indices.

- Dimensionally—dependent identities for dimensions other than 4.

Note: For further information abodbvar’ , and to be kept informed about new releases, you may contact the
electronically at jmm@iem.cfmac.csic.es, yllanes@Iattice.fis.ucm.es. This is InvarDoc.nb, the docfile of Invar,
in version 2.0. This document contains entirely the doc file of version 1.0 of Invar.

9.2. Frequently Asked Questions

None yet.

9.3. Statistics

Collection of public symbols imvar

In| 284|: =
Names [" xXAct ‘| nvar ‘ %" ]

Qut | 284| =
{dim, Disclaimer, DualRInv, DualRInvRules, DualRInvs, DualWinv,
DualWinvRules, DualWinvs, InvarCases, InvarDirectory, InvarDualCases,
InvSimplify, InvToPerm, InvToRiemann, MaxDuallndex, MaxIindex, PermTolnv,
PermToRiemann, RandomRiemannMonomial, RemoveDualRInvRules, RemoveRInvRules,
RiemannSimplify, RiemannTolnv, RiemannToPerm, Rinv, RInvRules, Rinvs, RPerm,
RToW, RToWDualRules, RToWRules, sigma, Winv, WinvRules, Winvs, WPerm, WToR,
WToRDualRules, WToRRules, $CurvatureRelations, $ExpandedCommuteOrder12Q,
$InvarDirectory, $InvSimplifyLevel, $Version, $xTensorVersionExpected }

In| 285]: =
Lengt h[%]

Qut | 285 =
45

In| 286]: =
Ti meUsed[]

Qut | 286] =
278.021

In[287]:=
Menoryl nUse[] /1000 /1024 // N

Qut| 287| =
464.523
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In| 288 =
MaxMenor yUsed[] /1000 /1024 // N

Qut | 288] =
484.799
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